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Abstract
Discrete Variable Representation
Of The Angular Variables
In Quantum Three-Body Scattering
by
David Caballero
Claremont Graduate University: 2011

There are many numerical methods to study the quantum
mechanical three-body scattering system using the
Schrodinger equation. Traditionally, a partial-wave
decomposition of the total wave function is carried
out first, allowing the scattering system to be
solved one partial wave at a time. This is
convenient when the interaction is central, causing
the total angular momentum to be conserved during the
collision process. This is not possible in the
presence of a non-central interaction such as a laser
field, where the total angular momentum is not
conserved during the collision process. The Discrete
Variable Representation is a new method for solving
the quantum-mechanical three-body scattering problem
to obtain the total cross section. The
implementation of this new method for the two-body

problem has been successfully applied to real



systems. The extension to the three-body problem is
the next logical step. For this thesis bipolar
spherical harmonics are used in the implementation of
the three-body Discrete Variable Representation.
This Discrete Variable Representation is capable of
working with any combination of interactions,
including non-central interactions. The total cross
section computation for a three-particle elastic-
scattering numerical example is used to illustrate
the potential of this Discrete Variable
Representation method. The three-particle system
consists of a positron scattering against a ground

state hydrogen atom (an electron bound to a proton).
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CHAPTER 1

| NTRODUCTI ON

Quantum mechanics came about during the early
twentieth century through the works of a number of
physicists like Bohr, Schrodinger, Dirac, Heisenberg and
many others. It provides a mathematical frame work to
calculate the dynamic properties of atomic and nuclear
interaction systems.

Almost everything known about particles at the
guantum scale has been found by scattering experiments.
Thus a mathematical frame work describing the scattering
process can be used to stimulate a guantum scattering
experiment by explaining the underlying details of the
results of the scattering process.

However, computational difficulty has severely
limited the calculation of the three-body problem. Only
recently, with the advent of massive parallel computers,
has progress been made towards solving the three-body
problem. Even using today's computer systems, new
computational methods are needed to apply the gquantum
mechanical equations to obtain solutions to the precision

necessary for current scattering experiments.



Current researches are developing new numerical
methods for the application of quantum mechanics to the
most general low energy quantum three-body scattering
system. The method in this thesis provides a step towards
that goal.

The method described in this thesis produces the
total and differential scattering cross sections that can
be compared directly with experimental data. In this
research the experimental data consists of a positron
scattering against a ground state hydrogen atom (which
consists of a proton and an electron). This scattering
process is denoted as (e' + H).

As this method becomes more refined it could simulate
anti-hydrogen production experiments in external fields
since it would indicate how to obtain the largest cross
sections corresponding to anti-hydrogen production.

The long range Coulomb interaction is a major
difficulty in obtaining solutions to the Schrodinger
equation governing the (e’ + H) scattering process. There
are many methods to study this problem using the
Schrodinger equation':?3*>°789  However, the method that
provides the most complete picture for low-energy

scattering is the Modified Faddeev Method (MFE),
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especially when there are rearrangement channels, and all
three particles are different. The modified Faddeev
method involves the solving of a set of coupled equations
that is well suited to analyze multi-channel scattering
processes with a long range potential®®'!.

The efficiency of the numerical solution to the MFE
and other implementations of the Schrodinger equation are
a function of the choice of basis functions used in the
expansion of the wave function. The expansion and
projection of the basis functions reduces the differential
problem to a large set of coupled linear equations. The
solution to these problems requires the manipulation of
large matrices and a poor choice of basis functions can
make the problem unwieldy in both matrix density and
computer time required for a solution.

One effective method to solve the equations is to
expand the wave function in terms of global basis

functions? 3.

Once the angular momentum states have been
projected out, diagonalizing the kinetic energy operator,
a Gaussian quadrature procedure is used for the numerical
integration of the potential operator. For three-body

scattering an efficient method for evaluating the MFE

equations is to use a bipolar spherical harmonics

3



expansion to represent all the angular momentum states™* ™.

Once the angular momentum states have been projected out,
a Quintic-Hermite polynomial spline and collocation
procedure is used for the x and y coordinate numerical
Calculation816,17,18,19,20,21,22,23 .

The three-body problem in this form may be solved
using partial-wave decomposition. For scattering problems
this is convenient when the interaction is central so that
the total angular momentum is conserved. With this method
the solution is obtained one partial wave at a time.

This approach becomes impractical for scattering in
the presence of a non-central interaction such as the
presence of a laser field or when the collision energy
increases so that many rearrangement channels are
possible.

The Discrete Variable Representation (DVR) is a
basis-set representation in which the matrix elements of a
multiplicative potential energy operator V(x) are
diagonal®*. DVRs can be in many types of functions, such
as polynomial, trigonometric or angular spherical
harmonics®®. 1In 1965 Harris chose a polynomial basis to
diagonalize the position operator x, or a monotonically

increasing or decreasing function of x. He then stated

4



that this basis also diagonalizes V(x)2?®*. 1In 1968,
Dickinson showed that if the basis were polynomials
multiplied by a weight W(x) then the matrix element
computation (using DVR) would be equivalent to using an N-
point Gaussian quadrature®’’?®. In 1992, Light used the DVR
method to solve the nuclear Schrodinger equation?®®.

The use of Discrete Variable Representation in the
two-body problem has been successfully applied to other

30,31,32,33,34 ° The extension to the three-

physical systems
body problem has also been investigated by defining a
three-variable DVR as the direct product of three distinct
one-variable radial DVRs, one for each dimension x, y, and
z®>. The advantage of the DVR is that the matrix elements
of the potential energy are diagonal when projected out at
the DVR grid points. The coupled kinetic energy matrix
elements are left to be evaluated analytically or
numerically. By diagnolizing the potential, and
numerically integrating the kinetic energy, computational
efficiency is obtained without the use of partial waves.
The method proposed for this thesis uses the Discrete
Variable Representation as the angular basis functions

used in the expansion of the wave function to solve the

Schrodinger equation. Once proven, this method may be

5



implemented into the Modified Faddeev Method. Following
the spirit of Hu and Kvitsinsky, who use the bipolar
spherical harmonics consistently as a convenient set of
basis functions to solve the Modified Faddeev Equations,
the DVR basis functions used to solve the Schrodinger
equation are also based on the bipolar spherical harmonics
rather than a direct product in the implementation of the
three-body four-variable DVR. The DVR calculation is
partial wave independent and will lend itself well to
calculations of non-central interactions. Quintic splines
and three-body e+H radial basis functions are implemented
in the x and y coordinate numerical calculations after the
DVR angular basis functions have been projected out.

This thesis computes the scattering cross section for
a three-particle elastic-scattering problem numerically.
The numerical example is used to illustrate the potential
of the Discrete Variable Representation method to solve

the general three-particle scattering problem.



CHAPTER 2

COVPUTATI ONAL METHODOLOGY

The description of the discretization of the
Schrodinger equation is given in this chapter. The first
section discusses a convenient coordinate system used to
simplify the mathematics. The second section describes
the DVR basis functions that are used to simplify the
Schrodinger equation when these functions are projected
out of the wave function. The third section describes the
radial basis functions that are used to interpolate the
resulting radial wave function. The fourth section gives
the discretized Schrodinger equation using the results of
the previous 3 sections. The fifth section describes the
asymptotic boundary conditions and the amplitude function.
The sixth section describes the boundary conditions near
the interaction region. The final section describes the
scattering cross section obtained from the amplitude
function.

A detailed description of each of these sections is

given in the appendix.



2.1 Three-body El astic-scattering Coordi nates

Appendix A contains more details of the mathematics
behind this overview of the Mass-scaled Jacobi

36.37.38 ' The mass-scaled electron-atomic units

coordinates
have n=e=m,=K=1 so that the unit of length is the

electron Bohr radius a = 1 corresponding to the length in

0.529169x10 *° M. Similarly, the

MKS units of a"=n?/Km_e?

unit of energy is E = 1, and the electron Bohr energy Ep =
-% corresponding to Eg™® = -2.179698535x10'® J = -13.623
eVv.

Three-body kinematics is conveniently described using
Jacobi vectors. There are three domains of configuration
space that give rise to three sets of Jacobi coordinates.
A set of Jacobi coordinates is chosen that best describes
the asymptotic state of the problem to be solved. For
positron-hydrogen scattering the three sets of Jacobi
coordinates which represent the three possible asymptotic

scattering states are shown in Figure 1.



et p e

Y,
0 p
e et e et
P Xy Xy X3
Channel 1 Channel 2 Channel 3
Figure 1. Jacobi Coordinates

The convenient set of indices used in the physics
community is used to describe the mass-scaled Jacobi
equations. The relationship between the mass-scaled
Jacobi coordinates are summarized by defining the indices
(, B, v) as cyclic (1, 2, 3) where (1, 2, 3) represents
the Jacobi channel and (1, 2, 3) also represents the

particles (e', e, p) respectively. Also defined are the

pairs a = B, y), B = (y, o) and y = (a, B).
Let mg and r, be the mass and position vector for the

particle indexed by a. Then the mass-scaled Jacobi

vectors are defined by

X(1:t(1(rﬁ_?«y) Eq. 1
m. T, —m._r
g _ = BB Y'Y
ya_ua ra_ mﬁ+m Eq. 2
y
where



t, = |—2 Eq. 3

Eg. 4

o

’ :\/2mu(mﬁ+my)
M

and M is the total atomic mass m; + my, + ms.
Note that t,°/2 is the reduced mass of the pair a, and
U,°/2 is the reduced mass of the particle o and the pair a.

The Jacobi vectors of different channels are related

by orthogonal transformations

7(ﬁ = CBaT((x +Sﬁaya Eq 5

_yB = _%OLT((X + CB(xya Eq . 6

where the mass dependent coefficients are

\/ m,m,
Coo =— Eg. 7
(m, +m,)(m;+m,)

§u = (-1)""sgn@—B)|/1-c5, Eq. 8

For scattering problems, a more convenient set of
local coordinates are the lengths of the mass-scaled

Jacobi vectors and the angle between them,

A Eq. 10

10



7, =cosp,) = 2o Je Eq. 11
X(ly(l

and the coordinate transformation for the lengths are
X= ¢ X+ 8. ¥+ B,0.%V.2, Eq. 12
¥= %X+ G ¥~ B.GuXYaZ, Eq. 13

— _ 2 _ 2
zZ = (éa éa ))gl ya ZU. %acﬁa(xa ya) Eq. 14

XsYp

In mass-scaled coordinates the Coulomb potential, Vg,
for the o particle pair is given by
Vo = taepey/Xq Eg. 15
Defining g, = tuepe, as the mass-scaled charge for the
pair, the Coulomb potential for the pair a = (B,y) becomes

Vo (Xe) = do/Xa Eqg. 16

In terms of the rotational angular momentum of the
bound pair given by the operator, k“, and of the orbital
angular momentum of the free particle about the bound
pair, R“, the quantum-mechanical form of the mass-scaled
Schrodinger equation, with pair wise Coulomb potentials,
is

122
10, 10y, % % %y gy Eq. 17

a ﬁxv

11



This thesis computes the cross section results for
positron-hydrogen elastic-scattering. For convenience of
calculations, the Jacobi coordinates indexed by 1 is
implemented into the Schrodinger equation since it is best

related to the asymptotic physics.

e+
Y1

0
p X, €
Channel 1

Figure 2. Selected Jacobi Coordinates.

Hereafter a = 1 and the subscript is dropped from the

equations. P = 2 and y = 3 remain in the equations as
needed.

The previous equation is rewritten as

~ '|\2
_lizx_liz +|_x2+_y2+ﬂ+&+& Y = E¥Y Eg. 18
X OX y oy Xy X X, X3

For convenience let the wave function be represented

by
- P(x,y,Q,,Q,)
PY(X,y)="YXYyQ,,Q,)= Eq. 19
Xy
where

12



®
"
I

angle representation of the pair of angles (04, ¢x)
that indicate the polar and azimuthal angles of the

X coordinate axis

®
%)
Il

angle representation of the pair of angles (0y, ¢y)
that indicate the polar and azimuthal angles of the
y coordinate axis

Substituting Eg. 19 into Eg. 18, the wave function

differential equation becomes

A A

2 2 - -
+|X‘f+ L —E‘P+(ﬂ+&+$j‘{’=0 Eg. 20
y X X X3

LY Y
aXZ 8y2

x

2.2 Discrete Variable Representation

Appendix B contains more details of the mathematics
behind this overview of the DVR basis representation.
Solving the time independent two-body Schrodinger equation
using an angular two-variable DVR approach has been
successfully implemented. The DVR is a unitary
transformation of a Finite Basis Representation (FBR)
defined for some quadrature scheme associated with the
FBR. The two-variable angular basis functions are a
linear combination of spherical harmonics. The radial
functions are not expanded but are approximated using

splines or some other approximating technique.

13



Since the three-body angular four-variable DVR is
analogous to the two-body angular two-variable DVR, a
description of the two-body DVR is described first and
then extended to the three-body DVR.

The derivation of a set of two-variable angular DVR
basis functions begins by defining N Gauss points on a

two-dimensional unit sphere Qj = (0ip, ¢i9) where 0 is the

spherical coordinate polar angle and ¢ is the spherical
coordinate azimuthal angle. The index j represents the

angular grid point indicated by the pair of indices

(iel i(])) -

=1— (ie,i¢) =(1,1)
------------------------- Iszlz(el’(l)l)

----------------------------------- =3 (igiy) = (3,1)
Q,=(03,0,)

Figure 3. N=9 Point DVR Angular Grid.

14



Also defined with this grid are a set of associated
Gauss-quadrature weights wj, and a set of DVR basis
functions ¢;(Q). By construction, these functions satisfy
the property
# () =8,/ /w; Eq. 21
where 8;; is the Kronecker delta function.

On this grid the two-dimensional Gauss quadrature

approximation for a function g(Q) is?*®*°

N
[o@da=> g@)w Eq. 22
k=1
The DVR functions are orthogonal
N
[# (@, (@d =" ¢ Q)¢ (QIW, =3, Eq. 23
k=1

The advantage of the DVR basis functions is that the
potential matrix of a multiplicative potential is diagonal

in angular space
[ @V @©@ng,@)d0 = 3 ¢ @V Q1) (W, =V (©,,1)5; Bq. 24

The angular DVR basis functions are constructed from
the FBR basis functions as described in appendix B. For
the case of spherical harmonic FBR basis functions, which
are orthonormal

[3@3,(@da=35, Eq. 25

15



the DVR basis functions are given by

#(Q) =W, Y (S,)' S (Q) BEq. 26
with
S Q)= Z Cvd,(©2) Eq. 27

being the digital Gram-Schmidt orthogonalization of the
FBR spherical harmonic basis functions, J,(Q). The Gram-

Schmidt orthogonalization is required so that the basis

functions are orthogonal in the Gauss integration
* N *
[S @8 @d2=> S QS Q)W =4, Eq. 28
k=1

Let the index v represents the pair of angular
momentum gquantum numbers (1,m) with O<=l<=lp.x and -l<=m<=1
and the index j represents the angular grid point
indicated by the pair (ig,14). w3 are the appropriately
selected Gaussian weights. There is not a set of unique
guantum numbers, grid points and weights for the DVR
basis®?. The selection of the convenient set of quantum
numbers, angular grid points and weights used for this
thesis is described in appendix B.

For this thesis the total number of angular momentum

guantum numbers, v, is equal to the total number of angular

16



quadrature points, j. The total number is also an odd
number. This is not a strict requirement on the use of
DVR functions*®. However, for the selection of angular
basis functions, the selection of angular quantum grid
points, and the selection of grid angles, the Gram-Schmidt
expansion fails when the total number of DVR basis
functions is an even number since the basis functions are
not linearly independent on the grid.

The FBR transformation to DVR is a unitary

transformation thus completeness is also obtained

ZT:S;(QJ\/WSK(Q;)\/W;=5” Eq. 29

This guarantees the DVR basis functions obey the
property given by Eg. 21.

In this angular two-variable DVR approach the two-
body wave function is expanded, using spherical
coordinates, appropriately selected weights and Gram-

Schmidt coefficients, as

P(rQ) = Y (106,(Q) =22 W (S,) S (Qy, (1) Eq. 30

j=1v=1
When evaluated at the k*® angular grid point, the wave

function reduces to the corresponding radial expansion

17



coefficient, yx(r), divided by the square root of the

corresponding weight.

- N N S5
F0.00 =301 (06/(@) =2 0 =YD 5q. 31

When solving the time independent three-body
Schrodinger equation (Eg. 20), the four-variable angular
finite basis is chosen to be the bipolar spherical

harmonics.

ViU G = DY EAIV O4)C )
Bt Egq. 32
=[Y™® @Y™ @]

where

L = Total angular momentum quantum number, L =
(1e+1ly), (1e+ly-1), ..., |1x-1y]

M = Total angular momentum projection

1« = Rotational angular momentum of the bound pair

1, = The orbital angular momentum of the free particle
about the bound pair

My = Bound pair angular momentum projection along the
relative coordinate x-axis

my, = Orbital angular momentum projection along the
relative coordinate y-axis

L,M

= Clebsch-Gordon vector coupling coefficient,

I my 1y ,my

<1y, ly,mx,my| 1,1y, L, M>
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X = angle representation of the pair of angles QO

(0x, bx)

angle representation of the pair of angles Q,

<>
Il

(8y, dy)
To give the bipolar basis a convenient one-dimensional

look the following notation is implemented

A% = index representing the quartet of quantum numbers (L,
MI lXI ly)
Q = angle representation of the quartet of angles (X, V)
= (eXI ¢XI ey1 d)y)
Za
eyj :y
exj L X
4 M Ya
Yi \\:\\I |
¢
X X
Figure 4. Jacobi Coordinates At j*® Grid Point.

