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Abstract

Under adequate conditions on g, we show the density in L?((0, ), (0,277))
of the set of functions p for which

up(x, 1) — uxx(x, 1) = g(u(x,t)) + p(x, t)

has a weak solution subject to

u(x,t) = u(x,t+2m)
u(0,t) = u(m,t) =0.

To achieve this, we prove a Saddle Point Principle by means of a refined
variant of the deformation lemma of Rabinowitz.

Generally, inf-sup techniques allow the characterization of critical val-
ues by taking the minimum of the maximae on some particular class of
sets. In this version of the Saddle Point Principle, we introduce sufficient
conditions for the existence of a saddle structure which is not restricted to
finite-dimensional subspaces.
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Chapter 1

Introduction

In this thesis, under adequate conditions on g, we show the density in
L%((0,7t), (0,27)) of the set of functions p for which

up(x, 1) — uxx(x,t) — g(u(x,t)) — p(x,t) =0 (1.1)
has a weak solution subject to
u(x,t) =u(x,t+2m)and u(0,¢t) =u(m,t) =0 (1.2)

forallx € [0, 7], t € R.

This extends the results of Willem| (1981) and Hoffer| (1982), which relate
the asymptotic behavior of g to the eigenvalues of [(J subject to Equation[1.2}

To achieve this, we prove an extension of the Saddle Point Principle
(Rabinowitz, (1984: Theorem 4.6) by means of a refined variant of the defor-
mation lemma (Rabinowitz, |1984: Lemma A.4). Sup-inf techniques such as
used here allow the characterization of critical values by taking the mini-
mum of the maximae achieved by some particular class of sets. In this ver-
sion of the Saddle Point Principle, we place more stringent restrictions on
the functional I in order to permit a saddle-structure which is not restricted
to a finite-dimensional subspace.

In order to state our Saddle Point Principle, recall that a functional
K : E — E on a real Hilbert space E is compact if it is continuous and if
for every bounded sequence {w,} C E, {K(w,)} has a convergent subse-
quence.

Theorem 1 (Refined Saddle Point Principle). Let E be a real Hilbert space, and
let E = U@V where U and V are closed subspaces. Let P : E — V be the
projection of E onto V.

Consider I € C'(E,R) such that
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(S1) PVI = Pid + Ko(u + v) for some compact function Ky : E — V,

(S2) There exists a compact function ¢ : V. — U, an « € R, and a neighborhood
D of 0in V such that I(v + ¢(v)) < a forall v € 9D,

(S3) There exists B > a such that I > B.

Define
I' = {h €C(D, E)|h is bounded,
Ph(v) = d(v)u + K(v) (1.3)
for K compact, d(v) > 6 > 0 € C(D,R), )
and K|agp = 0and d|yp = 1.}
Then
c = infsup I(h(v)) (1.4)

her veD

is either a critical value of 1, or else there exist {w,} € E such that I(w,) — ¢
and ||VI(w,)|| — 0.

This saddle point principle can be applied to a suitable functional to
allow us to find weak solutions of Equation 1.1 subject to Equation[1.2} We
first construct this functional.

Let O = [0,27] x [0, t].

The eigenvalues of [J = 9y — dyy subject to Equation are Ay ; = k% —

jz, fork =1,2,...and j = 0,1,.... Each Ay, has orthonormal associated
eigenfunctions
o sin kx cos jt
Pej = Jq (sinkx cos jt)?dxdt’
o sin kx sin jt
Pij = Jq (sinkx cos jt)?dxdt

Let o be the set of these eigenvalues.

Definition 2. We will let H be the subspace of L?(Q) of elements of the

form
00,00
Y ajn; + b
k=1,j=0
where
00,00

Y Akl (aE; +B)) < oo,
k=1,j=0



We define the inner product

< Yo kit bk Y kit 5k,f¢k,j>
1

k=1,j=0 k=1,j=0
00,00

= ) (L4 [AxjD (arjon; + bijry)-
k=1,j=0

We denote by || - ||1 the norm defined by < -, - >;.
Define the subspace U as the closure of

span{<pk,j, lpk,j’kz — j2 S 1} (15)
and V as the closure of
span{4>k,]-, 1pk,]-|k2 — j2 > 1}. (1.6)

For w, = erk ax,jPxj + brjdr,; € Hand wy = Zk,]- ar,iPr,j + Prj¥r; € H,
define

B(wq,wy) = Z)Lk,j(ak,j(xk,j + bk,jﬁk,j)- (1.7)
k.j

Note that for w € C1(Q), B(w,w) = [ (w¢)? — (wx)?dxdt.
Define | : E — R by

J(w) = B(a;,w) - /Q(G(w(x,t)) + pw(x,t))dxdt, (1.8)

where G = [; g(t)dt.

Definition 3 (Weak Solution). We say w € E is a weak solution of Equa-
tion[I.|subject to Equation[1.2)if w is a critical point of J.