Using this notation, the bipolar basis function is

rewritten as

YA = TRV GICH, ) Eq. 33
m+m,=

19



Let

i = index representing the quartet of indices (i, , i, ,
Ieyl I¢y)

Q; = angular Gaussian quadrature point indexed by i, (6%,
Q%r io, 7 Q%)

Ny = Number of Q. Gaussian quadrature points relative to

the x-axis, I\IGX*N¢x

N, = Number of (), Gaussian quadrature points relative to
the y-axis, Ney*N¢y
N = Total number of four-dimensional Gaussian quadrature

points, Ny*N,
The bipolar basis function evaluated at the i®"
Gaussian quadrature grid point is denoted as Y (Q;) and is

given by

Yv(Qi): z (erxnx (gl

1¢|¢x )eryny (‘9i0y’¢i¢,y )Cll;',mey,my) Eg. 34
m+my=M

Ox

The bipolar spherical harmonics are orthogonal
Y. @Y, (@da=3,, Eq. 35

Analogous to the two-body case, the three-body

angular DVR basis functions are constructed from the FBR
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basis functions, as described in appendix B. The four-

variable angular DVR basis functions are given by

ACENTDACHEAC) Eq. 36
with
S =3C.Y.@) Bq. 37

being the digital Gram-Schmidt orthogonalization of the
bipolar spherical harmonics basis functions, Y,(Q), to

ensure the Gauss approximation is orthogonal
* N *
[S/(©@8s.(@d2=> S/(Q)S. (W =5, Eq. 38
k=1

Again the total number of angular grid points is an
odd number so that the Gram-Schmidt orthogonalization
process is successful.

Analogous to the two-dimensional angular case we have

the DVR property

4(Q,)) =35, 1 W, Eq. 39
and the DVR functions are orthogonal
* N *
[# Q)¢ @d=> ¢ Q)¢ (QIW, =3, Eq. 40
k=1
and complete

2 QW QW =5 Eq. 41
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The weights are appropriately chosen Gaussian

guadrature weights:

w :( . {E J Eg. 42
" | sing, P, (cos@,))

w, =2z/N, Eq. 43

Wi = W W = W *W *W *Ww Eg. 44

y Ty T i”y Yoy
Note that the Gram-Schmidt modified bipolar spherical

harmonic functions have the properties:

v Ivs=D(8.) S =5, Bq. 45
<i1i5=(S,) Sy WW. =5, Bq. 46

where S;, represents S; (Qy) .

As an example of the importance of using the Gram-
Schmidt orthogonalization, Table 1 lists the results of
the orthogonality and completeness properties of the off
diagonal matrix elements of the Gauss quadrature
representations. The top row in the table lists the DVR
grid size for the table column beneath the heading. The
numerical values of Y,(Q) and S,(Q) are evaluated at the
DVR angular grid points using double precision computer

representation.
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The second and third rows show that the orthogonality
and completeness properties fail when using the Y, (Q)

representation. The fourth and fifth rows show that the

orthogonality and completeness properties are obtained

when using the Gram-Schmidt S, ({2) representation.

Table 1. Orthogonality And Completeness.

DVRgize-> 9x9 9x25 25x9 25x25 9x49 25x49 49x9 49x25 49x49
N . 164 597 597 2237 1289 5202 1289 5202 | 12000
2 ()Y W

i=1

N R 427 1595 1595 5890 3780 | 13885 | 3780 | 13885 | 32644
%)Y, W,

v=1

N . 1x107" | 4x107" | 4x10* | 2x107° | 1x107° | 5x107° | 1x107° | 5x10° | 2x10°°
PACHE=ML

i=1

N 5x107"° | 2x107%° | 3x107*° | 3x10°° | 9x107° | 6x1077 | 1x10° | 6x10 | 5x107°
2.(S.)' S, WW,

v=1

As the DVR grid size increases, the accuracy of the
orthogonality and completeness properties of the Gram-
Schmidt representation decreases when using double
precision numerical representation. As the size of the
DVR grid size increases, higher precision representation
is required to maintain high accuracy results.

Note that the completeness and orthogonality of the
S, (Q) functions ensures that the matrix elements of the
multiplicative potential are diagonal.

For the finite basis, the total angular momentum
guantum number, L, is between 0 and Lys,x where Lp.x is the

product of lp.x of each Jacobi axis: Lpax = lxmax*1lymax-
23



Table 2 lists the values of Lp.x for each three-body

angular DVR basis function size.

Table 2. Maximum Total Angular Momentum Index.
DVRsize-> | 9x9 | 9x25 | 25x9 | 25x25 | 9x49 | 25x49 | 49x9 | 49x25 | 49x49
Liax 4 6 6 8 8 10 8 10 12

A six variable wave function W (x,04,¢x,v.0y,0,) is
approximated using the angular four-variable DVR functions

as follows

P, Y,2) % 2w (% )6, (Q) = 22D W (S,)'S (@, (x,Y) Eq. 47

j=1 v=1
where y;(x,y) are the two-variable radial expansion
coefficients.

When evaluated at the kﬂlangular grid point the wave
function reduces to the corresponding radial expansion
coefficient, yx(x,y), divided by the square root of the

corresponding weight.

X7 § § Oy :
F.00= 20 (K0 = L, k3) - v kjvxvy) Eq. 48

2.3 Radial Splines And Spline Basis

Appendix C describes the detailed mathematics for the
Hermite Quintic Splines that are used to numerically

evaluate the radial coefficient of the wave function that
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results after the angular DVR basis functions have been
projected out.

Since the three-body spline basis is a direct product
of the two-body spline basis, a description of the two-
body spline basis is described first and then extended to
the three-body spline basis.

In the two-dimensional angular DVR case we are left
to evaluate the radial coefficients, wyx(r). Interpolation
is the process of estimating the intermediate values of a
continuous function from discrete samples. The radial
coordinate is discretized over a radial grid. These
discrete points are called knots. The set of points that

make up the grid is represented by

{X} = {X=Tmin, X', X5, .../ X = Tmax) Eq. 49

where Ny is the number of segments between the knots: Ny =
number of knots + 1.

In between each set of knots is a set of points
called collocation points. A fundamental property of
interpolation functions is that they must coincide with
the sampled data at the collocation points. Each set of
collocation points consists of Nf points. For example if £

is the sampled function and g is the corresponding
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interpolation function then f(rx) = g(rx) where ryx is a
collocation point.
Hermite Quintic splines are a set of three

interpolation functions defined on two adjacent intervals
describe by three continuous knots [X<, X1U[X, X, 1.

These functions are zero outside their intervals.
The guintic spline basis consists of Nyx*N: piecewise
polynomials of fifth degree. Using Hermite Quintic splines

the interpolating function is written as

NN -1

a(r) = > A1) Eq. 50

rs=0

where ¢.s(r) is the (rs)™

indexed Quintic spline function
A, is the corresponding scaling coefficient, Ny is the
number of knots and N¢ is the number of collocation points

between knots. Plots of the quintic spline functions are

given in Appendix C.
Over any one interval, [X‘,,X], there are six non-

automatic zero basis functions and six scaling
coefficients to be evaluated.

Gauss-Legendre collocation points are found between
each adjacent pair of knots. For Quintic splines Nf = 3
collocation points are required for the Gauss quadrature

integration approximation to be a reasonable approximation
26



to the function. This assumes that the function being
approximated is smooth enough over the interval that a
fifth order polynomial can approximate it.

For the three-dimensional two-body wave function,
after the DVR basis are projected out, the radial wave

function is approximated using the gquintic spline basis

functions
NN, -1
(r)_ z jrs¢rs(r) Eq' 51

rs=0
In this DVR quintic spline approach the two-body wave

function is expanded as

PO~ YD W (S,) @) sz A d(T) Bq. 52

When evaluated at the k™ angular grid point, the

following equality is obtained

NN -1

P(r,Q) = J_ > ALbs(r) Eq. 53

rs=0

For the three-body case, the two-dimensional knots
are the direct product of the one-dimensional knots. The
two-dimensional collocation points are also the direct
product of the one-dimensional collocation points. The
two-dimensional quintic spline basis functions are a

direct product of two one-dimensional quintic spline basis
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functions. The two-dimensional radial wave function is

written as
Ny, Nt 1N, N¢-1
Vi) = D D Acs s (N, (0 Eq. 54
rs,=0  rs,=0
where Ny, are the number of knots on the Jacobi y-axis, Ny
are the number of knots on the Jacobi x-axis and it is
assumed that both axis use the same spline basis so that N
is the same for both axis. Similarly, rs, is the spline
index for the y-axis and rsy is the spline index for the x-
axis.

In this DVR quintic spline approach the three-body

wave function is expanded as

- N N N, Nt =L N N1
LP(X! y,Q) ~ ZZV ;;J (Sjv) Sv (Q) z z'D‘j,rsy,rsx¢rsy(y)¢rsx (X) Eq 55
j=1 v=1 rs,=0  rs=0

When evaluated at the k™ angular grid point

~ 1 N NrEN N

lP(r’Qk)z\/VTk rsZ;o ZAk,rsy,rsx¢rsy(y)¢rsx(X) Eg. 56

rs, =0

As described in Appendix C, if the quintic spline
approach cannot meet the Gauss quadrature integration
approximation requirements over an interval between two
knots, then another set of basis functions must be chosen

to approximate the function over that interval.
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It was found empirically that the positron-proton
scattering basis functions provide a better wave function
approximation near the interaction region on the y-axis
than Hermite splines alone. These basis functions are

given in Appendix C and denoted by Fw(w’

When these basis functions are implemented along with
the quintic splines then the two-dimensional radial wave

function approximation is given by

N N L1, e

Y 2 AgeFs N (X y<y,

_ r5=0 rs5=0
l//k (X! y) - Nkny*lkaNf—l Eq. 57

Z z Asy,rsx¢rsy (y)¢rs)< (X) Othel’nga
rs,=0 rs,=0
where y: is the first collocation point after the second

knot.

Note that the polynomial order of F@(y) is related to

the number of DVR basis functions via the angular momentum
number ly max. Depending on this number, the number of
collocation points between the first and second knots may
be different than that for quintic splines in order for
the Gauss quadrature integration to be valid for these
basis functions on this interval.

For notation, in the next sections whenever the

radial expansion is denoted, it is given as
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Nig, N¢ =L Ny N1
l//k (X’ y) = Z ZA<,rsy,rsx¢rsy(y)¢rsx (X) Eq’ 58
rsy=0 rs,=0

with the understanding that the over the first y interval,

the first y basis functions are E%(W. Only when the Fm(w

basis functions are specifically described will they be
denoted properly (i.e. when the boundary conditions are
described) .

Appendix C also describes how to discretize a linear
differential equation involving the wave function by
evaluating at the selected collocation points. The result
is a linear set of algebraic equations that are solved

yielding the spline scaling coefficients.
2.4 Numerical Schrodinger Equation

Appendix D describes the mathematics for the
discretization of the Schrodinger equation using the mass-
scaled Jacobi vectors given in channel 1, implementing the
DVR basis functions and implementing the radial splines.
Appendix D describes both the two-body case and the three-
body case so that the reader can see the analogy between
the cases. Only the three-body results are discussed in

this section.
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Substituting the DVR expanded wave function
_ N N .
\P(X! y!Q) ~ ZZ’V;;J (Sjv) Sv (Q)WJ (X) y) Eq' 59
=1 v=1
into the relative motion Schrodinger equation
’Y Y 12y
2 a2z T2
OX oy X y

—E‘P+ﬂ‘¥’+i‘¥’+g—‘¥’=0 Eg. 60
X

and evaluating a DVR angular grid point, denoted with
index k, angle (x, we get the following differential

equation for the radial wave function

N 2 2
O:z _a_z_a_2+ H+L+i_E Skj
=l X oy’ | x x2|Qk x3|Qk ’

Eg. 61
SIS. SIS .
2 L?‘"}w; ()
X Yy
where
SXS(,] = \[ WKVVJ izcvv‘ (le (|'x+1))ka‘(Sjv)* Eq. 62
9,5, = W S C,, (), (,+ 1)Y (S, ) Bq. 63

v=lv=l

X is the transformation of the x P-Jacobi coordinate to

p

Q
the x a-Jacobi coordinates using the coordinate
transformation for the lengths as described previously

with z, being the cosine of the angle between the B-Jacobi

31



coordinates defined by angles Q. In this description a =

1 and B = 2 and 3.

Notice that the potential has been diagonalized.
Only the S1,Sk,; and S1,Syx 5 terms are off diagonal and most
of these terms are zero due to the properties of the DVR
(the Gram-Schmidt orthogonalized bipolar spherical
harmonics) .

Since there are N DVR indices, k = 1 to N, a set of N

coupled differential equations is obtained for the set of
N radial coefficients, vy,(x,y).
Substituting the radial spline expansion into this

set of differential equations yields the following set of

coupled linear differential equations for the unknown

coefficients, A

ECTREN
N Nr Niy =1 Ng Ny 1
0= Al ey B El5

Fl rg=0 r5=0 X X2|Qk X3|Qk

SIS.. SIS

+( S, l’f“ﬂﬁsx(x)asy(y) Bq. 64
X y
0% (X) 0’ (Y)

There are N* (Nyy *N¢) * (N, *N¢) unknown coefficients if
only quintic splines are implemented. Otherwise the

number of coefficients is given by N* [ (N *Ng) * ( (Nyy-
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1) *N¢) +N'g) ], where N'y is the number of positron-proton
scattering basis functions implemented between the first
and second y-axis knots.

Using the spline solution technique described in
Appendix C to obtain an algebraic equation for the
coefficients, each equation is evaluated at all the
collocation points. There are N DVR angles, (Ngx-1) *N¢
collocation points along the x-axis and (Nyy-1) *N¢
collocation points along the y-axis, giving a total of
N* (Niy,-1) *Ne* (Ny,-1) *N¢ equations. Boundary conditions
supply the remaining equations to provide a unique
solution for the coefficients.

As described in Appendix B, since the mass of the
proton is much greater than that of the positron or
electron, the x and y Jacobi axes have their origins
nearly aligned. If the axes collocation points are chosen
so that the some collocation points are the same for each
axis, then there are cases that correspond with the
electron coinciding with the positron causing numerical
instability due to the potential energy between the two-

particles.
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The DVR y-axis azimuthal grid points are shifted so
that the y-axis is not parallel to the x-axis. This

mitigates the interference between the two-particles.
2.5 Asynptotic Boundary Conditions

Appendix D also defines the boundary conditions that
describe the physics of the elastic-scattering process.
When the scattered particle is far away from the
scattering center so that the center's influence on the
particle is negligible, the scattered particle is a free
particle. This region is called the asymptotic region.

In the asymptotic, region the scattered particle wave
function is the sum of an incoming plane wave and an
outgoing spherical scattered wave with an angular
dependent amplitude factor®®*. The hydrogen wave function
is unchanged. Thus the three particle asymptotic wave
function is

ik

P(X,y)= Ag (X)(e”"y +%f(0)j Eq. 65

where A is the normalization constant, K is the incoming

particle momentum vector, Yy is the outgoing vector
direction, f(0)is the scattering amplitude factor and is

the shift in the outgoing wave function amplitude and 0 is
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the angle between the incoming direction vector and the
Jacobi y-axis vector. ¢(X) is the bound particle hydrogen
wave function which for convenience is denoted as
#(x) = 4" (X)) x .

For convenience let q%xy)zﬁkxyyxy, and the asymptotic

wave function is written as

T (x.y)= Alyg" Qe +¢" ®e1(0)) Eq. 66
where
¢ (X) ¢ Ylm exr¢x Eq. 67

and ¢h(x) is the product of x and the hydrogen radial wave
function, Rp1(x).

The scattering amplitude is found by matching the
outgoing wave above and the expanded interior wave
function at the asymptotic distance at a DVR angle. The
following technique is implemented to obtain the boundary

conditions as well as the scattering amplitude.

By evaluating P(X,J) at the i

DVR grid angle and at
two adjacent asymptotic y collocation points, vy and y',

f(0) is eliminated yielding the equality

vy () =0y (x,y) = AgP (), W; (™0 — e et Eq. 68
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where 0Oy represents the angle between the incoming
direction vector and the Jacobi y-axis vector

corresponding to the j grid angle. The incoming wave

A

vector k=Kkk has orientations given by the angles on the y-
axis angular grid (0y,¢,) .

The goal of this thesis is to find an approximating
wave function that allows the derivation of the amplitude
function to determine the scattering cross section. Since
an approximated wave function is being implemented using a
finite number of partial angular momenta an approximated
boundary condition for that wave function must also be
implemented to obtain a reasonable match at the asymptotic
boundary.

é'R.y _ eikycos(E'ky)

The expanded form of using angular basis

functions is given by

eikycos(0ky) :zeﬂy/z (2y + 1)j|y Q(r Py (COS@ky)) Eg. 69
ly

where 0Oy, is the angle between the incoming vector k and
the outgoing vector y.

The expanded asymptotic wave function is given by

P0Gy A" XYY € @+ 1)y kr R (cosB,))+ Ag"(ReNf(G,)  Eq. 70

The amplitude function, f(0x,), is also expanded
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£(6,) :z—fklz (2 + 1)§ - IR (cos@,)) Eq. 71

where s;, represents the 1" diagonal element of the
scattering or S operator. The actual value of s;, is not
computed nor required for asymptotic matching.

In each of these expansions the sum over 1, goes from
zero to infinity. If this sum is truncated then these
expansion equations become approximations. In the
approximated asymptotic wave function the sum over 1, goes
from 0 to the maximum 1, given in the DVR quartet of
quantum numbers (L, M, 1y, 1l,) used for the wave function
approximation. That is, the sum goes from 0 to 1y nax-

Using this notation the asymptotic wave function is

represented by

Voo OGYR AG" XYY €72 (2) + 1), &y R (cos@,)) +

1 Eg. 72
Ag" (9 37 () + D, - IR (cosB,)
which is rewritten as
¥ m (V) Ag" (RS, (v)+ Ag" (WG, Eq. 73
where
Sy(Y) =21V, k)2 + 1R (cos@,) Eq. 74
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_ 1

F0) =G =50

Y (2} + 1R, (cosf,,))(s, —1) Eq. 75

Iy
Evaluation at the DVR angle j for the outgoing y-axis

finds
w; (X, y)= Ag" *)Si (v)+ eikijk) Eg. 76
where the hydrogen wave function is evaluated only at the

two appropriate x-axis angles out of the four angles the

index j represents.

Si(¥) =2 1"V, &y)(2} + 1R (cos6,)) Eq. 77

f(0) =Gy =53 (21 + 1R, (cos6,))(s, - Eq. 78

Using the approximated asymptotic wave function,
evaluating at two different scattering distances y and y'
in the asymptotic region, and eliminating Gjx yields the

following asymptotic boundary condition
v &y )= €9 (x,y) = A YW (%)(S (v)- €S, (v)) Eq. 79
Using the derivative at two different scattering

distances yields boundary conditions for the derivatives
4 jl ky) é<(y-y‘)w} x,y')= A\/ W¢h (7(,' )(Sljk v)- eik(y_y')sljk ), Eg. 80
Continuing, the second derivative yields another

boundary condition
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v (X1y)_eik(y_yjl//"j xy)= A\/V\/j¢h (X;)S" (Y)_eik(y_yjs'jk (y) Eg. 81

with

Six §)x 20" @)+ 1R, (cosb,))iy, () + ko', () Eq. 82
and

St 620 @+ 1R, (cos@ K, (k) + Ky, () Eq. 83

Sy,x and its derivatives are a function only of the y-
axis components, (0y,¢,), of the 4 angles the index j
represents.

Note that the amplitude function, evaluated at the ™

DVR grid angle, is written as

-iky

evyi(xy)
AR (%)8" ()W,

f(eky)‘kj = e_ikysjk(y) Eg. 84

where Sjx is a function only of the y-axis angular
components that j represents, and the hydrogen angular
component is only a function of the x-axis angular
components that j represents.

The amplitude function represents the full scattering
amplitude matrix £ (kji,ys2) where j; and j, each run over
all the possible grid points indexed from 1 to N. That
is, the matrix represents all incoming directions as well

as all outgoing directions.
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2.6 Near Interaction Region Boundary Conditions

In addition to the asymptotic region boundary
conditions, boundary conditions are required in the
interaction region. At x = 0 or y = 0 the boundary

condition

v;0Qy)=0

Eg. 85
l//j (X 10) = O

is implemented. This maintains that for the limit that x

goes to zero and/or y goes to zero the full wave function,
‘P(Y,)_/)=‘¥’(X,y,QX,Qy)/(Xy), remains finite.

Since this thesis focuses on elastic-scattering it is
expected that the wave function for the scattered particle
near the interaction region at locations that do not
interfere with the hydrogen particle's electron should
have a similar functional form of the previously derived
wave function for a particle scattering off a proton.

That is, the quintic spline y basis functions are replaced
by the positron-proton scattering basis functions.

This quintic spline replacement is done since the
proton-proton scattering basis functions are of higher

order than quintic splines as 1y nax increases.
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The low order positron-proton scattering basis

functions are given by

F, (y):\/Ze‘“‘yc,y(ky)'y”[h...] Eq. 86
with
7 27 /K

Cl = + 1K? 1F + 1/k?)...0+1/ k>

| (2|+1)!} + 1k*)((- 2 ). )@ 1

, | 271k

C = (3)'} (+1/K*) T Eq. 87

271k
Comgn g

However, these constants are not used since only the form

of the basis functions is required in the spline expansion

F () =e" (k)" BEq. 88
Using these basis functions for small y allows a
better fit of the splines to the scattering wave function.
That is, the Gauss gquadrature integration approximation is

valid in this region. Of course, if more collocation
points are required, due to the order of the basis
functions, they must also be added between the first two
knots.

The cumulative probability of the ground state

hydrogen wave function near zero is given in Figure 5.
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Figure 5. Cumulative Probability Of The Ground State
Hydrogen Electron At Radial Position x.

As long as the probability of the hydrogen electron
interaction with the incoming particle is small, then
replacing the quintic y basis functions by the positron-
proton scattering basis functions should yield a good
representation of the total wave function.

Since the wave function is approximated by

Nknyillymax
Z—O Z_O'A\sy,rsX I:rsy (y)¢rsx (X) Yy < yt
Vi (X, y) N Nky?‘:fl Nij“f -1 Eg. 89
Y 2 Agrets (N (X otherwise
rs,=0  rs=0

where y: is the first collocation point after the second
knot and is selected in the region where the cumulative

probability of the hydrogen electron at its radial

42



position is small, the boundary conditions for the wave

function and its first and second derivative must be

N Nigc =LN ¢ Nigy =2+ (Iy max +1)— Ny N Nig L1y o
YA s i5bs Vs 0= 2 P A o Fe, (W)bs (0=0 Eq. 90
rs, =0 rsyzlymax*‘l rs, =0 rsy:O

Nfka’leNky71+(|yrnax+l)*Nf Nkax’llymax

ZA krg rs ¢'rsy (yt)¢rsX (X) - Z Z A(,rsy,rsX F Irsy (yt )¢er (X) =0 Eq . 91

rs, =0 1Sy=ly maxt1 rs,=0 rs,=0
Nfka_leNky71+(|ymax+l)*Nf Nkax’llymax
Ul n —
ZA krg ,r§¢ rs, (Yt)¢rsX (X) - z Z A(,rsy,rsx F rs, (yt )¢rsx (X) =0 Eqg. 92
rs, =0 rsyzlymax"'l s, =0 rs,=0

In other words, the wave function using the positron-
proton scattering basis functions must yield the same

value at y: as the wave function using the quintic spline

basis functions.

Note that
F (y) =R (kI +D 7 y—iK] Eq. 93
F', (0 =F &)l (+D-k*y*~i2k(I +2) y]/ y* Eq. 94

2.7 Scattering Cross Section

The scattering cross section is obtained from the
amplitude function by assuming that the asymptotic
particle is a free particle and has a free particle wave

function modified by the amplitude function.
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For a given input direction, the amplitude function
for the outgoing j*® DVR grid angle is related to the wave

function by

509G, =;%W21—%—¢“(x)eikys,—k(y) 5q. 95

Since only the y-axis is required to compute the
scattering cross section, the radial hydrogen wave

function is projected out of this equation.

F(0,) =< 4" (014" (I (6], >= Eq. 96

h e-iky‘//i (%) 4 h () eiky
<¢ (X)IA%O()A(j)\/Wj >, =<¢" ()" () S (y) >,

where

Ny N -1

<flg>= 2 1 (x)9(x )XW Eq. 97

is the Gauss quadrature integration over the x

coordinates.
The resulting amplitude function, f’(d;), no longer has

any dependency on X.
Figure 6 illustrates the general coordinate diagram
for the incoming particle k vector and the outgoing j*" DVR

grid angle axis configuration.
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Figure 6. Coordinate Diagram For The Incoming Vector And
The j*® DVR Grid Angle.

The angle between the incoming vector and the
outgoing Jacobi y-axis is found by
cos (Oxy) = cos(0y5) cos (0x) +sin (0y5) sin (Ox) cos (dys- k) Eg. 98

The cross section is given by
do .
ak:jd—QdQ:ﬂﬂ(akj)Fsun(ekj)olekjolqﬁkj Eq. 99

Since the potential is spherically symmetric the
selection of the incoming direction is arbitrary. Also,
the integration over the arbitrary azimuthal angle, ¢y, is
trivial since the amplitude function is independent of
this angle.

To make the cross section calculations more
convenient, the coordinate system is rotated so that the k

vector 1s along the z-axis, Ox = 0. The angle between the

45



k and y axes in the original coordinates, 0y, is exactly

the same as the polar angle of the j* y-axis in the
rotated coordinate system 0y so that and cos (0y,) =

cos (0y5) . The y-axis azimuthal angle, ¢y remains arbitrary
with respect to the amplitude function. The amplitude

function remains unchanged: £P(0y,) = £P(0yy) .

Figure 7. Rotated Coordinate System.

Thus the total cross section is now given by

o, = j 117, )F sin@, )do, dg,
= j |17, )FdQ,

— 1 P 2
= —J11°@,)Fdo, do Eq. 100
— 1 p 2
——4”I|f ©,,) e,
1
= 2 17O

using the DVR quadrature integration.
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CHAPTER 3

RESULTS

The scattering cross section is computed for a
positron scattering with a ground state hydrogen atom
which consists of a proton and a bound electron.

The results of numerous independent scattering
calculations obtained by researchers are quantified in
reference 44. 1In particular reference 44 gives the
elastic scattering cross sections for the positron-
Hydrogen problem that has been obtained by the research
community. Verification of the results of the DVR
technique described in this paper is obtained by comparing
the resulting converged cross sections to the elastic
scattering results given in reference 44. The DVR grid
that generates the smallest set of coupled equations is
the 9x9 grid yielding 81 DVR basis functions. The
incoming particle's k vector angular orientation is chosen
as one of the DVR y-axis grid angles. The potential
function symmetry implies that results for equal cross

sections are independent of the incoming angle chosen.
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3.1 Selection O Knots And Angular Gid

For the numerical ground state radial hydrogen wave
function, it has been found empirically that good
convergence using quintic splines are obtained using only
eight strategically placed x-axis knots with wvalues
between 0 and 20. Specifically placing the knots at 0,
0.5, 1.0, 2.5, 5.0, 8.5, 11, and the cut off point at 20
allows the quintic spline implementation to closely
approximate the radial hydrogen wave function and its
derivatives. Figure 8 shows a plot of the wave function
and the spline fit values. R(x), R'(x), R"(x) are the
ground state wave function and its first and second
derivatives respectively. Rs(x), R's(x) and R"s(x) are

the spline fits.
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Ground State Hydrogen Wave Function
And Its First And Second Derivatives

X (atomic units)

Figure 8. Ground State Hydrogen Wave Function And Its
First And Second Derivatives.

The maximum error between the spline fits and the
wave function is on the order of 107°.

The y-axis spatial knot locations had to be chosen
with sufficient density to properly fit the asymptotic
wave function as well as the wave function in the
interaction region. The asymptotic wave function for
elastic-scattering has a De Broglie wavelength A = 2n/k.
The number of knots and y-axis cut off point had to be
chosen so that the asymptotic region would be obtained.
The number of knots also had to be traded against the

resulting matrix size and computer resources. As a
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result, a sufficient cut off point was found to be at y =
80 with 35 equally spaced segments between 0 and 80.

The smallest DVR set that can be implemented to
obtain a reasonable cross section result is a N = 81 set
of DVR basis functions, consisting of Ny = 9 and N, = 9.
Using 8 x-knots and 36 y-knots for the spatial
coordinates, this yields a matrix size of ~187,500 x
187,500 complex elements or ~375,000 x 375,000 real
elements.

The next smallest DVR set of basis functions consists
of N = 225 elements, consisting of Ny = 9 and N, = 25. If
this set is implemented the resultant matrix size is
~500,000 x 500,000 complex elements or 1,000,000 x
1,000,000 real elements. The next size DVR basis function
set 1s N = 625 which results in a matrix size of 7,700,000
square.

On the University Of Texas Sun Constellation Linux
Cluster Ranger parallel computer system, the N = 81 DVR
generated matrix equation requires ~5,600 core hours to
obtain a solution using the SCALAPAK software. Solving
the N = 225 DVR generated matrix equation requires
~145,635 core hours. Due to limits on the computer

resources, only the N = 81 DVR set of equations can
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currently be solved to convergence. The results are shown
in this section.

Other computer resources and software are currently
being investigated including parallel and sparse matrix
computing techniques such as TAUCS, BSCLIB-EXT, SuperlU,
PARDISO, UMFPACK, Sparse Matrix SCALAPAK, and MUMPS®®.

Once these techniques have advanced to the point where
they can solve problems of the size generated by this DVR
technique, additional analysis can be performed yielding

higher fidelity cross section results.

3.2 Results Using Y-Axis Azinuthal Shift 26.8°

Using quintic splines only, convergence of the
solution is found using the x-axis and y-axis knots
described above.

Figure 9 shows the DVR results, using a y-axis shift
of 26.8°, plotted alongside that of reference 44 for k =

0.2, 0.3, 0.4, 0.5, 0.6 and 0.7.
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k (a.u.)
Figure 9. Elastic Cross Section Vs Incoming Momentum
Using Quintic Splines Only.
In general, the results at k = 0.2 are not expected

to be well converged since the De Broglie wavelength at
this energy is fairly long. As the wavelength increases,
the asymptotic region also increases. In this case the
asymptotic region is beyond the y-axis cut off point.
Implementing a longer cut off point requires additional y-
axis spatial coordinates. Additional spatial coordinates
increases the size of the matrix which increases the
required computer resources.

On the other hand, at k = 0.7 the system is close to
the bound (e" + e’) positronium formation which has a

profound polarization effect on the scattering process.

The current DVR formulization does not have the structure
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for the (e" + e7) virtual positronium formation, especially
in the x-direction which currently uses the hydrogen wave
function spline approximation and grid points. Solving
for this case also requires more spatial coordinates on
both the x and y axes, increasing the size of the matrix
and the required computer resources.

Considering the small DVR basis size used in this
calculation, the agreement is very good at the 0.3 to 0.6
energies. Figure 9 demonstrates the proof of principle of
the DVR technique. As the size of the set of DVR basis
increases, the y-axis angular momentum also increases and
the use of the positron-proton basis becomes important.

Using quintic splines and positron-proton basis
functions, convergence of the solution is recomputed using
the same spatial and angular grid for the previous case,
except that the first non zero y-axis knot was placed at
0.25, 0.5, and 0.8. The first collocation point after the
first knot is denoted as yist. The positron-proton
scattering basis functions are implemented in the region
between 0 and yist. The quintic splines are implemented in
the yist to the asymptotic region. The near zero matching

boundary condition occurs at yist. Figure 10 shows the 9x9

53



DVR results plotted with that of reference 44. Again, a

y-axis azimuthal shift of 26.8° is implemented.

4.5
R ——Reference |
= =0= =9x9 DVR Quintic splines only
354 N\
——9x9 DVR (ylst = 0.25, shift = 26.8)
8T -\ 9x9 DVR (ylst=05, shift=26.8) |
% 25 f------ - g -] —>—09x9 DVR (ylst= 08, shift=26.8) |-~~~
@®
L 5
@}
O 15-
e . — e
05 F R
0
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
k (a.u.)
Figure 10. Elastic Cross Section Vs Incoming Momentum

Using 26.8° y-axis Azimuthal Shift.

In the figure all the DVR data are close in value so
that each curve's data point is at the same location.

The results show that for the 9x9 DVR, Quintic
splines perform just as well as using mixed spatial basis
functions. Table 3 lists the numerical results.

Table 3. Elastic Cross Section Vs Incoming Momentum.
k--> 0.2 0.3 0.4 0.5 0.6 0.7

Reference |3.815|1.848|1.194|1.025|1.029|1.181
Quintic Basis | 2.623 | 2.500|1.496 |1.469|1.508|0.496
Mixed Basis |2.607 | 2.464 | 1.507 | 1.464 |1.488 | 0.493

(ylst = 0.25)
Mixed Basis |2.611 |2.465|1.507|1.467|1.480|0.493

(ylst = 0.5)
Mixed Basis |2.668 | 2.435|1.485|1.479|1.508|0.498
(ylst = 0.8)
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The agreement between the techniques is very good.
More DVR basis functions are required for better accuracy
in the results. Table 3 demonstrates the proof of
principle of the DVR technique. Table 3 also demonstrates
that for the small size DVR basis, quintic splines alone
produce the same results as the mixed basis. However, as
the number of DVR angular basis functions increase, and
thus as the maximum angular momentum quantum number
increases, the positron-proton scattering basis functions
contribution to the wave function increases. Using
qguintic splines alone degrades the wave function

approximation as previously explained.

3.3 Results And Analysis O O her Y-Axis Azinmuthal Shifts

Although the accuracy of the results should increase
as the density of the DVR basis function increases, it is
instructional to demonstrate results using the 9x9 DVR
basis using different y-axis azimuthal angular shifts.
Results are shown using different shifts, namely 0°, 10°,
20°, 26.8°, and 30°.

As the DVR density increases, these axes angular
locations are automatically included in the angular grid,

or angles near these angles. For example, without
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shifting, the 9x9 angular grid y-axis azimuthal angular
grid points are 60%, 180° and 240°. For an nx25 angular
grid the y-axis azimuthal grid points are 36°, 108°, 180°,
252° and 324°. For an nx49 angular grid the angles are
25.7° to 334.28° in steps of 51.43°. As the density
increases, more contributions due to the increase in input
and output directions yield more accuracy in the final
cross section.

However, the effects of the different axis directions
can be studied using the 9x9 basis and different shift
angles. For example, if no shift of the angle is used to
obtain cross sections, the results become numerically
unstable due to the potential between the positron and the
electron. The first knot used for the hydrogen wave
function spline fit was at 0.5. If this same knot
location is used for the y-axis spline fitting, then the
two axes have identical collocation points between 0 and
this knot. If there is no shifting, then there are only
seven different angles between the x and y axis out of the
81 possibilities: 0° 9 cases, 50.77° 12 cases, 66.42° 12
cases, 101.54° 6 cases, 108.44° 24 cases, 120° 6 cases and

143.13° 12 cases.
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In the 0° cases, for the collocation points that are
very near each other, the potential between the positron
and electron is evaluated at nearly the same location,
causing a spike in the values qg,/x, of Eg. 18. 1In
addition, the next closest angle is 50.77°, so that there
is significantly less interaction between the two-
particles. The transition between the two configurations
is not as smooth as it would be if the density of angles
was increased. Low angle density allows a very powerful
contribution to be dominant over the very weak
contributions.

Figures 1lla - 11d show plots of the radial wave
function for the first incoming direction (y-axis) for k =
0.3 to 0.6 respectively for the case where the shift is 0°.

Notice that, along the line where the y-axis values
are the same as the x-axis values the wave function
gquality degrades. This degradation also increases
dramatically as the energy (k) increases.

Contrast that to Figures 12a - 12d which show plots
of the radial wave function for the first incoming

direction for k = 0.3 to 0.6 respectively for the case
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where the shift is 26.8°. This is the shift that was
chosen to show the results that were shown previously in

Figures 9 and 10 and Table 3.
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O(X!y)l
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Figure l1lla. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.3 And 0° Y-Axis Azimuthal Shift.

Figure 1lb. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.4 And 0° Y-Axis Azimuthal Shift.
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Figure 1llc. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.5 And 0° Y-Axis Azimuthal Shift.
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Figure 11d. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.6 And 0° Y-Axis Azimuthal Shift.
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Figure 12a. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.3 And 26.8° Y-Axis Azimuthal Shift.

Figure 12b. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.4 And 26.8° Y-Axis Azimuthal Shift.
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Figure 12c. Radial Wave Function (j=0) For First Y Knot
0.5, k = 0.5 And 26.8° Y-Axis Azimuthal Shift.
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Figure 12d. Radial Wave Function (j=0) For First Y Knot
0.5, k = 0.6 And 26.8° Y-Axis Azimuthal Shift.
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Figures 12a and 12b show a smoother transition
between the interaction region near zero than 1lla and 11b
where the interaction is significantly nullified by the
numerical instability caused by the high potential in the
Schrodinger equation.

Figures 12c and 12d also show a smoother transition,
although they also show some bonding between the hydrogen
electron and the positron in the form of positronium due
to the higher energies. As the energy increases, more
degradation results as explained previously.

Figures 13a to 13d, 1l4a to 14d and 15a to 15d show
the radial wave function for a shift of 10°, 20° and 30°
respectively.