Note that for all w,y € E,

< VJ(w),y >=Bw,y) - [ (g(w)+p)ydx. (19)

In defining the asymptotic behavior of G(x), we make use of the Fucik
spectrum (see Chapter[2), and in particular the characterization of b (a), the
smallest b > a such that (a, b) is in the Fucik spectrum, found in Castro and
Chang (2010).
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Theorem 4. Let ap,a € (1,3) and b € (a,bi(a)), Cand M € R. If g(s) is
Lipschitz continuous, and for all s € R,

2 2 2

08" _ a(sy)” | b(s-)
5 C<G(s) < 5 5

either Equation [1.1| subject to Equation [1.2] has a weak solution, or there exists
some sequence py, converging in L>(Q)) to p such that there exists a weak solution
to Ou = g(u + py for all n.

+C, (1.10)



Chapter 2

Preliminaries

Let () be an open subset of R™.
Let E be a real Hilbert space and E* its dual. If the functional I : E — R
is continuous, and there is a continuous linear operator A(u) : E — R
such that for all € > 0, there is a neighborhood 6,(0) of 0 such that for all
h € 6,(0),
[+ 1) = I(u) = < A(u), b > | < el[h|[e,

then we say I is differentiable at u. If A : E — E* is continuous, we say
I € CY(E,R). By the Riezs representation theorem, there exists a unique
element v € E such that < v,y >=< A(u),y > forall y € E. We denote v
as VI(u) and call it the gradient of I at u.

2.1 L7 spaces

Let LF(Q)) be
{u : O — R|u is measurable and / |ulPdp < oo},
0
and then let

1
= Pdu)r.
[u] [ v (/QM n)v

2.2 Sobolev Space

In order to define Sobolev spaces, we first define the notion of weak deriva-
tive (or distributional derivative), which extends the standard notion of
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derivative. Let & = (ay,a2,...,&,) be a n-tuple of nonnegative integers,
and let
aa1+ucz+~--+(xn

D* =
- X1 7,00 Kp
0x;'0x5% - - - 9xy,

If $ € C*®(Q), we say that ¢ has compact support in Q) if the closure of
{x|¢(x) # 0} is a compact subset of Q). If, for any C* function ¢ with
compact support in (),

d = (=1 1X1+D(2+"'+Dén/ DDC d ,
| o = (=1) [ uD*gdn

we say that v is a weak a-derivative of u, or the a-derivative of u in the
sense of distributions. We write D*u = v.

Let k be a positive integer. If for all « with |a| < k, D*u € LP(Q)), we
say u belongs to the Sobolev space W¥? (Q) with norm

leellwer = (32 11D ul]})!.
la| <k

Note that || - [[ 2 = || - |]1-

2.3 Fucik Spectrum

Let () be a measurable subset of R". Let uy = max(0, #) and u_ = max(0, —u).
Let £ be a linear operator defined in a dense subset of L?(Q}). The Fucik
spectrum of L is defined as

{(a,b)|L(u) = aus — bu_ has nontrivial solutions on Q}.

We will make use of the variational characterization of the Fucik spectrum
of [J = dy — dxx found in|Castro and Chang|(2010).
Let B be as in Equation [1.7, and define

Qap(s) =asy —bs_.

Just as | : E — R corresponds to Equation [I.T| subject to Equation
we define

Jap(w) = % {B(WIZU) — /027T /Oﬂw(ga,b(w))dxdt

corresponding to Olu = g, (u).
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Lemma 5. Let E be a separable real Hilbert space with closed subspaces X,Y such
that E= X &Y. Let | : E — R be a functional of class C'. If there exists m > 0
such that

<VJxi+y)—V](xa+y),x1 —x >< —m||xy —szz

forall x1,x, € X,y €Y, then there exists a function r : Y — X such that
J(y +7(y)) = max{J(y +x)[x € X}.

This result is taken from Castro and Chang (2010), Theorem 1.
Let U and V be as defined in Equations|[I.5/and

Corollary 6. Fora € (1,3) and b > a, there exists a function v, : V — U such
that Jo,(0 + 1a(v)) = max{Jop(v +u)u € U}.
For convenience, write
]Na,b(v) = ]a,b(v + ra,b(v>)'

Proof. This proof follows|Castro and Chang| (2010).
Forall uj,u, e U,v €V,

<Vap(©+u1) = V]gp(v+up), up —up >4

27T
= B(uy —up, u; — / / uy —up)(a(v+up)y

—a(v+up)s —b(v+uy)_ +b(v+up)_)dxdt
= B(u1 — up, u1 — iz

27 ) (2-1)
/ / (1 —up)(g(v+uy) — g(v+ up))dxdt
)
)

< B(uy — ug, uy —uz) —allo+up||3 — allo + ual|3

< B(uy — un, uy — tp) — al|uy — us||3

< —mllur — [,
where m = inf{(a - )\k,j)/(l + |Ak,]|) > 0’/\](,]‘ < 1}. Either /\k,j S (O,Q) and
(@ — Ak;)/ (14 |Agj|) is positive (and there exist only finitely many such
Akj),or Ay < 0and (a — Ay;)/(1+ [Ag;]) approaches 1 as Ag; — —oo. In

either case, m > 0.
Then by Lemma 5, there exists a function r,;, : V. — U as desired. O

Note that if v, converges to ¢ in L?(Q)), then r,;(v,) converges to some
zin L?(Q). Then

0=B(z,u)— / Sap(Z + 0)udxdt (2.2)
Q
for any u € U. See (16) of Castro and Chang|(2010).
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Lemma 7. Fora € R" \ o, define

bi(a) = sup{b > a|J,g(v+1,p(v)) > 0forall p € (a,b),v € V\ {0}.
Then

e (a,bi(a)) is in the Fucik spectrum whenever by(a) < oo,

o Ifb € (a,by(a)), (a,b) is not in the Fucik spectrum, and

e For b > a, (a,b) is in the Fucik spectrum if and only if the restriction of
Jop(v) to {v € V|||v||1 = 1} has a critical point on {v € V|||v||; =
1, J.p =0}

This is Theorem 2, Castro and Chang|(2010).

2.4 Schauder Fixed Point Theorem

The Saddle Point Principle, as formulated in Rabinowitz (1984), applies
on a Hilbert space E = U @ V, where U and V are closed subspaces and
V has finite dimension. A vital step in this result is to show that all the
deformations of a neighborhood D C V which fix dD intersect the subspace
U. Provided V has finite dimension, this may be established through the
Brouwer fixed-point theorem:

Theorem 8 (Brower Fixed-Point Theorem). Let B be a compact, convex, and
nonempty subset of R". For any continuous function f : B — B, there exists
some x € R" such that f has a fixed point f(x) = x.

This is a well-known result, see, for example, |Zeidler| (1985).
In this work V need not be finite dimensional. Here we make use of an
extension of Theorem [8

Theorem 9 (Schauder Fixed Point Theorem). Let B be a closed, bounded,
convex, and nonempty subset of a Hilbert space E. For any compact function
K : B — B, there exists some x € E such that K(x) = x.

This can likewise be found in|Zeidler| (1985).
The following corollary follows from Theorem@

Corollary 10 (Leray-Schauder principle). Let E be a Hilbert space. If K : E —
E is compact, and if there is some r > 0 such that for all x € E with ||x|| = r,
K(x) # Ax forall A > 1, then K has a fixed point x = K(x), with ||x|| <.
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2.5 Palais-Smale Condition

Let E be a real Hilbert space. A functional I € C!(E,R) is said to satisfy a
Palais-Smale condition at ¢ if, for every {u,} C E for which I(u,) — ¢ and
VI(uy) — 0, {u,} has a convergent subsequence.

This condition acts as a substitute for compactness, by allowing us to
find convergent subsequences in certain cases.






Chapter 3

Proof of the Deformation
Lemma

Let E, I, VI be as defined in Chapter 2}

Lemma 11. Let E = {x € E|VI(x) # 0}. There exists a locally Lipschitz
continuous pseudogradient vector field V : E — E satisfying for all u € E

VD) [[V(u)|| <2[|VI(u)]], and
(V2) < VI(u),V(u)>>1||VI(x)]*.

A proof can be found in, for example, Rabinowitz| (1984 Lemma A.2).
Before we prove Theorem [1, we prove a variation of the Deformation
lemma, as in [Rabinowitz| (1984)).

Lemma 12 (Deformation Lemma). Let E be a real Hilbert space and let I &
CY(E, R) satisfy the Palais-Smale Condition at ¢ € R.

Then for all € > 0, there exists an € € (0,€) and 5 € C([0,1] x E,E) such
that

(I1) 7(0,u) = u forallu € E.

(12) n(t,u) =uforallt € [0,1]if [(u) & [c — & c + €]
(13) ||n(t,u) —ul|| < % forallt € [0,1], u € E.

(14) 1(5(t,u)) < I(u) forall t € [0,1] and u € E.

(I5) If Kc := {u € E|I(u) = cand VI(u) = 0} = @, (1, Acte) C Ac—e
where A; := {x € E|I(x) < {}.
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Proof: This proof is adapted from Rabinowitz|(1984).
We claim there exist constants b, € > 0 such that

[[V(u)]| >bforallu € Acie \ Ac—e. (3.1)

If not, there are sequences b, — 0, &, — 0, and u, € Aqi¢, \ Ac—g, such
that ||V (u,)|| < b,. Because I satisfies Palais-Smale at ¢, a subsequence of
u, converges to some u € K., which is empty. Thus, by contradiction, there
are constants b, € as in Equation

Then as Equation still holds with é reduced, assume

(3.2)

b? 1
0< é<min(g, —, —).
< é <min(é 5 16>

Take € € (0,€).
Define

A={u€eEI(u)<c—é}U{uecEI(u) >c+é}
and
B={ucEc—e<I(u)<c+e}.
Therefore ANB = @. Let

(x) = dist(x, A)

SV Hist(x, A) + dist(x, B)
Theng=00onA,g=1onB,and 0 < g < 1. Define h(s) = 1ifs € [0,1]

and h(s) = 1 otherwise.