At the 10° shift the numerical instability is
decreased when compared to 0° shift, but a smooth wave
function is still not obtained. At the 20° shift, the wave
function is smoother and the interaction region is
beginning to show. However at k = 0.6 there is still some

significant numerical instability.
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Figure 13a. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.3 And 10° Y-Axis Azimuthal Shift.
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Figure 13b. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.4 And 10° Y-Axis Azimuthal Shift.
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Figure 13c. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.5 And 10° Y-Axis Azimuthal Shift.
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Figure 13d. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.6 And 10° Y-Axis Azimuthal Shift.
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Radial Wave Function (j=0) For First Y Knot =
k = 0.3 And 20° Y-Axis Azimuthal Shift.

Radial Wave Function (j=0) For First Y Knot =
k = 0.4 And 20° Y-Axis Azimuthal Shift.
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Figure 1l4c. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.5 And 20° Y-Axis Azimuthal Shift.
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Figure 14d. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.6 And 20° Y-Axis Azimuthal Shift.
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Figure 15a. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.3 And 30° Y-Axis Azimuthal Shift.
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Figure 15b. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.4 And 30° Y-Axis Azimuthal Shift.

68



o(X.Y)|
(S8 ] (1) Fo
i : ¢

lyl?

Figure 15c. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.5 And 30° Y-Axis Azimuthal Shift.

Figure 15d. Radial Wave Function (j=0) For First Y Knot =
0.5, k = 0.6 And 30° Y-Axis Azimuthal Shift.
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The graphs of 28.6° and 30° show some larger
differences in the interaction region at the higher
energies indicating that the electron and positron bonding
is having some effect on the wave function. However, as
shown in Figures 21 and 22 these wave functions produce
results that are in good agreement with the reference
plot, with the 30° shift having less bias than that of the
26.8° shift.

An obvious improvement to the numerical calculations
is to move the first y-axis knot location. Analysis of
the position of the first knot and comparing the first
collocation points to that of the x-axis yielded a knot
location of 0.8 that gives a maximal distance between the
closest two collocation point values of the x-axis and y-
axis of 0.034 versus at least 3 points with identical
distance of 0.0 when the knot is at 0.5. Using this knot
location lessens the numerical instability near zero.
However, it may increase some instability at the higher
collocation locations if the numerical values for the y-
axis approach that of the x-axis as all the y knots are

adjusted for this first knot location.
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Figures 16a to 20d show the wave function plots for
the first knot location at 0.8 for the same energies and

shifts as the previous figures.
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Figure 16a. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.3 And 0° Y-Axis Azimuthal Shift.
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Figure 16b. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.4 And 0° Y-Axis Azimuthal Shift.
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Figure 16c. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.5 And 0° Y-Axis Azimuthal Shift.
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Figure 16d. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.6 And 0° Y-Axis Azimuthal Shift.
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Figure 17a. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.3 And 10° Y-Axis Azimuthal Shift.
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Figure 17b. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.4 And 10° Y-Axis Azimuthal Shift.
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Figure 17c. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.5 And 10° Y-Axis Azimuthal Shift.

Figure 17d. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.6 And 10° Y-Axis Azimuthal Shift.
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Figure 18a. Radial Wave Function (j=0) For First Y Knot =

Figure

0.8, k = 0.3 And 20° Y-Axis Azimuthal Shift.
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18b. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.4 And 20° Y-Axis Azimuthal Shift.
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Figure 18c. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.5 And 20° Y-Axis Azimuthal Shift.
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Figure 18d. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.6 And 20° Y-Axis Azimuthal Shift.
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Figure 19a. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.3 And 26.8° Y-Axis Azimuthal Shift.
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Figure 19b. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.4 And 26.8° Y-Axis Azimuthal Shift.
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Figure 19c. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.5 And 26.8° Y-Axis Azimuthal Shift.
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Figure 19d. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.6 And 26.8° Y-Axis Azimuthal Shift.
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20a. Radial Wave Function (j=0) For First Y Knot

0.8, k = 0.3 And 30° Y-Axis Azimuthal Shift.
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20b. Radial Wave Function (j=0) For First Y Knot

0.8, k = 0.4 And 30° Y-Axis Azimuthal Shift.
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Figure 20c. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.5 And 30° Y-Axis Azimuthal Shift.

Figure 20d. Radial Wave Function (j=0) For First Y Knot =
0.8, k = 0.6 And 30° Y-Axis Azimuthal Shift.
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Notice that there is an improvement in the shape of
the wave function for 0° shift when the first knot is at
0.8 instead of 0.5. There is likely an optimal location
for all the y-knots with respect to the x-knots and this
is being investigated. Once found, the wave function
convergence should improve for the 9x9 DVR case. In
addition, the more optimal knot locations should also help
the denser DVR cases as well, since the knot locations are
not a function of the angles between the axis, but of the
separation between the x and y knots values on their axes.
This separation, however, does become more important when
the angle between the axes is small since that forces the
positron and electron along the same line.

The bonding affect is also degraded for the k = 0.5
and 0.6 cases where the first knot at 0.8 when compared to
the case where the first knot is at 0.5. This is due to
first knot being placed farther out than the 0.5 case. If
Figure 5 is expanded to end at 0.8 (instead of ending at
0.6) one would see that the cumulative probability of the
electron being at this distance from the proton is around
eleven percent. This is more than three times the

probability at a distance of 0.5. The positron basis
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functions are being implemented in the region where the no

electron interference assumption begins to break down.

45 —— Reference i
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Figure 21. Elastic Cross Section Vs Incoming Momentum For
First Knot Location 0.5.
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Figure 22. Elastic Cross Section Vs Incoming Momentum For

First Knot Location 0.8.

The computed cross sections for all the azimuthal

shift implementations and first knot locations are shown
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in Figures 21 and 22. The 26.8° and 30° shifts yield
results that best match the reference results. The
results for the cases with lower angles between the x and
y Jacobi axes yield degraded results as the angle
decreases to 0°, as expected when examining the wave
functions. Also, as expected due to its wave function
example, the k = 0.6 cross section when the first knot is
at 0.8 and a shift angle of 20° deviated significantly from

the ensemble results.

4.5
44 —— Reference |
35 —&— 9x9 DVR (y1st=0.25, shift =30.0)

9x9DVR (y1st = 0.5, shift = 30.0)

—— 9x9 DVR (y1st = 0.8, shift = 30.0)

B T e N T L LT
1%
< S N N
[
O 151 N N
05 >&< ,,,,,,,,
O T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
k (a.u.)
Figure 23. Elastic Cross Section Vs Incoming Momentum

Using 30.0° y-axis Azimuthal Shift.

Figure 23 shows the results for a shift of 30°. When
compared to the results in Figure 10, a 30° shift yields
cross sections that are closer to that of the reference.

It is expected that using a higher density DVR basis set
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will yield results that are less sensitive to the shift
angle because, as the DVR density increases, more angular

contributions will be included in the total cross section

calculation.
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CHAPTER 4

CONCLUSI ON

The 9x9 DVR results show the promise of the bipolar
DVR technique for solving the scattering problem without
partial waves. It has been shown, in the 9x9 DVR case,
that one axis configuration tends to dominate the cross
section results, while the other configurations tend to
contribute little to the overall cross section as they
represent the free particle cases. Only one configuration
has a strong positron-electron interaction, while the
other configurations have a small positron-electron
interaction. When a higher density DVR basis set is
implemented, there are additional axis configurations that
also contribute to the overall result. Indeed there
should be a set of configurations that represent a smooth
transition from high interactions to lower interactions.

As this method evolves, using a larger number of DVR
basis functions should yield a solution for the elastic-
scattering problem with high accuracy. In addition, as
more DVR basis functions are included, the amplitude
function and cross section analysis may be performed

beyond elastic-scattering into the multi-channel
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scattering region. Also, additional potentials, including
anisotropic potentials, can then be included into the
Schrodinger equation for analysis of the various
scattering effects.

Larger DVR basis should be implementable in the near
future as computer processing continues to improve. Even
with today's computer systems, larger DVR basis
calculations should be possible if a sparse linear
equation solver could be found that is capable of solving
a large general NxN matrix with N greater than one
million. Using present computer systems and software it
is possible to use only a dense matrix solver. The
computer resources required to use a dense matrix solver

for larger DVR grids is prohibitive.

87



APPENDI X A

ATOM C UNI TS AND MASS- SCALED JACCOBI COORDI NATES

This appendix summarizes atomic units as used in the
Schrodinger equation. This appendix also summarizes the
formulas related to the Jacobi coordinates in scattering
systems. More in depth details are found in references 1

to 9, 36, 37 and 38.

A.1 Introduction

To describe the three-body quantum-mechanical
kinematics used in this paper, where each system is
invariant under translation and rotation, it is most
convenient to use the class of coordinates called mass-
scaled Jacobi coordinates. In addition, to make numerical
computations more convenient, atomic units are implemented

in the equations described in this paper.

A.2 Electron Atomc Units

Some common physical constants that are used in
qguantum-mechanical calculations are listed in the

following table
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Table 4. Physical Constants.

Symbol | MKS wvalue Description
c 2.99785234x10° M/s Speed of light
h 6.625705334x10 °* W-s? Plank's constant
6.625705334x10°* J-s (units of angular
momentum)
hc 1.986288624x10 %> W-M-s Product of h and c¢
e 1.6021x10°*° C Electron charge
Me 9.1093897x10°*t K Electron mass
ev 1.6021x10 % J Electron volt
(Energy)
8.98755x10° N-m?/C? Boltzman constant
n 1.054513755x10 °* J-s h divided by 2n
mec? 8.186716609x10 ™ J Electron energy
5.10999x10° eV
0.511 Mev

To make numerical calculations convenient, non-
dimensionalization is implemented in the equations by
using electron atomic units. Electron atomic units are
implemented by defining a set of units such that
n*=eé=mi=K*=1, where the superscript a, denotes atomic
units. Using these sets of units, the unit of length is
the electron Bohr radius a®* = 1 with the corresponding
length in MKS units of amn? /Kmé= 062916%10'°M

Similarly the unit of energy is E® = 1, and the
corresponding electron Bohr energy E} = -% with

E=-n?/2m, = -2.179698535x10 "% J = -13.623 eV.
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As an example of the use of atomic units, the radial
portion of the Schrodinger equation is typically given by

the following form

(mks)2 2 (mks)2 (mks)2p, (mks)2
S MRV (o il NP~ S i S Eq. 101
2M mks arZ 2M (mks)r2 2M (mks)

Substituting atomic units yields

-1 0? 1(1+12) k ®2
+V+——"7 =E%y = Eq. 102
(2Maar<a>2 VR TV

or, dropping the notation for atomic units (a)

107 10+D)) K2
T VS = Eg. 103
(ZM FCPTVICE P TV

and then simplifying the equation in atomic units becomes

2
(—6+2MV+|(|+1)j\v=k2\v Eq. 104

or? r?

Note that if the electron-atomic units are not
convenient for numerical calculations then another set of
atomic units may be better suited for the calculations.

m m

For example muonic-atomic units would have n"=€"=m]=K"=1
where m, is the mass of the muon and the superscript, m,

denotes muonic atomic units (this superscript notation
would, generally, be left out of equations with the
understanding that all units are muonic atomic).

The Rydberg constant is a unit of energy equal to

13.6056923 eV. The previous equations have shown that in
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electron atomic units (a.u.) 1 unit of energy is equal to
27.246 eV. Thus 1 a.u. = 2.00254 Ryd. This conversion
allows for a convenient representation of energy in the
standard form Rydberg rather than the convenient

computational form a.u.

A. 3. Jacobi Coordi nates

This paper discusses the kinematics of a three-body
system. The three-body kinematics is conveniently
described using the Jacobi wvectors.

To describe the motion of a cluster of particles, one
must first set up a convenient coordinate system. For the
three-body system let r; denote the position of each
particle in the system, i =1, 2, 3.

After separation of the center of mass motion, the

Jacobil coordinates for the relative motions are defined as
(Xo, Vo) where a = (1, 2, 3) labels the pairs of particles
with members B # a (e.g. pair 1 consists of particles 2

and 3). The coordinates for each pair of particles are

given in the following figure.
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Y2

A, m;

Rules:

1. (x; y;) coordinates reflect that m; is the free particle (y; always points to m;)
2. x; points from m;; to m,,, (cyclically, x, points from m, to mg).
3. y; originates from CM of m;, and m;,, (cyclically, y, originates from CM of m, and mB).

Figure 24. Jacobi Coordinates For A Three Particle
System.

From Figure 24

X, =0T Eg. 105

Y.=T,-Reyo =T, ——— Eg. 106

where (a,B,y) = cyclic (1,2,3).

These three sets of coordinates form the three-body
Jacobi coordinates. Y, is the scattering coordinate,
which corresponds to the distance the a particle is from
the center of mass of the particle pair (B, y). X, is the
bound coordinate, which corresponds to the bound particles
B, v -

Any one pair of Jacobi coordinates completely
describes the relative motions. The other two pairs of
coordinates can be expressed linearly in terms of the
first pair.
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To compute the transformation between each Jacobi

coordinates one must analyze Figure 25.

Figure 25. Jacobi Coordinates.

To find X, given (X,,Y;), note that T, =Yy, + X,.

Thus X, = T, - y,. But T, + Rg,; =, so that

- ML, +mgh m,(f;—T,) —X,m,
r1: 3~ = = — Eq. 107
m, +m, m, +m, m, +m,
Thus,
_ -m, _ _
X,=——X,-V, Eg. 108
m, +m,

To find Yy, given (X;,VY,;), note that

_ _ mfr+mjr m.xX, —mX
y,=T,— 11 33 _ 3™ 173 Eg. 109
m, +m;, m,+m;,

which with -X;=X;+X, gives

_ m.X,+m, (X, +X _ m,X
Y, = X+ My(X,+X,) - X L2 Eq. 110
m,+m, m,+m;,

or
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— m+m,+m;) _ m —
— rrlg( 1 2 3) X, — 1 Eq- lll

L (M m)(my+my) t (m+my) T

It can be shown that, in general, the forward

transformations (Yﬁ,yﬁ) B = cyclic (2,3,1) given (X, ,VY,) «

= cyclic (1,2,3) is given by

X, = ———X, Y, Eq. 112

y. = m.M _ m, v
"o(m+m)m+m) (m,+m) "

Eq. 113

where M = m; + my +ms.

Similarly, in general the reverse transformations

(X,,Y,) a = cyclic (1,2,3) given (X;,VY,) B = cyclic

(2,3,1) is given by

-m, _
=Xt Eq. 114
L+ m,

o

B myM . m,
(m,+m)m+m) " (m;+m)

Vs Eg. 115

a

A.4 Mass-scal ed Jacobi Coordi nates

Denote the Jacobi coordinates previously described as

v Y
X, and Y, .

Mass-scaled Jacobi coordinates are implemented to

make the numerical calculations more convenient. These
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coordinates yield a simple form for the kinetic energy
operator and the transformations between coordinates is in

the form of a simple rotation.

In the mass-scaled Jacobi coordinates X, and Y, , the

Jacobi X -coordinate is scaled by t, (X, = t«X]) and the
y) -coordinate is scaled by u, (Y, = u,y,) where
2m,m
t, = |—2 1~ Eq. 116
m, +m,
and

Eq. 117

. =\/Zrnu(m[ﬁmy)
* M

Note that t>/2 is the reduced mass of the pair a, and

ui/2 is the reduced mass of the particle a and the pair a.

Letting
FlL=—— Egq. 118
M +m,
F2 = -1 Eq. 119
m, M
F3= R Eq. 120
(m, + m,)(m; +m,)
m
=——0° Eq. 121
(m, +m,)

the transformation equations, before mass scaling, are

written as
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I
X; = F1X, +
oJ

Y = F3X, +
oI I

X, = Fax; -
oJ I
Y. = -F3X; +

so that the mass-scaled coordinate transformation

F2Y;

F1Y;

equations become:

X
I

X =

<l
Q
Il

or

tBFlia/tq + tBF2Y/a/ua

upF3X, /to + UpF4y,/ug

toF4 X, /tp

toF2 )_/ﬁ /U-B

—uQF3Yﬁ/tﬁ + uaFlyﬁ/uB

m,m

i

mM

-

(m, +m)(m, +m,) * J

(m, +m, )(m, +m) T

e

=

m,M \/ m,m,
m, + m, )(m, +m) (m, + m, )(m, +m)
m,m, mM

(m+me+m)ﬁJ

(nL+rm)(m+m)ﬁ

-

mM

m,m

B

mﬁmmm+m>ﬁJ

(m, + m )(m; +m,) ﬁ
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Let

m,m,
Coo = Eq. 134
(m, +m,)(m;+m,)

myM
Wy, =— Eg. 135

Then, for the mass-scaled Jacobi coordinates the

coordinate transformation equations are written as:

Xy = CpaX, + WpaY, Eg. 136
Vg = -wgaX, + CpaY, Eg. 137
X, = CBaiﬁ - vmqyﬁ Eg. 138
Yo = WpaXs + CpaYp Eqg. 139

Note that cgy = Cup, Wpa = Wep and wpy = Jl—%a. The

above forward and reverse equations are combined into one

set of equations,

iﬁ = CpaX, + UgaWpa Y, Eg. 140
Vg = -UpaWpaX, + CpaY, Egq. 141
where a, B = (1, 2, 3), a # B and

upe = (-1)P%sgn(a-p) Eq. 142

Or by letting

SBQ

Upawpa = (-1)""sgn(a-p) 4/1-c}, Eq. 143
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the transformation equations between different mass-scaled

Jacobi coordinates take the shape of the more familiar

orthogonal transformations
_Xﬁ = qmj(a +S[3ayoc

_yﬁ = _%aya + Cﬁuya

Eq. 144

Eq. 145

For scattering problems, a more convenient set of

local coordinates is the lengths of the mass-scaled Jacobi

vectors and the angle between them®.

Xm ® ym
—COS@ =
%L a) Xayu

Eqg. 146
Egq. 147
Eg. 148

The coordinate transformation for the lengths becomes

¥= 6 X+ 5 ¥+ BuGuXaYaZa
Y= %X+ G ¥~ BuGuXaYale

G LA R AL A )
: XpYp

A.5 The Coul onb Potential In Mass-scal ed Jacob
Coor di nat es

In atomic units the Coulomb potential, Vg,
particle pair is given by

Vo = epe,/rpy = toepey/taX,
98

Eg. 149
Eg. 150
Eg. 151

for the o

Eq. 152



In mass-scaled coordinates this becomes
Vo = toepey/Xa Eg. 153
Defining g, = tgepe, as the mass-scaled charge, the
Coulomb potential for the pair a = (B,y) then becomes

Vo (Xo) = qa/Xa Eg. 154

A.6 The Two-Particle Schrodi nger Equation In Mass-scal ed
Jacobi Coordi nates

The two-particle Schrodinger Equation is given by

P. P
L+ 2 4 V(L) Y =EY Egq. 155
2m,  2m,

However, when dealing with two-particle systems it is
convenient to separate the motion into that of the center
of mass and the motion relative to the center of mass.