Let V(x) : E — E be a locally Lipschitz continuous pseudogradient
vector field; one must exist by Lemma

Set
w(e) = SNV .
Note that W(x) is locally Lipschitz continuous, by construction.
Then define 57 : [0,1] X E as
dn
— =W(n), and n(0,u) = u. (3.4)

ar

The Picard-Lindelof theorem implies that for each u € E, Equation
has a unique solution defined for ¢ in a maximal interval (¢~ (u), t*(u)). We
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claim = = +co. Otherwise take t, — t*(u) with t, < t*(u). Integrating
Equation [3.4shows

the1 — 1
) = (e, )] < Lt =0, 65)

since W(-) < 1. Then 5(t,, u) is a Cauchy sequence and hence converges
to some i as t, — T (). Then the solution to Equation 3.4 with i as initial
data furnishes a continuation of #(t, u) to values of t > t*, contradicting
the maximality of ¢* (u). Similarly, t~ = —oo0.

The continuous dependence of Equation 3.4 on u implies 7 € C([0,1] x
E, E) and the initial condition implies that holds. Also, as é < ¢,

{ull(u) < c—e}uU{ull(u) >c+e} C A,

on which g(x) = 0. Thus[(I2)| holds.
Using W(+) < 1,

[l (£, ) = ul[ =[[n (£, u) =5 (0,u)]

H/ /AT

<o
4~ 4
for all € [0,1]. Thus[(I3)|holds.

To verify [(T4)] first note that if W(u) = 0, 7(t,u) = u is the solution
of Equation [3.4) and by uniqueness [(I4)| is trivially satisfied. Otherwise, if
W(u) # 0, V(u) # 0 and because 4 (t, u) exists and is unique, V(1 (t,u)) is
well defined. Then applying

Ay (t0) G A0

dt dt
Vil wy, S DDV )
< _ 8 u)h([[V(y(t,u) DIVt u))|?
- 8
<0,
(3.6)
which proves|(I4)|

Finally, to prove observe that if u € A._. then I(57(t,u)) < c—¢€
by [14)] Thus we need only consider the case of u € ¥ = Acte \ Ac—e.
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Letu € Y. Since ¢ = 0 on A._¢, the orbit #(t, u) cannot enter A._¢; that
is, I(n(t,u)) > ¢ —éforallt > 0. Then

107(0,u)) — Iy (t,u)) < e+ & < 2¢ (37)

forallt > 0.
Suppose by way of contradiction that 7 (¢, 1) does not enter A._ for any
t € [0,1]. Then g(y(t,u)) = 1forall t € [0,1].
If for t € [0,1], [|[V(y(t,u))|| < 1, then h(||[V(5(t,u))||) = 1 and by
Equations[3.1jand
dl(n(t,u)) < _b2
dt - 4
On the other hand, if for t € [0,1] ||V (5(t,u))|| > 1, thenh(||V(y(t,u))||) =
[V (5(t,u))||~?, so Equation [3.6]implies

dlGt,uw) _ [V ()il

dt 8
<-1
- 8

Thus forall t € (0,1), u € Ac—e \ Acte,

(3.8)

dl(n(t,u)) . b1
N Z =z )
T < — min( 1 8), (3.9)
and integrating this, together with Equation [3.7] gives
b1 A
mm(Z, §) <I(n(0,u))—I(n(t,u)) < 2¢, (3.10)

which contradicts Equation
Thus 17(1,u) € Ac—e. Thus 6. is proved and the proof is complete. [

In preparation for our proof of the saddle point principle, we prove two
lemmas about compact functions.

Lemma 13. Let E be a real Hilbert space. Let K : [0,1] x E — E be compact.
Then Ky (v) = fol K(t,v)dt is compact.

Proof. Consider a sequence {v, } that is bounded in E.
The compactness of K implies that for j = 1,2, ..., there exists a finite
dimensional subspace Z; with projection P; : V' — Z; such that for all t, v,

K(t,00) = Pi(K(t,04)) + Yn



where [|y,|| < 5 and Z, C Zy 1.

Let {v,,(1) } be a subsequence of {v,} such that fol Py (K(t,vp,))dt con-
verges, and call this limit A;.
Inductively define {v,(j,1)} as a subsequence of {v,,(;x) } such that

fol Py 1(K(t, h(vy(j11)k)))dt converges, and call this limit A; ;.
For any Aj, projecting into Zj_l shows

A]' = A]'_l -+ C]'_l

for some ||C;_1|| < 2]%1

Fix € > 0. Then consider
| [ B 200~ i (K(E 2o
= [ B 0a0)) — Pesa (K o)l
[ PR ) — B, 0 )]

Choose Nj such that [|K(t,v,) — Py, (K(t,v4))]| < 2%] < ¢. Then for
k > Ny,

1
I[Pt ) = PeCKCE 2uirsn)]

1 . (3.11)
<11 P (K (o 0)) = P (K (0w )1+ 5
And because vy, x converges in Zy,, there is N> such that for k > N,
1 €
’ | /0 PNl (K(t/ z]n(Nl,k))) - PN1 (K(t/ vn(Nl,kJrl))) | | < 1 (3.12)
Then for k > max{Ny, N>},
1 €
1 Pkt 2u)) = BelK (i) < 5. (3.13
Additionally, choose N, sufficiently large such that for all k > N,
1
I / Pe(K(t, vy (ek1))) — Prr1 (K(E Op(ies1jer1)) )t |
0 (3.14)

1 1 e
< Cydt - < z.
<| [ Gt < 5 <3
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Then taken together, Equation and Equation imply

1
H/O Pe(K(t, vpriy)) — Pes1 (K(E Oy k1))t <€,

and

1
[ Pt 00t}
is thus a Cauchy sequence. Thus
1
/ K(t, 0n)dt
0
is compact. t

Lemma 14. Let E be a real Hilbert space. Let M : E — R be continuous and map
bounded sets onto bounded sets, and let K : E — E be compact. Then M(v)K(v)
is compact.

Proof. Consider a bounded sequence {v,} C E.

M(v,,) and K(v,) are both bounded, thanks to the compactness of K, so
choose K > ||K(vy,)|| and M > |M(v,,)].

There is some subsequence v, such that M(v,, ) converges to some M
and K(v,, ) converges to some K.

Fix € > 0 and take R such that for all k > R,

A = [|K = K(on)|| < 6max{€/\/llC}

and
€

[[AM)[] = [M = M(on,)| < emax( MK}

Then for all k > R,
||MK — M(vy )K(0n) || = |[(K(vn,) + A(K)) (M(0n,) + A(M)) — M(vy, ) K(0n,)||
= [|M(y,)A(K) + A(M)K(vy,) + A(M)A(K)||

<S+f4fce
66 3°°

Thus M(v)K(v) is compact. O



Chapter 4

Proof of the Saddle Point
Principle

Proof. Assume I € C!(E,R) satisfies the Palais-Smale Condition at ¢ € RR.
Choose h € T. Then for v € D, Ph(v) = d(v)v + K(v), where d(v) >
d > 0,K|yp =0, Ph|9D = id, where K is compact. Note that Ig((s)) is likewise

compact, by Lemma

Define Ko .
R = { ~dw V€D 4.1)

0 otherwise.

K is continuous and compact. Furthermore, taking r = max{||x|||x €
oD}, K(x) = 0 when ||x|| = r. Then Corollary [10| implies that K has a
fixed point z with ||z|| < r. In fact, z € D; if not, z = 0, which is in D. So
Ph(z) = 0 and h(z) = (id — P)(h(z)) € U. Thus by hypothesis[(S2)|

sup I(h(v)) > I(h(z)) > B. (42)

veD

By Equation[I.4} this implies that c > B.

Let A; = {u € E|I(u) <s}and K. = {u € E|I(u) = cand V(u) = 0}.

Suppose by way of contradiction that ¢ is not a critical value of I, so that
K. = .

We invoke Lemmawith é=1(B—a)toobtaine >0andn: [0,1] x

E — E satisfying properties [(IT)| through
Take h € T such that

max [(h(v)) <c+e¢; (4.3)

veD
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note that 7(1,h(v)) < c—¢, forallv € D. Butif 7(1,h) € T, then there
exists some vy € D such that I(/(vg)) > ¢, by Equation|[1.4]
Thus it suffices to show that (1, 1) € T to establish a contradiction.
There are four conditions necessary and sufficient for n(1,h) € T.
First, for v € D, 17(1,h(v)) € C}(D, E), by Lemma[12}
Second, for {v,} € D, {h(v,)} is bounded, and so too is {#(1,h(v,))}

by
Third, taking #(t,v) from Lemma

(e ) = = [ MOr(s, 1)V (s, 1) o
where
() = S Ulnl) s

Recall that Py VI = Pid + K for some compact Kp.
Let us construct a pseudogradient V for V1. Fix x € E. Chooser € (0,1)
such that for all u satisfying ||u — x|| <,

[[Pu + Ko(x)[| < |[Pu + Ko(u)|] + [[Ko(u) — Ko(x)]
< 2[|Pu+ Ko(u)]| + [[Ko(u) — Ko(x)]| (4.6)
<2[|VI(u)l],

and
< Pu+ Ko(u), Pu+ Ko(x) > = ||Pu+ Ko(u)||*+ < Pu + Ko(u), Ko(x) — Ko(u) >

1
> ||Pu+ Ko(u)|* — §!|Pu+1<o(u)||2

= VTP
4.7)

Note that we make use of ||VI(u)|| > 0.