The Hamiltonian is separated into a sum of two parts; one
part Hey involving the center of mass coordinates and
another part Hye; containing coordinates relative to the
center of mass.

When the potential is a function only of the radial
distance between the two-particles the Hamiltonian is

written as

P . P
m,  2m,
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Separating the Hamiltonian into Hey + Hye1 is performed

via the coordinate transformation

F=F,—T Eq. 157
p=uf Eq. 158
ﬁCM:m1T1+7m2f2 Eg. 159
m,+m,
Ry=0+0, Eq. 160
U = MM, Eg. 161
M
M=m +m, Eg. 162

where u is the reduced mass, R, 1s the center of mass

vector, and 7 is the relative motion wvector.

Figure 26. Two-particle Coordinate Reduction.

The Hamiltonian is rewritten as

Pi ). [P
Ho, +Hg=| =M |+ ——+ V(P Eq. 163
2M 2u

The Hamiltonian for the center of mass motion is

P2,/2M . The center of mass motion is cyclic, since its
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Hamiltonian does not depend on the center of mass vector,
Rem. Thus the center of mass momentum is constant. Since
the center of mass coordinates and the relative
coordinates are independent of each other, the full wave
function is just the product of the center of mass motion
wave function (a free particle) and the relative motion
wave function.

The wave function of the relative coordinates
provides the details required to determine the scattering
cross section. The equation for the relative wave

function is given by

rel

=2
(2U+vqu=5 ¥ Eq. 164

where Eie1 is the energy of the relative energy: E =
Ecp+Ere1. Since the center of mass results will not be
further resolved, it is understood that E represents the
relative energy in all subsequent equations.

To make computations more convenient, mass-scaled
coordinates are used on the relative coordinates. For the
two-particle case, the radial vector, now denoted by r", is
scaled by a reduced mass factor to obtain the reduced mass
radial vector r.

T=A/2uF" Eqg. 165
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S 1 o Eq. 166

which yields the following Schrodinger equation for the
relative motion mass-scaled coordinates:
(P> +V(N)¥ = E¥Y Eq. 167
Notice that the energy parameter is unchanged and
remains in its original units (e.g. a.u.).
The three-particle Schrodinger Equation, assuming

pairwise interactions, is given by

p; P p; v T - - E 168
+ + +V(I, L)+ V(E, L)+ V(L) ¥ =EY d.
(2 ] 2m2 2m3 ( 1 2) ( 2 3) ( 1)

When dealing with three particle systems it is again
convenient to separate the motion into that of the center
of mass and the relative motion as given by the Jacobi
coordinates. The Hamiltonian is separated into a part He
involving the center of mass coordinates and Hye
containing Jacobi coordinates.

Using the o three-body Jacobi coordinates, the three-
body Hamiltonian (with the center of mass Hamiltonian

subtracted out) becomes

2 2
P, . Py,
FaAaT

o o

+V(x,) +V(x;) +V(x,) Eg. 169

or in mass-scaled coordinates

P2 +p2 +V(X,) +V(X,) +V(X,) Eq. 170
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so that the mass-scaled Schrodinger equation in the «

three-body Jacobi coordinates is given by

b2, +p3, +V(x) +V(x,) + V(X)W = E¥ Eq. 171
In terms of the rotational angular momentum of the

bound pair, given by the operator l , and of the orbital

angular momentum of the free particle about the bound

pair, E , the quantum-mechanical form of the mass-scaled

Schrodinger equation, with pairwise Coulomb potentials, is

thus
'|‘2 '|‘2
_iizxa_iizyadl_ X;_l_ yg +q7°‘+%+& LP=ELP Eq. 172
X, OX; Y, oY, Xy Yo Xo X X,

where the coordinates xg and x, are found via the
previously derived mass-scaled Jacobi coordinate
transformation equations with inputs (Xo, Vo) -

Each term in the above equation has units of energy

in atomic units.
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APPENDI X B

DI SCRETE VARI ABLE REPRESENTATI ON ( DVR)

This appendix summarizes the Discrete Variable
Representation expansion of wave functions in scattering
systems. More in-depth details are found in references 22

to 35.

B.1 Introduction

If the Schrodinger equation is in the form HY+V¥Y =

EY¥Y, and if the solution to HY = EY is known, then the
Hamiltonian, H, possesses a complete set of orthonormal
Eigen functions, y,(x). A differential method to solve the

time-independent Schrodinger equation is to use the

Hamiltonian basis where one expands the wave function
Y()=>.cp, (X Eq. 173
v=1

and this expansion is substituted into the full
Schrodinger equation to find the expansion coefficients
and hence the wave function.

If the expansion is truncated so that only a finite
number of basis functions are implemented, then the time-

independent Schrodinger equation is solved using the
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finite basis representation, FBR. Using any basis that
consists of orthogonal polynomials is equivalent to using
Gaussian quadratures since quadrature points and weights
can be selected such that the overlap integral is exact.
Using this method the potential energy matrix is also
equivalent to using Gaussian quadratures. The potential
energy matrix may be diagonalized using a unitary

transformation.
A set of basis functions, y,(x), are orthogonal and

complete if they satisfy the following relations

<y, |y, >= j(t//v (X)) v, .(X)dx=3,,. (orthogonality) Egq. 174

< X|X'>ZZ(I//V(X))*I,VV(X')=5(X—X') (completeness) Eg. 175

v=l
If there exists a set of basis functions such that the
N-point Gaussian quadrature approximation to Eq. 174 is
exact for the first N orthogonalities, then for those
finite sets of basis functions (hence FBR), the

orthogonality and completeness relations become

N
<v |V'>ZZ(WV()§))*WV'()§)Wi =0, (orthogonality) Eg. 176
i-1
N
<l |i'>:Z(Wv()ﬁ))*'//v()ﬁ-)wm’iwr =0, (completeness) Eg. 177
k=1
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v = index of basis functions

i = index of Gaussian quadrature point

X; = Gaussian gquadrature point

wi = Gaussian quadrature weight associated with the point
Xi

—
—
Il

represents the complex conjugate
The elements of the potential energy matrix are given
by

<V IV IV'>= 2w, OV (%), (6w

This matrix may be diagonalized using a
diagonalization algorithm or equivalently by using a
unitary transformation.

However, using an orthogonal and complete set of N
basis functions, the DVR method associates the basis
functions with gquadrature points and the potential energy
operator is automatically represented by a diagonal
matrix.

The diagonal elements are the values of the potential
at the gquadrature points. This set of basis functions
yvields a discrete orthogonal system. The approximation

involved in the DVR ig identical to the approximation
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involved with FBR. As the number of quadrature points and
basis functions approach infinity the DVR and FBR results

approach the exact solution.

The FBR basis functions, y,, v = 1 to N, and DVR

basis functions, ¢, i = 1 to N, are related by a unitary

transformation, the same unitary transformation that
diagonalizes the potential energy matrix obtained using

the FBR method.
¢5.(X)=Z(Av)*%(x)=Z(A+)ﬂWV(X) Eq. 178

where the unitary matrix element Aj, is given by the FBR
basis function evaluated at a gquadrature point x;
multiplied by the square root of the Gaussian weight for

that quadrature point. A" is the Hermitian adjoint of A.

A, =Wy, (%) Eq. 179

A is unitary since
(AR, = 2 (A, A =2 (A) A,
= ZN(%(&))*NWV.(X) =5,

(orthogonal) Eg. 180

and
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(AA'), ZA (A),: ZA (A

N

= (w, (%) w, () Ww =6,

v=1

(completeness) Eg. 181

The diagonalization of V'™

is given by
v3ag = AyTERAT Eq. 182

Evaluating the DVR basis functions at the gquadrature

point, xi;, using the completeness property gives

=)= LA v ()= L A = Bq. 183

It can be shown that, using the DVR basis functions,
the potential energy matrix V is diagonal if V is a

multiplicative operator.

<4, V14, >—Zwk(¢ (%)) 'V (%)8,(%) = 25 V(%) =V(x,)5,  Eq. 184

Approximating a function W (x) using the DVR basis by

lI‘(X):Zaj¢j(x) with \P(x,):a,/\/W, the coefficient is derived
j

by

3 (r) = [ ¢ (9P (x)dx
<24 (%) ()W,

Eg. 185

T
=W (%))W,
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B.2 Two-Di nmensional FBR Basi s Functions

For the problems that are discussed in this paper, the
two-dimensional FBR orthogonal basis functions are the

spherical harmonics.

20+ 1(1-m)!

an (12m) P (cosp))e™ Eq. 186

J"(6,9) =
The spherical harmonics have the orthogonality

property

27 (7 m * o .

[7[ Ores) T ©.¢)sin@)deds = 5,5, Eq. 187

The Gaussian quadrature approximation to this integral

is given by

N, N

SIS @O, 4, TG, 4w, w, Bq. 188

ig=lig=1

where

1 = total angular momentum quantum number (eigenvalue of
the total angular momentum operator)

m = z-component angular momentum quantum number
(eigenvalue of the z-component angular momentum
operator)

ig = index to O Gaussian quadrature point

iy = index to ¢ Gaussian quadrature point
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0. = an angular 0 Gaussian quadrature point indexed by ig

Q¢ = an angular ¢ Gaussian quadrature point indexed by i,
W = weight associated with the point indexed by ig
W= weight associated with the point indexed by i,
Ny = number of angular 0 Gaussian quadrature points
Ny = number of angular ¢ Gaussian quadrature points

The two-dimensional spherical harmonic functions are a

product of two one-dimensional functions, the modified
Legendre polynomials (function of 0) and a complex
exponential (function of ¢).

To reduce these equations to a convenient one-

dimensional form the following notation is implemented

v = index representing the pair of quantum numbers (1,m)
i = index representing the pair of indices (ig,1y)

QQ = angle representation of the pair of angles (0,¢)

N = number of () Gaussian quadrature points, N = Np*N,

QQ; = angular Q Gaussian quadrature point indexed by i

wi = weight associated with the quadrature point indexed

by i and given by wi = W *W,

The Gaussian quadrature approximation is rewritten as
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> (3.0 @) 2q. 169

Note that, while not a requirement on the DVR basis
functions, for this paper the number of angular quadrature
grid points is equal to the number of angular momentum
quantum number pairs. The number of angular quadrature
grid points is also restricted to odd numbers so that the
basis functions are linearly independent on the DVR grid.

Discrete orthogonality and completeness are given by

V= Y 3@ QM = (3,) I Bq. 190

P23 (3, @) 3, @) =3 (3, 3w, Bq. 191

Let J;y be a matrix element of the matrix J: Jjy =
Jy(Qi) . Let the matrix J ' have matrix elements (J %), =

(J*)vi = (Jiv) ", where J%' is the Hermitian adjoint of the

matrix J. The previous equations are also written as

N
<vv>=>(31,3.w Eq. 192

i=1
N

<ii™>=Y" (I, Iy Ww Eqg. 193

v=1
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B.3 Angular Gid Gaussian Quadrature Points And Wi ghts

The selection of the pairs of angular grid quadrature
points and corresponding weights are not unique. However,
for a given set of gquadrature grid points the
corresponding weights are unique. This section describes
a mathematically convenient method of obtaining the
angular grid quadrature points and weights. For the
purposes of this paper, this method is arbitrarily
referred to as the "traditional method". This method is

used for this paper and follows that of reference 29.

Ny and Ny are equal and each is an odd number.

The 0 angular quadrature points, 9%, are found by
obtaining the roots of the Ny*" order Legendre polynomial.
R, (cosg, ))=0 Eq. 194

The ¢ angular quadrature points, ¢w, are found by
evenly spacing each point over the interval [0, 2w] in the

following manner

¢, =n(2i,~/N, Eq. 195

The 0 angular weights are given by the Gauss-Legendre

weights
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" :{ | J2 ] Eq. 196
| sing, P4, (cos@,))

The ¢ angular weights are given by the Gauss-Fourier
weights
W, =27/N, Eq. 197
Figure 27 shows an example of the traditional angular
grid for N9 = Ny = 3. See also Figure 3 of Chapter 2 for a

three-dimensional representation.

0
cos@, ) =7 =8 =9 No = N, = odd number only (3, 5, 7, ...)
. - - Coordinates found by
005(5%0:2) i=4 i=5 i=6
Png(cos(9;,)) =0
i=1 i=2 i=3
cos@, ;) di, = (2 - 1IN,
)
¢|¢=1 |¢=2 |¢=3

Figure 27. Traditional Angular Grid Example.

Evaluating finds 0, = 140.718°, 0, = 90°, 05 = 39.2315°

and ¢; = 60°, ¢, = 180°, ¢; = 300°.

B.4 Angul ar Monment um Quant um Nunber s

The selection of the angular momentum quantum numbers
is not unique. This section describes the "traditional"

and "non-traditional" method of obtaining the angular
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momentum quantum numbers. "Traditional" is used in the
same sense as it was in the preceding section, referring
to a method commonly in use. The non-traditional method
described also follows that of reference 29.

In the non-traditional method the total angular
momentum gquantum number runs from 1 to 3 (Np-1)/2 and all
possible angular momentum quantum numbers (1,m) are used
up to 1=(Np-1)/2. For 1 > Ny, the z-component angular
momentum numbers, m, are used only up to (Ng-1)/2. For 1 >
(Ng-1) only the following z-component angular momentum
numbers are used (1-Ng) < m < (Ng-1)/2.

An example of angular momentum quantum numbers for the
non-traditional method are shown in Figure 28, for Ny = 3,
5, and 7.

N,

-1
-1
-1 1

=3
m
0
0
0

= e
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o
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o
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ococoooooo|3
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Figure 28. Non-Traditional Quantum Numbers Example.

For this paper the correlation between the index v and

the angular momentum number pair (1,m) is such that the
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lowest available index v corresponds to the lowest
remaining available total angular momentum 1 and its
lowest available remaining z-component m. The relation

between v and (1,m) for Ny = 3 is as follows

\Y 0 1 2 3 4 5 6 7 8
(llm) (0,0) (ll_l) (110) (lll) (11_1) (llo) (111) (11_1) (111)

In the traditional method the total angular momentum
quantum number runs from 1 to (Np-1) and all possible
angular momentum quantum numbers (1,m) are used for each
1.

An example of angular momentum quantum numbers for the
traditional method are shown in Figure 29, for Ny = 3, 5,

and 7.

N,=3 N,=5

s
N
B OWNRE O™

-1
2 -1
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-4
5 -4
6 5 -4

Figure 29. Traditional Quantum Numbers Example.

-3

The correlation between v and (1,m) follows the same

pattern as the non-traditional case. The relation between
v and (1,m) for Ny = 3 is as follows

Y% 0 1 2 3 4 5 6 7 8
(l/m) (0,0) (ll_l) (110) (lll) (21_2) (21_1) (210) (2/1) (212)
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B.5 Gam Schm dt Othogonally And Conpl et eness

Let {ui} be a set of linearly independent basis
functions on a set U where the inner product <u;|ui > is
defined. Then an orthonormal set of functions {V;} are

derived as follows

V.
v=u+yaV,; Vi=——; a,=-<u|V> Eq. 198
1 J=O ] I <\/I|\/I> ] I 1

Note that the orthonormal functions are written as a

linear combination of the original set
i
VFZA,M Eg. 199
i=0

where A; ; are elements of the upper triangular
transformation matrix.

Using the spherical harmonics angular basis functions,

if upon implementation on the computer <v|v'> = d,,, for all

(v, v') then the basis functions are orthogonal. If <i|i's>
= 8;;+ for all (i, i') then the basis functions are
complete.

The angular FBR basis functions must satisfy
orthogonality and completeness for all v, v' up to N and
for all i, i' up to to N so that the unitary

transformation matrix may be obtained.
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Using the angular FBR basis functions with the
traditional angular grid and non-traditional quantum
numbers finds orthogonality satisfied for 1, 1' < Ng and m
= m' (assuming negligible numerical precision error).
However for other 1, 1', m, m' combinations orthogonality
may not be satisfied (precision error may also void
orthogonality for some cases where it should be exact).
For these cases, the basis functions are orthogonalized
with the Gram-Schmidt algorithm based on the orthogonality
overlap <v|v's.

The Gram-Schmidt method forms an orthogonal and
complete set of basis functions by obtaining new basis
functions that are a linear combination of the spherical
harmonic basis functions.

Denote this set of basis functions by
N
S @): z CVV'JV'(Q) Eq. 200
v=l

where C,,. are the Gram-Schmidt coefficients.

An example of an implementation of the modified Gram-
Schmidt algorithm and coefficient extraction using the
angular and momentum grid is shown in the following pseudo
code example.

S =4Jd
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S*=J°
c =1

for v=1 to MatrixSize step 1

R,=v<8 18>

for j=1 to MatrixSize step 1

Sjv = Sjv/va
(S+)Vj = (Sjv) "
end do

for c¢c=1 to n step 1
C‘vc = Cvc/va
enddo

for v'=v+l to MatrixSize step 1

Rv' =< S |Sv'>
for j=1 to MatrixSize step 1
Sjv' = Sjv' - Sjv*va'
(S+)v'j= (Sjv')+
end do
Cyrv = -Ryy
end do

for c=v-1 to 1 step -1
for r=v+1 to MatrixSize step 1
Crec = Cyc + Cye*Cyy
end do
end do

for r=v+1l to MatrixSize step 1
Crv = Crv/va

end do
end do
c =T
where
J = original FBR basis function matrix
S = Gram-Schmidt FBR basis function matrix

C = Gram-Schmidt linear expansion coefficients

I = Identity matrix
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¢’ = Transpose of C

If the original set of basis functions are complete
and orthogonal then C is the identity matrix. S,(Q), with
(S 1y = (S")yi = (Siy)" denote a set of FBR basis functions
that are guaranteed to be orthogonal and complete for all

v, v' up to N and for all i, i' up to to N.