Note also that any convex combination of vectors satisfying[(V1)]and[(V2)]
also satisfies both conditions.

We can choose neighborhoods in E on which[(VI)|and are satisfied.
Call this covering {N, }.

Consider a locally finite refinement { M;}. Let p;(x) be the distance from
x to the complement of M;. As x is in only finitely many of M;, Y px(x) is
finite.

Let B; = Epjﬂ, and define

k Ok ()
V =} (Bj(u))(Pu+ Ko(x))). (4.8)
]
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This still satisfies and Furthermore,
Y (Bj(u))(Pu) = Pu.

]

As for the remaining, it is the finite sum of a bounded, continuous,
scalar-valued function with a compact function, and by Lemma [14] is itself
compact. Thus V (u) is locally Lipschitz continuous, satisfies (V1){and|(V2)
and

V(u) = Pu+ Ky (u) (4.9)

for some compact function Kj.
Then applying the definition of 7(s, w) from Equation[3.4Jwith this choice
of pseudogradient,

Pr(1,h(0))) = PIh(o) — [ Mly(s1, h(@)V (r(s1,h(0)))ds1]

ZP(h(v))—/O M(1(s1,h())) PV (11 (s1, h(v)))ds1.

This can be expanded inductively.
Applying Equation[4.9|to expand P(V(-)),

1 Sk—1
Y (=D [ MOGs1, k@) [ MOn(si (@) [P(h(2)

k=1
+ Ky (n(sg, h(v)))]dsk . . . dsq

1 Sn—1
H=0" [ MO, h(©)) - [ MOy b)) PV 1 (s, h(2)))ds, .. dsy

=Yy [ M) [ Ml 1) (PO())
—k:1 0 151, 0 1Sk,

+ Ky (17 (sg, h(v)))dsg . . . dsq

Sp—1

1
0" [ MO, n(©)) - [ My (s0h(©) POy (5, h(2)))

+ Ky (n(su, h(v))))dsy, ... dsy.
(4.10)
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Applying Equation [3.4to expand (s, i(v)), this becomes

M@@ummw~4”hﬂw%mw»ww@»
+ K1 (17(sx, h(v)) )dsic ..
1 -1

+G4VAAM( h(v))- /‘ M1y (s, h(0))) (P(1(0))
K2 (s, (0))))dss
1 Sn—1

—G4VAAM( h(v))- ./ M(y(s0,h(2)))

/OS" M(n

= Y0 [ MO @)+ [ MOl b)) (POHo))
k=1 0 0

+ Ky (57(sg, h(v)))dsg .. . dsq

HE [ Ml (@) - [ MOsri,h(e)
PV (n(spt1,h(v)))dsys1 ... ds1.

(8141, 1(0)))P(V (1 (5n+1, h(0))dSpa - - dsy

(4.11)
Since

0
PO, ()) = PH(©) + L (1) [ MlyGs1,ho) -+
k=1
[ MO i1, (@) (POR)) + K (151, )l -
1! [ M1, (@)Y (151,50,

we have

N 1
P(y(1,h(v))) =P(h(v)) + Z(—l)k/o M(1(s1,h(v))) - --

=1

k
[ MOt (00) (PUH(0)) + Ka (s, 1(0))) s .. s
FEDN [ MO, h(o)))

| MO, h @)V (r(nsa, o) s - dsa,
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forall N € Z*. This last term decays to 0 at least exponentially as N — oo,
SO

Py (1, h(@) = P(1(0) + Lo (-1 [ My(on,h(o)) -+
k=1

[ M) (PO () + Ka (51 1(0)))dsi ... s,

which may be rewritten as

1

PU(LR(0)) = P(h(e)) (14 Y- (~1)* [ My(sa,(0))) -

k=1 0

N ) (4.12)
+ L 0F [ MGy h)
OS’“ M5 (s, h(0)))Ka (5 (si, h(0)))dsi .. . ds1.
Let - .
B(v) = P(h(v))(1+ ):(—1)"/0 M(n(s1,h(v)))
. = (4.13)
/0 M(n(sk, h(v)))dsg . ..ds1)
and

i o . (4.14)
/O M (s1, h(0))Ki (5 (5 1 (0)) sy ... dsi.

Now define d € C(D,R) as
A0()) =1+ (1) [ Mlr(s1,h(0)))
k=1
/0" M(n (s, h(0)))dsy . .. dsy)

. (4.15)
>1- Z(Z)k
k=1
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and note that

B(v) = P(h(v))d(h(0)) = d(v)d(v)v + d(v)K (). (4.16)

Now consider C(v). Note that D is bounded. Let v, be a subset of
D. Then also h(vy) is bounded, by the definition of I'. Then #(t, h(v,)) is
bounded, by Property[(I3)] By repeated application of Lemmas [14)and

/01 M1 (s1,1(2))) - - /OS“ M1 (s, h(2))) K1 (17 (s, 1 (0)) s .. . ds:

is compact.
Fix € > 0, and consider ||C(v,) — C(vy)]||. Choose N3 such that

15 () Mortsy hion)

k=Ns
../Osk_l M(n(sx, h(v))) K1 (17 (s, h(vy)) )dsy . . . dsq
- /01 M(n(s1,h(vm))) - -
/Osk1 M(W(Sk,h(vm)))K1(17(sk,h(vm)))dsk...dsl> | < g

regardless of v, v,,. Then choose a subsequence of {v,} such that for all
k S N3/

1 MO @) - [ Mok @) Ka ) s s~
/0 MOp(sn, k(@) -+ [ MOy (51 h(0)) K (s (@) .| < 3

Then ||C(v,) — C(vm)|| < €, and thus C(v) is compact.

Then
P(5(1,1)(v)) = d(v)d(v)v +d(v)Ki (v) + C(0), (417)
where d(v)d(v) > % > 0and d(v)K;(v) + C(v), is compact.
Finally, for v € oD, I(h(v + ¢(v))) < a+é < B—&é<c—¢g

and so by Lemma 7(1L,h(v+ ¢(v)))
$(v)))) = P(h(v+¢(v))) = v+ K(
Thus 7(1,h) € T.
Recall that & was chosen with sup__p h(v) < c + €, so the contradiction
is established. Provided I satisfies (ps) at c, then c is a critical value of I.

a < c
h(v+ ¢(v)). Thus P((1, k(v +
v+ ¢(v)) =vonadD.
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Suppose I does not satisfy (PS) at c. Then there exists some {w,} € E
such that I(w,,) — cand I'(w,) — 0.
This completes the proof.






Chapter 5

Application

We now apply the preceding theorem to show that the semilinear wave
equation given in Equation [I.I| subject to Equation [I.2 has weak solution
for p in a dense subset of L?(Q)), Q = (0,27) x (0, 7).
Lemma 15. Let H, U, and V be defined as in The operator K : H — 'V defined
by

;0 >= / ) + p)odxdt

is compact.

Proof. Consider a bounded sequence {w,,} C L? with

g(wn) =Y nawjPrj + nbijir.
k,j

Let
v=) i+ Brjii;
k,j

be in V, and thus ay; = B ; = 0 for all kK2 -2 <1.
Let {wy} C H. Then foralln,m € Z7,

27T 7T 27 T
H/o /0 (g(wn)+p)vdxdt—/ / (wm) + p)vdxdt||
27
_||/ / (wn) — g(wn))vdxdt]|
= ||(

Y (naxj— mak])lxk] (nbk,j — mbr,;) Bl
k2—j2>0

=1 Y. (ukj— maxj)arj+ Y, (nbj— mbi;) Bl

kK2—j2>0 k2—j2>0
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nfk,j — mAk,j

< I( — i\ R =
k2§>0 kz_]Z !
nbicj — mbij ,
+ ) 7%]{2_].2]/5k,m/k2—12||

k2—j2>0
< (nj — mfxj)? |1 s 1o ol
<UC Y —g—= (L ak=7)>
k2—j2>0 J K2—j2>0
(nbk,'_mbk,')2 1 . 1
e w L B E =PI

k2—j2>0

+( )

kK2—j2>0

As H is a Hilbert space and {g(w,)} bounded, g(w,) + p has a weakly
convergent subsequence. Thus individually, the components ndkj, nbk,]- con-
verge strongly. Thus for any finite N, there exist n,m € Z" such that

N 1
I x el v g et

N>k2—j2>0 k2—j2>0
(nbk,’ - mbk,‘)2 1 p 1
(Y EEONCT BRI
N>k2—j2>0 J k2—j2>0
<€
-2

Choose N such that HUHM < §,foralln,m € Z*. Then

a2 .
I x Ul y e - )

sz]'zZN szjZZN
( by, — bk,')z 1 27y 1
(L TaTE L BE =)
kZ_szN ] kz—jZZN
( ki — ﬂk,')z 1 AN
SO0y MHIEENCY e - )
k2,]‘22N k27j22N

nb'_mb'21 1
vy bl cy e

KR—P2>N R-2>N

2
N ™
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So in total,

27
/ / (W) + p — g(wy) — p)vdxdt

<y, Uiy e )l

K220 k=2 K220
(nbk,‘_mbk,')z 1 PN
L e B =)
7250 J 250
(nak,' - mak,')2 1 2y 1
< (( 2 ]izsz])z( E "‘%,j(kz—]z))2
N>k2—j2>0 kK2—j2>0
(nbk,'_mbk,')z 1 PN
* ha L B =)
N>k2—j2>0 k2—j2>0
(nlkj — makj)* 1 2\1 1
Y L a7
kz—jZZN ] kZ_]'2>0
(nbk,' - mbk,')2 1 . 1
L T L B )Y
kZ,]‘ZZN ] k2,j2>0
<e.