N
<1/hf>=§:(84)”Swm4:(2V (orthogonality) Eg. 201
i-1
N
<i|V>=2:(S4)uSW WW. =3, (Completeness) Eq. 202
v=1

For this thesis the total number of angular momentum
guantum numbers, v, is equal to the total number of angular
quadrature points, j. The total number is also an odd
number. This is not a strict requirement on the use of
DVR functions. However, for the selection of angular
basis functions, the selection of angular quantum grid
points, and the selection of grid angles the Gram-Schmidt
expansion fails when the total number of DVR basis
functions is an even number since the basis functions are
not linearly independent on the v = (1, m) and Q = (0, ¢)
grid.

A graphical example of this is shown in Figures 30

and 31. Figure 30 shows the general form of the spherical
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harmonic functions (real and imaginary parts) for 1 = N-1
and m = N/2 with N = 4. From the figure it is obvious

that these two functions are not linearly dependent.

Real J M(0,0) Imaginary J,"(0,¢)

100

4 S 20
b@[em o 1009\-\\
N=4,L=3, M=-2
Figure 30. Plots of Spherical Harmonic Functions for N =
4, L = 3, and |M| = 2.

However, using a set of azimuthal grid angles, ¢, of
45, 135, 225 and 315 degrees demonstrates that on this
grid these two functions are linearly dependent. On this
grid, independent of the polar angle, 0, the real part of
each function is zero. And the imaginary parts are

proportional to each other by minus one. This results in
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the two functions being linearly dependent on the grid.

This is visually demonstrated in Figure 31.

Im[Y M], for‘ L=3,M=2

04, o

03 /\ Uj /\\ 03] ///\ :: \\
© )\ ¢=45 “$=135/ \ | |/ \4=225 “4=315/
/ J j /N1 1/ 0 j [\
" / \ " / . D/ \ b \
. \ A N / 2 \ NN /
- \ /1 aN\/ : \ /AN
4 thefa‘ o theta theta theta

Im[Y M], for L=3,M=-2

—_ /’ ’ 7 —_ —_ //ﬁ\\ " D —_
S p =45/ o/ N\ ;=135 ¢ ¢ =225 . \ o =315
o M / N\ a/ | w1 [\ N \ ]
/ / 01
n; / n; // . / \ n;// \\
01 \\ / o1 0 \
o \\ / \\ / N \\ ) 1 \ /
o\ . \ / o\ / N | /
/ . N . \_/
theta theta theta theta
Figure 31. Imaginary Part of Spherical Harmonic Functions

on Even Number Grid.

For a numerical example, suppose N is an even number.
Let (1, m) be the angular grid point that has a wvalue of
(N-1, N/2). Then the sum of two basis functions is

proportional to

InGg 0,0)+ 3% (0,9) o< [1+ ()N e N ?] Eq. 203

The azimuthal grid angle is given by ¢x =(2k-1)n/N, k = 1,
., N. The exponent can be rewritten as -i(2k-1)mn, which

is always an odd multiple of im. The term (-1)¥2 ig -1 if
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N/2 is odd and +1 if N/2 is even. The basis functions are
equal if N/2 is odd and are of opposite sign if N/2 is
even. This is true for all the grid angles. Thus, on the
grid, these functions are not linearly independent if N is
even, and the Gram-Schmidt algorithm does not

orthogonalize this set of basis functions.

B.6 Two-Di mensional DVR

The two-dimensional or two-variable DVR basis
functions are constructed from the FBR basis functions as
described previously. For the case of spherical harmonic

basis functions the DVR basis functions are given by

N N
$,(Q) =2 (A,)S,(Q) = (A),S(Q) Eq. 204
v=l v=1
with
A, =W, S (Q))=wS, Eg. 205
and
(A7) = (AL) =W (S,) = /w; (S), Eq. 206
so that the two-dimensional DVR is given by
N
¢j(Q):\/WjZ(Sjv) S(Q) Eg. 207
v=1
A three-dimensional wave function Y (r,0,¢) = ¥Y(r,Q)

is approximated using the DVR functions as follows
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¥(rQ)~ Zv/ (1)4,(Q) = 23w, (S,)' S Qv (1) Eq. 208

j=1v=1
where y;(r) are the radial expansion coefficients.

When evaluated at the kﬂlangular grid point

(0, = Zw (1)6,(©,) = ZW (r)F:% Bq. 209

the wave function reduces to the corresponding expansion
coefficient divided by the square root of the
corresponding weight.

As an example, in DVR notation the ground state

hydrogen wave function is written as

" (%)= ZZJ (9T W, v, (%) BEq. 210
with
v 00 =" (Y5 (%))W, Eq. 211

so that when evaluated at the k" two-dimensional DVR grid

angle
910, =2 23,50 w09
- 2 0,60 0,00V o 1y
= 35,8 VR ), 1w,
P OVIR)
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which is the normal ground state hydrogen wave function

evaluated at X, .

B.7 Four-D nensional FBR Basis Functions

Using spherical coordinates, adding three more degrees
of freedom to a problem requires two additional angular
degrees of freedom and one additional radial degree of
freedom. Choosing an FBR for this system could be done by
using a direct product of the two-dimensional FBR basis
functions. However, for problems of the type that are
discussed in this paper, which uses the Jacobi relative
coordinates, the angular four-variable bipolar basis is a
more convenient basis. Thus, the bipolar basis is chosen
as the FBR basis functions. The bipolar basis are

simultaneous eigenfunctions of the three-body total

angular momentum L, its z-axis projection M, rotational

angular momentum of the bound pair |, and the orbital

X

angular momentum of the free particle about the bound pair

y -
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The bipolar basis element is defined as

YENGY) = DY 8. (0,6,)C i, m,)
e Eg. 212
=[Y™® @Y™ )]

where

L = total angular momentum quantum number, L =
(1e+1ly), (1e+ly-1), ..., |1x-1]

M = total angular momentum projection

1« = rotational angular momentum of the bound pair

1y = the orbital angular momentum of the free particle
about the bound pair

My = bound pair angular momentum projection along the
relative coordinate x-axis

my, = orbital angular momentum projection along the
relative coordinate y-axis

tﬂuhnw = Clebsch-Gordon vector coupling coefficient,

<1y, ly,mx,my| 1:,1,,L,M>

X = angle representation of the pair of angles Q, =
(0, Ox)

y = angle representation of the pair of angles Q, =

Oy, dy)
To give the bipolar basis a convenient one-dimensional

form the following notation is implemented
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v = index representing the quartet of quantum numbers (L,
MI lXI ly)

Q = angle representation of the quartet of angles (X, V)

= (eX/ ¢x1 ey: ¢y)

The bipolar basis function is then rewritten as

Y= (Y)Y, (9Cimi,m) Eq. 213
m,+m,=M

Selection of the angular Gaussian quadrature points
for the bipolar basis functions for this paper consists of

the direct product of the two-dimensional angular

guadrature points. Let

i = index representing the quartet of indices (i, , i, ,
Lo, I%)

Q; = angular Gaussian quadrature point indexed by i, (Ow,
(I)i¢x v i, ¢i¢y )

N, = number of Q. Gaussian quadrature points relative to

the x-axis, h%X*N%

N, = number of (), Gaussian quadrature points relative to
the y-axis, Ney*N¢y

N = total number of four-dimensional Gaussian quadrature

points, Ny*N,
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The bipolar basis function evaluated at the i®"

Gaussian quadrature grid point is denoted as Y, (Q;) and is
given by

YV(Qi) = z (erxnx (6{/& 7¢|¢x )eryny (ei,,y ’¢i¢y )Cll;',r'\r/LJy,my) Egq. 214
m+my=M

Selection of the angular momentum quantum numbers for
the bipolar basis functions for this paper consists of the
(L, M, 1x, 1y) combinations resulting from the direct
product of the two-dimensional angular momentum quantum
numbers for the traditional method. Figure 32 shows an
example of the result of a direct product of 2 N = 9
angular momentum grids.

N =9 (2-D Angular Momentum Grid)
m

NP Ol

0
-1 0 1
2 -1 0 1 2

v=v,®v, N,=09, N, =09yields (3x3x3x3) = 81 (L, M, |, |,) combinations

Possible
M e | g.n (LML, 1)
0 0 | (0,0, (L1).2.2) 3*1
1 0 1 1 | 0,1),1,1),12),22 (10,21 | 6*3
2 1 0 1 2 2 | (0,2,(1,1).,(1,2),22) (20,21 | 6%
3 2 1 0 1 2 3 3 | (12,22, 2.1) 3*7
4 3 2 1 0 1 2 3 4 4 | 22 |17
81
Figure 32. Four-Dimensional Angular Momentum Grid
For Ny = 9, Ny, = 9.
To obtain the v = (L, M, 1y, 1,) combination given an

1, and an 1, one computes the next lowest available L =
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| 1e-1y], |1x-1y]+1, ..., (1x+1ly) and the next available M
from -L <= M <= L.

The two-dimensional DVR angular grids need not be of
the same size, thus the two-dimensional angular momentum
grids also need not be of the same size. Figure 33 shows
an example of the angular momentum results of a direct

product of an Ny = 9 and an Ny, = 25 set of grids.

2-D Angular Momentum Grids

=25

<

i
N
o
[EI
cocoocoolz =z
[
N
A WN PR Of—

v=v,®v, N,=9, N, =25yields (3x3x5x5) = 225 (L, M, |, |,) combinations

Possible

M L] o (LM, 1, 1)
0 0 [ (0,0, @122 3*1
10 1 1| 01,10.1,12.22.23) (10).2.1), 73
2101 2 2 | (0.2),(1,1),(1,2),(1.3),(2.2).(2.3).(2.4) (20).21) | 95
32101 2 3 3 | (0.3),(1,2),(1,3),(1.4),(2.2),(2.3).(2.4) (2.1) 8+7
4321012 3 4 4 | (04),(13).(14).2.2).2.3).(2.4) 6*9
5-43-2-1012 3 45 5 | (1.4),(23).2.4) 3*11
65 -4-32-101 2 345 6 6 | (24 | 1x3
225
Figure 33. Four-Dimensional Angular Momentum Grid

For Nx = 9, N, = 25.

The maximum total angular momentum quantum number for
an NyxNy, grid is denoted by Lpax. For a 9x9 grid Lgp.x = 4, a
9x25 grid has Lmax = 6, a 25x25 grid has Lpax = 8, a 25x49
grid has Lpax = 10 and for a 49x49 grid Lg.x = 12.

The corresponding quadrature weights are also a direct

product of the two-dimensional quadrature weights.
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Wi = W W = W W YW *W Eg. 215

Using Gaussian quadratures the integral
<v|v'>= j (Y, () 'Y,.(Q)dQ Eq. 216

is approximated by

< V= 2 Q) Y @W Bq. 217
Also
<= D@ Y. (Q,) W, 5q. 218

As in the two-dimensional case, to guarantee
orthogonality and completeness, the Gram-Schmidt method
forms an orthogonal and complete set of basis functions by
obtaining new basis functions that are a linear
combination of the bipolar basis functions. The total
number of grid points in each dimension must be odd so
that the Gram-Schmidt method is successful using the

bipolar basis functions on the angular grid.

N
S,(Q)=)C,.Y.(Q) Eq. 2109
v=l
with
N *
<v |v'>=Z(Sv) SW=0,. (orthogonality) Eg. 220
i=1
N
<i |i'>=Z(SV)*S.V,/WiWi. =0, (completeness) Eg. 221
v=l
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Using this set of basis functions the four-variable
angular DVR basis functions are obtained and denoted in

the same form as the two-dimensional case.
N *

¢j(Q):\/NjZ(Sjv) SV(Q) Eg. 222
v=1

A six-dimensional wave function W (x,0«,¢x,y,0y,¢,) is

approximated using the DVR functions as follows

W(x%y,y)~ Zw,(x y)¢;(Q) = ZZW (S,)'S Q) (%) Eq. 223

j=1 v=1
where y;(x,y) are the two-dimensional radial expansion
coefficients.

When evaluated at the k*® angular grid point the wave
function reduces to the corresponding expansion
coefficient divided by the square root of the

corresponding weight:

¥ (6,y.0,) = zw ()b, (@)= Z\v (xy)J— ‘”jx—y) Bq. 224

To avoid possible numerical instabilities when using
Jacobi coordinates or to add more distinct angles between
axes it would be desirable to avoid overlap between the
Jacobi x and y axis. That is, the x and y axis should
have distinct angles such that the angle between the two

axes 1s not zero. If the x and y axes were parallel, then
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it is possible, depending on how the spatial grid points
are chosen, to have the positron line up close to the same
position as the electron in the Jacobi representation.
This results in a strong interaction between the two-
particles that creates a numerical instability when
solving for the wave function.

The angle between Jacobi axes is given by

cag( 5 cod( xog, )} sing, )sing, }cos@, —4,) Eg. 225
Za
eyj | y
OC&NH
Xj X

“ i Ya

y] \\\::\\‘I E

¢

X g

Figure 34. Jacobi Coordinates At The Four-Dimensional

DVR Grid Point Indexed By j.

If the DVR quartet angles are a direct product of the
two-dimensional DVR pair angles then for cases where 0, =
0, and ¢ = ¢, the angle between the axes is zero. For
example for N = 81, Ny = N, = 9, the axis polar angles are

0, = 140.718°%, 0, = 90°, O; = 39.2315° and the axis azimuthal
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angle are ¢; = 60%, ¢, = 180° ¢; = 300° for both the x and y
axis. This gives the angle between the Jacobi coordinate
axes as 0 = 0°, 50.77°, 66.42°, 101.54° 108.43° and 143.13°,
for a total of six distinct angles with one of them being
0°.

In the general form the Jacobi x-axis and y-axis do
not have their origins coaligned. The origin of the y-
axis is at the center of mass of the x-axis particles.
However in the case of e+ + H scattering, the proton's
mass is very much greater than the electron's mass. The
center of mass of the Hydrogen atom is nearly at the
center of mass of the proton. This results in the x-axis

and y-axis having nearly identical origin locations.

e’ et

.4 S>> .4.

o ) M,,>>M,. o e
Figure 35. Jacobi Axis Origins Align.

If the angle between the axes is 0%, then depending on
how each axis collocation points are selected it is
possible that the positron can line up with the electron
causing numerical instability in the equations due to the

potential energy between the two-particles.
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Shifting the y-axis ¢ angle by Ap is a convenient
method to avoid parallel x and y axis. The resulting
four-dimensional DVR is orthogonal and complete. This
shift is illustrated in Figure 36 for N = 81, Ny = N, = 9

and A = 30°.

4 300
---+ x-axis ¢ | shift
— y-axis ¢ / :e+
p* e
< \ 9x9 DVR:
\ closest angle
", between x and y
\ axis is 18.8°
\ (309, if in ©=90°)
b

Figure 36. Example Of ¢ Shift For N = 81.

For the Jacobi y axis the angles are 0, = 140.718°%, 0,
= 90° 0; = 39.2315% and ¢; = 90°, ¢, = 210°, ¢s = 330°. This
gives the angle between Jacobi axes as 0 = 18.8°, 30.0°,
53.1°, 56.8° 75.3° 90.0° 104.7° 123.2° 126.9°, 150°, and
161.2° for a total of eleven distinct angles and no

overlapping x and y axis. Other shifts may be chosen to

give a different set of angles between the axes.
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Note that the angles between the individual y-axis
vectors remain constant since the shift is the same for
all y-axis vectors and therefore the shift is cancelled

out in the cosine term.
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APPENDI X C

SPLI NE | NTERPCLATI ON

This appendix summarizes the Hermite spline numerical
technique implemented in this thesis to approximate the
radial portion of the wave function. This appendix also
discusses using a linear combination of basis functions in
the region where they provide a better approximation to
the wave function than Hermite splines.

This appendix explains how splines are used to
approximate the wave function when given a linear
differential equation involving the function. The result
is a set of algebraic equations that are solved for the
spline function coefficients.

More in depth details are found in references 10 to

21.

C.1 Introduction

This section describes the spline interpolation
numerical technique implemented for this thesis. This
technique uses well-defined polynomial functions to
interpolate a complicated analytical function that is

known at certain points called collocation points.
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Using a single polynomial of high degree to
interpolate a function, in general, does produce
acceptable results. Polynomials tend to have an
oscillation or "wiggle" problem. Interpolation requires
that the interpolating polynomial to go through the points
where the function values are known. This may create
excessive fit oscillations between the collocation points.

As a remedy for this problem one might try to
implement a polynomial of low degree. However, in
general, this will not match the function for the entire
set of collocation points due to the high frequencies of
the function to be fitted.

However, if one groups the set of collocation points
into contiguous subintervals and interpolates the function
over each subinterval until the entire set is covered, the
function may be interpolated using a set of low ordered
polynomials.

Points called knots are used to separate each of the
contiguous subintervals.

For a reasonable fit the function joints must be
smooth where the separate polynomials meet to form a

continuous interpolation of the continuous function.
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Several techniques have been developed to piece
polynomials together so that the total curve fit is an
interpolation of the function. One such technique is the
piecewise spline curve. In particular piecewise cubic and
quintic Hermite polynomials may be implemented to
interpolate the radial part of the wave function solution
to the Schrodinger equation. This appendix describes both

the cubic and the quintic Hermite polynomials.

C.2 Hermte Polynom al Splines

Each low order polynomial function, or Hermite
polynomial, is called a basis function. This appendix
describes basis functions that consist of cubic splines
(third order polynomials) or quintic splines (fifth order
polynomials) .

Hermite splines are chosen for this thesis because
they are smooth, which is to say they yield a good
approximation to the function in the least squares sense.
Also they span a small, fixed number of only three knots.
That is, they cover two sets of collocation points.
Quintic splines have the advantage that their derivatives

are also smooth. That is, the second derivative is found
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at the knots, which is useful since the Schrodinger
equation involves second derivatives.

Approximating a function f(x) on a finite domain,
[a,b], using splines requires that the interval be made
into a grid by defining a set of natural knots {Xx o, ...,
xkﬂk} that divide the interval into n = Nx-1 subintervals.
a = Xx,0 < Xgk,1 < ... < Xknk = b Eg. 226

The Cardinal Basis Method of Piecewise Hermite
Polynomials is implemented in this thesis. The cardinal
basis, ¢.s(x), are n® order polynomials that are nonzero
on two adjoining intervals (Xy,r-1, Xx,r) and (X, r, Xk, r:1)
and zero elsewhere. The index r indicates the center knot
for this basis function. The index s is described in the
following paragraph.