Thus f fo (wn) + p)vdxdt is a Cauchy sequence, and the operator

K is compact. ]

Thus VI(w) = Pid 4+ K, where K is compact.

Lemma 16. For u € U, J(u) has an upper bound.

Proof. Let ¢ ; and 6y ; be as in Equation [l I Consider u = Y i ax i +

bk]9k] e u.

Introduce

[l 2 o= 3o (ak s + b ) (1A )

kj
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Then
2
J(u) = Bluu) / (G(u)pu)dxdt
2 o Jo
A az b 27
=y - ki,  Bi) / / u) + pu)dxdt
o
A i(a? +b 2 T
< ki k] k) / / M—C+pu)dxdt
k.j
()\kr'—ao)(ﬁl —|—b )
<YL 20w +{lpllal| - ulle
kij

Let u = uy 4 up where u; is in the closure of the span of eigenfunctions
with )Lk,]' < 0, and u; is in the closure of the span of eigenfunctions with
0 < Ag; < 1. Then

J(u) < %(—Hullli + [ua| 2 = aol[ul[72) +2C7* + ||pl|p2|ul]12
< %(—Hulll2 (a0 = Dul[f2) +2C7* + [[pl| 2 ful 1.2
< %(—min(a— LD)ullR2) +2C7* + ||pll2lul |12,
and thus J(u) is bounded above on U. O

Lemma 17. Forall a € (1,3) and b € (a,bi(a)), there exists rpp : V — U
which maximizes the functional ], (v + 1, 5(v)) on V.
J(@+74p(v)) = c0as [[v][12 — co.

Proof. The existence of r, is established in Corollary[6]
Forallv € V,

J(©+ 72(2)) = 3B(ras(2) +0,725(0) +0)
B /27r /ﬂ a(rap(0) +0)% + b(rep(v) +0)2
0 0 2
+ G(v+7p(0)) + (v +74(0))p
a(rap(0) +0)3 +b(rep(v) +0)%
2
> Jop(0+ 14p(0)) = 277°C — [0+ 745 (0)]| 2] p[2-

dxdt
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Note that 7, ,(Av) = Ar,,(v),and J, (A0 +7,,(A0)) = A%], (0 +7,(0)).

Thus o
](U_’_ra,b(v)) 2 Hsz]a,b(H || +rab(||v‘|)) _27T2C
v
—|lo —ol||7sp(+— )
HWW|WHWMWWH
Because ]ab( ol +Vab(m)) >0, J(v+71,p(v)) — 0 as [|v]| — . 0
Proof of Theorem 4]

By Lemma (17| there is some constant § such that —J(#) > B on U. Choose
a < B. We can choose a neighborhood D of 0 in U such that —](v +
tap(v)) < aonaD.

Theoremapplied to —J (1 + v) shows that either —J has a critical value
¢, or there exists some sequence {wy, } € E with —J(w,) — ¢, V — J(w,) —
0.

Consider p € L2

If —] has a critical value ¢, Equation [1.1| subject to Equation [1.2| has a
weak solution, and we are done.

Otherwise, choose w, such that J,(w,) = —cand V](w,) — 0.

27
< V]J(wy),v > = B(wy,v) / / g(wn) + p)

=<Yn, 0 >1 + < 2,0 >p2

(5.1)

for some v,,, z, which converge to 0 in H and L?, respectively, z, being an
element of the null space of U subject to Equation and therefore only
converging in L>(Q)). Note that z, € U.

Lety, = Y ajdrj+ by j¥rj, letay; = sign()\k,j)ak,]-, and lAak,]- = sign(/\k,j)bk,j,

and define

Jn =) Ax i+ brjir,
k,j

so that B(§,v) =< yu, v >1.
Then rearranging Equation

27
OZB yn/ / / wn +p+z”)

)= [ [ olgtn) ~ g(on = )+ gln ~ Ga) + p+ 22)
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Since g(wy) is Lipschitz continuous, there exists K such that |g(w,) —
¢(wy + 9n)| < K||§n]| — 0in L2. So a solution (namely, w,, — ) exists for

Ot — Oxxtt = g(u) + p+ 2z + (§(wn — Tn) — g(wy)), (5.2)

and
p+zn+ (g(wn + Jn) — g(wn))

converges to p in L.
Thus the set of p for which Equation [1.1| subject to Equation [1.2 has a
weak solution is dense in L2.
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