The total number of n™ order basis functions required
to cover all the intervals between knots is Ny*Nf, where Ny
is the total number of knots and Nf = (n-1)/2+1, n = 3 for
cubic and 5 for quintic. For example Nf = 2 if cubic
splines are implemented or Nf = 3 if gquintic splines are
implemented. In the notation for the spline function,

Or < (x), the index r represents the r™" center knot and s

represents the sﬂlspline on that interval, 0 <= s <= N:.
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The basis functions are continuous and differentiable

across the knots. If Nf = 3 the second derivative also

exists across the knots. To ensure the basis functions

with have continuous n'® derivatives across the knots, the

splines must satisfy the following condition for each of

the xyx s natural knots

dnd)r,s(xk i)
an ns>r,i

where 0 < X < N, and 0 < 8 < N¢-1.

The analytical formulas for the cubic Hermite

are

%((h - (Xk,i - X))2 (h+ 2(Xk,i -X))) Xja S XS Xy
4o(¥) = hi (s — (X=X ) (g + 20X %)) X € X X

" 0 otherwise

1 2
_F((h _(Xk,i -X)) (Xk,i -X)) Xia S X< X

Ao =1 (R~ (X D)%) X XS X

" 0 otherwise

Eq. 227
splines
Eq. 228
Eq. 229

where h; = Xk ; - Xk,i-1 and hij;; = X¢,i41 - Xk,i- A plot of

each spline basis is given in Figure 37.
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Ky,i-1 Ky, i Xy, i1

k,i-1

Figure 37. Cubic B-spline Basis.

The analytical formulas for the quintic Hermite

splines are

CX)” (g ) -3 x)h +hE) %, < X<
- ”)3 Eq. 230
Bo(X) = Agé%L—eax—xf—sw—xonﬂ—nz) X <X<X.,
" 0 otherwise
CEXA) (k)= %)~4(x=%)D) % X2
(X_“ ; Eq. 231
.0 = —7$ﬂ—%@—KuXX—K)—MX—KV) X < X< X,
" 0 otherwise

(x- Xi—1)3(x - Xi)2

e Xi g SX <X,
i Egq. 232
3 2
0,00 = EXw X7y oy
2hi+1
0 otherwise

where h; = Xx,3 - Xk,i-1 and hij,; = Xx,i41 - Xx,i. A plot of

each spline basis is given in Figure 38.

140



12 0.3

1 02

0.8 01

06+ ———— —f —— - — =N — - - - — 0

04t — — — = — — = — =~~~ = A - - — 01

02+ — — /= — = — = — - -~~~ —— N\~ — 02

0 -03

X5 X, bié X

L1 k,i+1 X

K, i Xy, 141

xk,ifl Xk,' X

k,i-1

Figure 38. Quintic B-spline Basis.

The approximation to f (x) using the basis functions

is written as

_ N, —IN; -1

fx)=> DA 0. Eq. 233
r=0 s=0

From the properties of the splines, Eqg. 227, the

coefficients are immediately known

N, —1N¢ —1d f(xk )

=225

r=0 s=0

¢ s(X) Eq. 234

Of course the purpose of using the spline
approximation is that the function f(x) and its
derivatives are generally not known at all the knots and
thus the coefficients must be obtained via some indirect
method. In this thesis they are obtained by solving a
differential equation for f (x).

An ordinary differential equation can be approximated
by replacing the function, f(x), by the spline
approximation (Eg. 233) and requiring the equation to be
satisfied at a finite number of collocation points. This
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is called the collocation method. Proper choice of the
collocation points allows the solution to converge
rapidly.

Optimal collocation points are the Gauss-Legendre
integration points of the subintervals. This is called
orthogonal collocation, and is based on the same idea as
the Gauss quadrature integration technique. For cubic
splines there are two collocation points between each
knot. This gives four points (two on each side of the
central knot) for the third order curve fit. For quintic
splines there are three collocation points. This gives
six points (three on each side of the central knot) for
the fifth order curve fit.

For the interval [0,1] the two point Gauss-Legendre

points are given by ailfJ§ﬂ2. For the interval [-1,1]

they are given by ilﬁJg. In general, for the interval

[a,b] the two point Gauss-Legendre points are given by

b-a ) 1A/ 3)/2+a= p+a)/2+ b-a)/2/3.
The general formula for the three point Gauss-

Legendre points for the interval [a,b] is given by the set

{(b+a)/2, (b a)/2 (b-aN3/20}.
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C.3 Interpolation O A Function Using Herm te Pol ynom al
Spl i nes

A simple example of using Hermite polynomial splines
to approximate a function is simply that of fitting a
function f(x) which is known at the collocation points.

The approximant is written as

_ N, —IN; -1
fx)=> DA 0. Eq. 235
r=0 s=0
For notation let the single index rs represent the
pair of indices (r,s), for example rs = r*N:+s, the

approximant is written as

_ NN, -1
f(X)= D A b Eq. 236

rs=0

Requiring that
f(x,)=f(x,) Eq. 237
at every collocation point x; allows the above equations to

be combined to yield the matrix equation

oA =f Egq. 238
where

¢ = the matrix with elements ¢; s = Ors (%)

A = expansion coefficient vector with coefficients A,

f = the vector of function values, £ (x;)
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There are a total of NyNf basis functions and basis
function expansion coefficients. Using the Gauss-Legendre
collocation points between each adjacent pair of knots
yields (Nx-1)Nf collocation points. In addition to Eg. 238
there must be N¢ additional equations or boundary
conditions to make the matrix square. For this example
additional equations are obtained by adding Nf extra points
to the collocation set. For example adding knots, £ (xx, i)

for i = 0...Nf.

The matrix, ¢, has a banded structure due to the

limited support of the basis functions in each knot
interval. This matrix equation is solved using standard

linear algebraic techniques.
C.4 GCeneric Equation Using Hermte Pol ynom al Splines

The following differential equation is solved by
inserting the interpolation function into the differential
equation.
a(x)f"(x) + b(x)f'(x) + c(x)f(x) = d(x) Eg. 239

Again for notation let the single index rs represent

the pair of indices (r,s). Then
N N; -1
f(X)= DA b (x) Eq. 240

rs=0
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Ny N; —1

f'(x)= DA DX Eq. 241
rs=0
N Ny -1
0= >A (X Eq. 242
rs=0
Substituting and evaluating at the i*® collocation
point yields
Ny N¢ -1 N N; -1 N, N¢ -1
ax) YAD ) * bx) DAL * ocx) DAG.x) = d(x:) Eq. 243
rs=0 rs=0 rs=0
or
NgN; -1
ZAs(a(x)ﬁ'rs(x)+b(>q)¢rs(x)+0(>q)¢,s(>q)) d(x) Eq. 244
rs=0
This is put into the matrix equation
oA =d Eq. 245
where
A = expansion coefficient vector with coefficients A,
d = the vector of function values, d(x;)
¢ = the matrix with elements ¢, s =

a(x;)0"s (% )+ b(x; )b’ (X ) +c(X;)s (X))
As in the previous example there are (Nx-1)N: Gauss-
Legendre collocation points and NxN¢ basis function

coefficients. To make ¢ a square matrix the differential

equation boundary conditions must be added to the equation

set. For example if, at the boundaries, the first and
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dF (%) o 07T ()

last knots, the S s
dx dx

are known, then the

following equations may be added to the matrix equation

dsf

AS:——?é§£2, = 0*Nf+s Eg. 246
dsf

Asz———jfﬁ&iz, rs = (Nk-1)*Nf+s Eq. 247

dx®

Figure 39 illustrates this example using cubic

splines, s = 0 and 1.
¢10.1) o B ¢%%<¢mn\
i;::;::}r——- o—@—o 1@ oo @ oo @i @ —
1 2 3 4 5 6 7
‘ = Knot, f(X,q0), F'(Xno) are not known except at first and last knot.
® = collocation point, d(X.gyocation) IS KNOWN.

In this example: N, =7, X, = {1,2,3,4,5,6,7}

df
{Ao.0r Aot Ao Anica} are known and are equal to {f (Xy0)s df (Xvo) (X, ),(dX:(Nk)}
Figure 39. Cubic Spline Collocation Points Between Knots

And Boundary Conditions.

The derivatives of the cubic spline functions are given by

(g —x)  xy < xsx
Eg. 248
d¢iaO(X): —G(r;r‘)(hiﬂ—(x—)(i)) X <X< X, :
X +1
otherwise

h—lz (-~ =)0 -3% —X) %, <x<x

Eq. 249
W (=0, xex,

0 otherwise
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—%(n—z(xi—x» X, <X<x

d2 i X 6 Eq. 250
Z)'(Og( ): _hiT(hnl_z(X_xi)) X S XS Xy
+1
0 otherwise
-2
SN 36 -X) X, XX
Eg. 251
d’g, (X 2 d
P12 Can s x) % <x<x,
i+1

0 otherwise

Figure 40 illustrates this example using quintic splines.

¢1I(0‘1I2) Wdﬁw)y}w{m\
1 2 3 4 5 6 7

‘ = Knot, (X 00s T'(Xnor)» F'(Xinor)) @re not known except at first and last knot.
® = collocation point, d(X gecation) IS Known.

In this example: N, =7, X, = {1,2,3,4,5,6,7}
df (X,0) d*f (o)
dx = dx?
Figure 40. Quintic Spline Collocation Points Between
Knots And Boundary Conditions.

1f (Xk,Nk )v

df (X, ) dzf(xk‘Nk)
dx ' dx?

Ao Aoz Aoz Anicor Anictr Ank 2} are known and equal to {f (Xic0)s

The derivatives of the quintic spline functions are given

by
w (0 = 3 (X=X )+ 6(x— % )? + (X=X ) )AX-X)-h)) X, <X<X
ddo) | -3x-x.,)’ Eq. 252
I(;|0)( - h® - (h|2+1 + 3(X_ %; )hi+1 + 6(X_ % )2 + (X_ )(i+1)(4(X— X ) + hi+1)) X S X< X,
- 0 otherwise
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SO (k- x)— (- % )R(K-X) + (X=X ) Xy € X< X,

h|4
i Eg. 253
dé , X,
¢HX(X) _)_ KX h;q+ X 6ix- %)= (X=%.1))RX=X) +(X=X,1))) X XX,
: 0 otherwise
(=% ) (X=X )(;(:5_ X)) oy
d200 | 0% 00X )@= %)+ 2(x- %) Eq. 254
BB 3 X <X X,
dX 2hi+l
otherwise
6(X_75Xi’1) 07— 3 x—x 3+ 6x—x ¥+ 3X—%_ )A4Xx-x)-h)+2(x-%,)?) XL <X<X
dzz;oz(X) _ —6();]5— 1) 02, + 3x—x N, + 6K=X )V + 3X— X, )AX-%)+h ) +2(Xx-%,)?) X <X<X,
. 0 otherwise
Eg. 255
_lgﬁiﬁéxiiﬁlQu—&)+ax—m4» X <SX<X
2 Eg. 256
digm::_1Zx—TﬁXX—K)Qu—x)+ax—mﬂn X <X<X,,
N 0 otherwise
M(g(x_xi)z+6(X_Xi)(x_Xi71)+(x_xi71)2) )(FlSXin
: Eqg. 257

d2¢i,2(x) _J_ (X_ Xi+1)

dx?

(BO¢=% )" +B(x =X )(X=X.y) + (X=%1)") X XXy

0 otherwise

h?

T+1

C.5 Hermte Splines In Two Di nensions

For this thesis all matrix element indices are

denoted with the row subscript first and the column

subscript second.
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The two-dimensional splines are a direct product of
one-dimensional splines. The approximant is written as
(assuming the same order fit for both the x and y
directions, e.g. Ng = Ngy = Ng)

Niy =1 N 1Ny, -1 N, -1

f= Y YA, 0., Wb, () Eq. 258

=0 s,=0 ,=0 5,=0
with the coefficients given by

0" (Yier 1 %)
A'y,sy,rx,sx = aysyaxg( Eg. 259

Let the single index rs, represent the pair of indices
(ry,sy) . For example rs, = r,*Ng+s,. And a similar single
index representation for rsy the approximant is written as

Ny, N¢ LNy N; -1
fxy)= DA s brs, Vs, (X) Eq. 260
rs,=0  r5,=0

The two-dimensional knots are the direct product of
the one-dimensional knots. The two-dimensional
collocation points are also the direct product of the one-

dimensional collocation points. This is illustrated for

qguintic splines in Figure 41.
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Figure 41. Example Of Two-Dimensional Knots And
Collocation Points.

For a given two-dimensional differential equation
this approximant is substituted into the equation and
evaluated at the collocation points. This yields a matrix
equation of the same form as the one-dimensional case.
Adding boundary conditions squares up the matrix and the

linear equation is solved using standard techniques.

C.6 Interpolation O A Function Using Basis Functions

If a function does not yield a good approximation by
the splines previously described in a specific region then
either the region must be further divided into more
segments or another method must be implemented to
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approximate the function. This may require splines of
higher order for that region, or a different type of
approximating scheme may be required. In any case at the
boundary between the two approximating schemes the
function should have the same value. Depending on the
quality of the desired results such as continuity and
matching derivatives, additional boundary matching may be
required.

It is conjectured that the quintic splines are not of
high enough order to fit the wave function in the region
near y = 0. The positron-proton scattering basis
functions were introduced into the radial y-axis wave
function approximation in an attempt to mitigate this
deficiency.

Specific to this thesis, the positron-proton Coulomb
scattering basis functions are introduced near the
interaction region on the y-axis in place of the Hermite
splines. In this region the positron-proton interaction
should be dominate over the positron-electron or proton-
electron interaction since the probability of the electron
being in this region is small (see Figure 5).

The positron-proton Coulomb scattering basis

functions and their derivatives are expanded about zero
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and the expansions are used as basis functions in the wave

function approximation. The expansions are given by

R, (y)=+27e™C, (ky)""[L+..] Eq. 261
F, (y) =R (K)I(I+D 7 y—iK] EqQ. 262
F' ()=F, ()l (+D-k?y*~i2k(I +Dy]/ y? Eq. 263
where

- . 271K

C? = @ +1)J G+ 1K )((- 2F + 1/K?)..Q+1/ K*) —— i

Cl= (2)} (1+1/k?) §Zk/k1 Eq. 264
C§= ffk/k

e -1

Since only the form of the basis function is required
and the constants are not, the basis functions implemented

are given by
F,()=e™(ky)"" EQ. 265

and its derivatives.

These functions are chosen since, near y = 0
(interaction region), the probability of the hydrogen
electron interfering with the incoming positron is small.
However, the basis functions are complex enough at higher
angular momentum gquantum numbers that Hermite splines

provide a poor approximation to the wave function, unless
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the density of the splines is increased to such a high
value that solving the equations for the coefficients
becomes unwieldy on today's computer resources.

When the scattering basis functions are implemented
along with the splines then a two-dimensional function
approximation is given by

N, N =Ll o

z z Asy,rsx Frsy (y)¢r5x (X) Yy < Vi
F(X, y) _ rs,=0 rs=0 Eq. see

Nkny—lNkXNf—l
Z Z Asy,rsx¢rsy (y)¢rsx (X) otherwise
rs,=0  rs,=0
Using the positron-proton basis functions also allows
for an additional set of boundary conditions near y = 0 by
matching not only the wave function but also its

derivatives.

Appendix D describes the boundary conditions for
matching FOgm) when Hermite splines are implemented and

when the basis functions are implemented for the function

approximation.

153



APPENDI X D

SOLVI NG THE SCHRODI NGER EQUATI ON USI NG DVR
BASI S FUNCTI ONS AND SPLI NES

This appendix summarizes the solution to the
Schrodinger Equation in atomic units using the DVR basis
function expansion technique. For the two-particle case
mass-scaled center of mass coordinates are used. For the
three-particle case mass-scaled Jacobi coordinates are
used. The more familiar two-particle case is discussed so
that it can be referenced analogous to the less familiar
three-particle case.

More in depth details are found in references 1 to

13, 15, 19, 29, 30, 31 and 43.
D.1 Two-Particle Schrodi nger Equation

As shown in Appendix A, the two-particle mass-scaled

Schrodinger equation (center of mass removed) is
(P> +V(N)¥ = E¥Y Eq. 267
Separating the momentum operator into radial and

angular terms yields
L2

(ﬁ+§+VMNEET Eq. 268
r
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where

o’r
ror?

Pr radial momentum operator, -—

[
Il

orbital angular momentum operator

If ¥ is separable into the product of a radial term R
and an angular term Y, that is proportional to the
spherical harmonicsg, then ¥ = RY;, is substituted into the

equation to yield a differential equation for the radial

term
or
2D vi)R=ER Eg. 269
ror r
[(1+2) , : .
The term >—+V(r) is the "effective potential". The

r
first term being the angular momentum barrier, which goes
to infinity as r approaches 0. This term acts as a
repulsive core so the system cannot collapse.
An effective method to solve the radial equation is

to let R = U/r. The radial equation for U becomes

(7 | ('rng) +V(r)U = EU Eq. 270

From Appendix B, the wave function is expanded using

the DVR basis functions

‘{’(r,Q)zzzn:\/Wj(Sjv)*Sv(Q)l//j (r) Eq. 271

j=1v=1
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where the functions S, (Q2) are linear combinations of the

spherical harmonics, J,(Q)

S Q)= Z wdy (Q) Eq. 272

For convenience let this expansion instead be

‘{’(r,Q)~T(r <) 122\/7(5103(9)%0) BEq. 273
where
B =33 W (S,) S Qv (1) Bq. 274

j=lv=1
Substitution into the Schrodinger equation yields the

following equation for the radial expansion coefficients,

‘Vj(r)

225 @Q(S,) w, v ()

=1 v

D IS @S, 0 Bq. 275
+V()- E)ZZSV Q(S,,)" Wy, (1)

Note that the angular operator acting on S /(QQ) yields

the following
N

LS @)=> C,I'(I*+1J,.(Q) Eq. 276
v=l

where 1' is the angular momentum quantum number

corresponding to v' = (1', m'). Thus the equation becomes
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0= ZZSV(Q)(SW)*M\V",-«)

=

%iii[ C. '+ 1), (Q)(S,,) W, v, () Eq. 277

=1 v=1v'=1

+ V) E)ZZSAQ)(SW)*JwT 0!

j=1 v=1
Evaluating this equation at a DVR angular grid point,
denoted with index k, angle Qy, with S,(Qy) = Sy,
multiplying by VNV;, and using the DVR properties yields

the following differential equation

0= ZN:HV(r) E- (;32 jék] + SI;ZSK’j }\uj(r) Eq. 278
-1
where
SLg, =/ ww ZZ G, (F(+1)2,(S,) Bq. 279
Since there are N DVR indices, k = 1 to N, a set of

coupled differential equations is obtained for the set of
radial coefficients, wy(r).

Using the spline expansion described in Appendix C,
each y(r) is expanded as follows

N, N -1

viN = 2 A 9(r) Eq. 280

rs=0
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Substituting this into the DVR set of differential
equations yields the following set of coupled linear
differential equations for Aj ¢
N SLS .

0 = ZZA j,rs{|:(v(r) - E)Sk,j +—r2 il :|¢rs(r) — (1) rs (I’)Sk’J} Eq . 281
i

j=1 rs
This set of equations is then solved for each radial
spline coefficient, Aj .5, using the spline technique

described in Appendix C.
D.2 Full Two-Particle Boundary Condition

There are many boundary conditions that may be
implemented to solve these equations. A boundary
condition that is reasonable to use near zero is the
following
vy;(0)=0 Eq. 282
for all j.

For the other boundary conditions no one method may
be numerically convenient for all situations. A
reasonable set of conditions to implement are a set that
takes advantage of the asymptotic boundary conditions.

As ¥ goes to infinity, the scattered particle is far

enough away from the influence of the potential that the
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wave function has the form of the sum of a spherical

scattered wave and the incoming plane wave.

ikr

W(F) = A +eTf(0)) BEq. 283

where K is the incoming particle momentum vector, T is the
outgoing vector direction and f(0) or the scattering

amplitude is the shift in the outgoing wave function

amplitude. The directions of Kk and T are given by the
angular grid directions, Q;.

Equivalently this is written as
P (1) = Ard +e"f(0)) Eq. 284

Asymptotic boundary conditions are obtained by
manipulating this equation. Two techniques based on
matching the outgoing wave function with the interior
expanded wave function are given. The first description
is given without using the outgoing expansion
approximation.

Evaluating these equations for two different
asymptotic range values r and r' and eliminating f (0)

yields the following boundary condition

(‘i’(?) B r?eik(r—r'){i}(f,-)) _ A(eiE.f _ r?eikor—ik(r'—r)) Eq. 285
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Evaluating this equation for an incoming angle on the
DVR grid, E=(k,§h), and an outgoing angle on the DVR grid,
r=(r,Qy), r=(r',Qy), yields the following asymptotic
boundary condition

W(rle )_ eik(r—r')\lj(r.. Q]‘ ): A (ré‘krcos(ekr) _ r-eikrbos(Hk,)—ik(r'—r)) ,Wj Eq . 286

where cos (0xy) 1s the cosine of the angle between the
incoming and outgoing vectors and is given by
cs( 9 co8( )cos( ¥ sing, )sing, Jcose, —o,) Eq. 287
The derivative with respect to r of the asymptotic

wave equation yields
- eikr
¥'(r) = A(ikcos(@,, )e' ") + =—1(6,)) Eg. 288
r

Following the previous example yields another

boundary condition using the wave function derivative

V()= (. Q))= Aflw (1 ik cosp, e - s, 285
Uﬁik’bosoh»éwww“HN“”)
As an example another set of boundary conditions is
obtained by evaluating the derivative at a radial point r
and then using the wave function at r to solve for f (0Oyxy)

and substituting this solution into the derivative. This

yields the following boundary condition

v ()iky, (N Jw, AG™) @ik (cos@, )-1) Eq. 290
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Repeating using the second derivative yields

" (1) + K2, (1) = 3w, AkPre®eoste) _

Egq. 291
W Ak 80 e o8 6, )- 2c0sf),)) )

D.3 Approximting Two-Particle Boundary Condition

The goal of this thesis is to find an approximating
wave function that allows the derivation of the amplitude
function to determine the scattering cross section. Since
an approximated wave function is being implemented using a
finite number of partial angular momentum an approximated
boundary condition for that wave function should also be
implemented to obtain a reasonable match at the asymptotic
boundary.

Using the DVR as the basis functions and
approximating the wave function by summing up to a maximum
partial angular momentum, lgp.x, given in v = (1,m), the

outgoing asymptotic wave function gk

is also be expanded
and only terms from 1 = 0 to 1 = lp.x are retained.

Starting with
P (1) = A(re® +e"(6,)) Eq. 292
and expanding the first term using angular basis functions

and simplifying yields
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ghreostl) = Z gr'? (2K 1)}, kr R(cos@,)) Eq. 2933

|
Then putting the second term in a conveniently

similar form

f(0,) =5 % (2 1§ - PR(cos6, ) Eq. 294

|
the wave function is written as

¥ (e A, &2 2k 1)), & R (cos,)) +

Eq. 295
Ac® Z—Tklz @k 1)§ - DR (cos6, )

where the sum is from 1 = 0 to 1 = lyx. 1 represents the
1tk diagonal element of the scattering or S operator. The
actual value of s; is not computed nor required for
asymptotic matching.

Note that
€2 = (i)' Eq. 296

Substituting the finite expansions into the
previously derived first set of boundary conditions yields
the following set of boundary conditions for the

asymptotic region

Vi - € )= AW S, ()-8, (1) Eq. 297
i € €75 €)= AW, S, ()-€7S,, () Eq. 298
where
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S €)= 2 i'r, & )2k 1R (cos@,)) Eg. 299

S, €)= 20" (2K 1R(cos@,))(j (kr) + krj', (kr)) Eq. 300

and the amplitude function is found by

-iky
ey
f@)|,, =———-€"S. (1 Eq. 301

AW,
D.4 Three-Particle Schrodi nger Equation

As shown in Appendix A, the three-particle mass-

scaled Schrodinger equation (center of mass removed) for

the a three-body Jacobi coordinates is given by
(P +p; +V(x,)+V(x) +V(x)¥ = E¥Y Eq. 302

In terms of the rotational angular momentum of the

bound pair, k , and of the orbital angular momentum of the
free particle about the bound pair, E , the quantum-

mechanical form of the mass-scaled Schrodinger equation,
with pairwise Coulomb potentials, is thus

1272
_iix _ii +L+£+&+%+& lP:E\P Eq. 303

2 Mo 2 Ja 2 2
X, OX Y, oy, Xe Yo Xo Xpo X,

where the coordinates xg and x, are found via the
previously derived mass-scaled Jacobi coordinate

transformation equations with inputs (Xo, Vo) -
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For notation convenience, the o notation is dropped
with the understanding that this equation is for the a =1

Jacobi coordinates

~ |A2
_Eizx_liz |L2+L2+&+&+% ¥ = EVY Eg. 304
X OX y oy Xy X X X

For convenience let the wave function be represented

by
‘P(x,y,QX,Qy)z\P(X’y’QX’QV) Eq. 305
Xy

where

Qy = angle representation of the pair of polar and
azimuthal angles (04, ¢x) that indicate the direction
of the x coordinate axis

Q, = angle representation of the pair of polar and

azimuthal angles (0y,¢,) that indicate the direction
of the y coordinate axis

The wave function differential equation is

F - _
A S L _E\p+{ﬂ+&+&j\y:o Eq. 306
X X, X,

Following the same procedure as shown in the two-

particle case the wave function is expanded using the two-

dimensional DVR
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Yy Q) =20 W (S,)'S. Qv (xY) Eq. 307

j=1 v=1
where, as defined in Appendix B, Q represents the pair
(Qy, ), and the functions S,(f2) are linear combinations
of the bipolar basis functions, Y,(Q).

Substitution of the DVR expansion into the

differential equation yields

N N 82
=22 S.0)S,) S sy (X )

1v=1

82
(@), W L2 b.y)

> 1S (Q)S,) JVW, (%, Y) Eq. 308

Z 178, @)(S,,) Wy (x,y)

jZZS Q(S,) Wiy, ()

j=lv=1

Pﬂz
M=z -

[

1

\4

=

Mz gMz

I
,_\

xI£

Note that the angular operators acting on S (QQ) yields

the following

R N
25() = C(I', (I +D) Y,.(Q) Eq. 309
where I is the angular momentum quantum number
corresponding to v' = (L',M',I&,Vy).

and
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. N

2s(Q) =>'C,.(I, (I, +D)Y,.(Q) Eq. 310
v=l

is the angular momentum gquantum number

where Fy

corresponding to v' = (L',M',I&,Vy).

The differential equation is

N o2
Z " S.(Q)(S,) W L - (X )

82
s.(Q)(s,) W, Y '”' b.y)

o G CADYL QNS Wy (xY)

Eq. 311
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Evaluating this equation at a DVR angular grid point

denoted with index k, angle O, with S,(Qx) = Sy,

multiplying by W, , and using the DVR properties yields

the following differential equation

N 2 2
0= [_a__a__k[g_i_i_kq_ EJ}S

- x> 2 Ix X X
= v o, Eq. 312
SLS( S
LTI }(xy)
X y?
where
Eq. 313

= WWS TG ()Y (S,

v=lv=l
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9,5, = WW Y S Col, 1+ )Y, (S,)’ Bq. 314

v=lvy'=l

X

is the transformation of the x P-Jacobi coordinate to

Plo,

the x a-Jacobi coordinates using the coordinate
transformation for the lengths as described in Appendix A
with z, being the cosine of the angle between the B-Jacobi
coordinates defined by angles Q. In this description a =
1 and B = 2 or 3.

Since there are N DVR indices, k = 1 to N, a set of

coupled differential equations is obtained for the set of
radial coefficients, vy,(x,y).
Using the spline expansion described in Appendix B,
each y,(X,y) is expanded as follows
Nky N; -1 ka N; -1
Vi) = Y DA e b (Vg (%) Eq. 315
rs, =0 rs, =0
Substituting this into the DVR set of differential

equations yields the following set of coupled linear

equations for AL@BX
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N Nr Nig =1 N; Ny -1 q q2 q3
O=z z A s, ;+x| +x| —-E B,
Fl rg=0 rs5=0 2|q, 3lo,

SIS. SIS .
L§m+ ?’JH%(X)%(V) Eq. 316

( %, () azfzf,sy(y)J8 |

Sk
¢rsy (y) ox 2 + ¢rsX (X) ayz

This set of equations is then solved for each radial

spline coefficient, A using the spline technique

JECR Y
described in Appendix C.
D.5 Three-Particle Near Zero Boundary Condition Using
Basi s Functions And Spli nes

There are many boundary conditions that may be

implemented to solve these equations. A boundary

condition that is reasonable to use near zero is the

following
v; (x0)=0 Eg. 317
v;0y)=0 Eqg. 318
for all j.

As discussed in the Appendix C, when a linear
combination of positron-proton basis functions are used to
approximate the wave function near zero and splines are

used elsewhere, each approximating scheme must match at
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the transition, y:, where one approximation scheme ends and
the next begins.

The wave function evaluated at the DVR angle k is

given by
N¢ Nic=1 1y max <
> 2 Ass . Fis, (10615, 09 y=Yi
rs,=0 rs =
Y (X, Y) = 9w npan, Nky_1+(,ymax+l) " . EqQ. 319
2 Y Ao rsts, M () Otherwise
rs, =0 rSy=ly max+l

where ¢,sx, are spline functions for the x component and ¢my
and F,sy are spline functions and positron-proton basis
functions respectively for the y component and are
discussed in the spline appendix.

The boundary conditions at the transition point, y¢ is

N; N =L Nt Nigy =+ (I s D)= N N Nie—1 1 o
ZA krs s ¢rsy (y)¢rs (X) - z z A< rsy,rs, Frs (y)¢r3x (X) 0 Eq. 320
rs, =0 1Sy=ly maxtl rs,=0 rsy=
N¢ Ny =L Nt Nigy =2 (Iy mapt2) =Ny N¢ N1 1y o
ZA krg rs ¢lrsy (y)¢rsx (X) - Z z A< rsy.rsy Irsy (y)¢rsx (X) =0 Eq. 321
rs,=0 1Sy=ly maxtl r5,=0 rsy=
N¢ N =1 Nt Nig =2 (I ot —Ni¢ Nt Nig=L 1y o
2A s, s, (0= 2 D Ae, o Flis (Vs ()=0 Eq. 322
rs,=0 1Sy=ly maxt1 rs,=0 rs,=0

D.6 Three-Particle Non-Approxi mated Asynptotic Boundary
Condi ti on

For the other boundary conditions no one method may

be numerically convenient for all situations. A
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convenient set of conditions to implement are the
asymptotic boundary conditions.

As ¥ goes to infinity, the scattered particle is far
enough away from the influence of the potential that the
wave function has the form of the direct product of bound
asymptotic wave function and the scattered asymptotic wave
function. The scattered wave function is the same form as
in the two-particle case, the sum of a spherical scattered
wave and the incoming plane wave. Thus the three-particle

asymptotic wave function is

iky

P(XY)= Ad(R)E + eTf(Hky)) BEg. 323

where A is the normalizing constant, K is the incoming

particle momentum vector, Y is the outgoing vector
direction, the scattering amplitude f (6y,) is the shift in

the outgoing wave function amplitude and 0Oy, is the angle

between the incoming direction vector and the Jacobi y-
axis vector. The directions of k and Yy are given by the
angles on the y-axis angular grid (0y,¢,). ¢@(X) is the
bound particle hydrogen wave function.

P(X) =Rn1 (X) Yin (0x, x) ;  Rm1 (x) = ¢"(x)/x Eq. 324

Rn1 (x) is the radial wave function.
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Note that

Joefex=1 ana [0 cax=[1g" 6o fax=1

Equivalently (q%xy):ﬁkxyyxy) the asymptotic wave

function is written as

¥ (xy)= Alyxg e + xp(RE1(6,,))

- ‘ Eg. 325
= Alys" (Ve + ¢" (Y€ 1(6,,))

where X@(X)=¢"(X) =0 (x) Yin (0, dx) .

Asymptotic boundary conditions is obtained by
manipulating this equation.

Using the asymptotic wave function without the
outgoing wave approximation, and using the approximated
DVR wave function evaluated at the j™ DVR angle and
evaluating at two different scattering distances y and y'
to eliminate f (0yx,) yields the following asymptotic

boundary condition

V.Y, Q)= €9y (x,y, Q) = Ag" (X)W, (v 0 -y ) Eg L 326
where Ox; is the angle between the incoming direction
vector and the Jacobi y-axis vector given by the j*! DVR

angles, Q5 = (6, ¢j , 6., @W), and is given by

Ix loy

cag( 5 cos( )coﬂigy ¥ sing, )sin(i’joy )cos@k—¢j¢y) Eq. 327
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Denoting w;(X,y)=v(X,y,Q;) this boundary condition is

written as

v, (6 Y) =€y (x,y) = Agh (1), W, (ye 0yl Eq. 328
Using the derivative at two different scattering
distances yields an additional boundary condition

v 06Y) -9 (6, Y)= Ag" (R W, ((1+ ikycos, e

Eqg. 2
1 'C iky'cos@y)—ik(y'-Y) 9 329
(1+ iky cos,; )e )

Taking the derivative and evaluating at a single

point yields the following boundary condition
v (6 Y) -iky () = AYW, 6" TOE (& iky(cos6, ) - 1) Eq. 330

or using the second derivative

v 0Y)+ Ky, = AW Kyg" (e -
AW k" 8% Ky co ¢, )- 2cos@,))

Eq. 331

D.7 Three-Particle Approxinmted Asynptotic Boundary
Condi tion

Since the wave function is approximated by a finite
number of terms, N, for numerical stability the asymptotic
boundary conditions should be represented by the
approximated asymptotic wave function using only terms up
to the maximum partial angular momentum used in the DVR

expansion.
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As in the two-particle example, the expanded form of

Key _ ik : :
dev =9 1o given by

eikycos(eky) _ zeilylz (Iy + 1)j|y «r Py (Coseky)) Eqg. 332
|y

The expanded asymptotic wave function is given by

PGy AG" Y€ (2 + Dy kR (cos, )+ A" (WeV(d,)  BEq. 333
|y
The amplitude function, f(&w), is also represented by
1
f(0y) =5 2. (@ + 1), - IR, (cos@,) Eq. 334
|y

where si, represents the l“ldiagonal element of the
scattering or S operator. The actual value of s;, is not
computed nor required for asymptotic matching.

In each of these expansions the sum over 1, goes from
0 to infinity. TIf this sum is truncated then these
expansion equations become approximations. In the
approximated asymptotic wave function the sum over 1, goes
from 0 to the maximum 1, given in the DVR quartet of
quantum numbers (L, M, 1y, 1ly) used for the wave function
approximation.

Using this notation the asymptotic wave function is

represented by
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W ooy OCYI AG" YD €7 (2] + 1))y &y R (cOSE,)) +

1 Eg. 335
AJ" (e - (2] + 16, — 1R, (€056,))
Which is rewritten as
Yoo ®Y) = Ag" (R)S, (v)+ Ag" (REVG,, Eq. 336
where
S(Y)=2i"yi, &)@ + 1R, (cos@,) Eq. 337
1
f(6,) ~ Gy =ﬂz (2} + 1R (cosb,))(s, -1 Eq. 338

IY
Evaluating the wave function at the DVR angle j for

the outgoing y-axis finds

Vi (x,y)zA¢h G()Sjk )+ A¢h G()ékijk Eg. 339

where

Si(M) =21y, &) + 1R (cos@)) Eq. 340

f(0,)=Gy =53 (2} + 1R, (c056,))(s, - sq. 341
Iy

where 0Oy is the angle between the incoming vector and the
outgoing vector corresponding to the j™ y-axis vector.
Using the approximated asymptotic wave function,

evaluating at two different asymptotic scattering
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distances y and y', and eliminating Gsx yields the

following asymptotic boundary condition
v &y )= €9 (x,y) = AW (R)(S; (v)- €S (y)) Eq. 342
Or using the derivative at two different scattering

distances yields
vy e ky)= A We" (RS (v)-€C S () Eq. 343

Continuing, the second derivative yields

v 0GY) -0yt (xy') = AW " (R)(S" (v) - S", () Eq. 344
with

Sii §)= 21" 2+ 1R, (cos@))i, (k) + o, () BEq. 345
and

Sk ¢ )= Izi'y (2] + 1R (cos@, )K", (ky) +K2yj", (ky)) Eq. 346

Note that the amplitude function is written as

e-ikyV/j (% y) 3
A (%" ()W,

f(eky)\kj = &S, (y) Eq. 347

It should be noted that the amplitude function
derivation was performed for only 1 input angular y
direction, k, and for all output angular y directions, j =

1 to N. However, this equation is wvalid for all input
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angular grid directions and the equation gives the full
scattering amplitude NxN matrix for k = 1 to N and j =1

to N.
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