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Dear Colleague,

This newsletter follows a three-day Conference to Examine Mathematics a s a
Humanistic Discipline in Claremont 1986 supported by T he Exxon Edu cation Foun­

dation, and a special session at the AMS-MAA meeting in San Antonio January 1987. A
common response of the thirty-six mathematicians at the conference was, "I was s tartled
to see so many who shared my feelings" .

Two rela.ted themes t.hat emerged from the conference were 1) teaching mathematics
humanistically, and 2) teaching humanistic mathematics. The first theme sought to place

the student more centrally in the position of inquirer than is generally the case, while at the
same time acknowledging the emotional climate of the activity of learning mathemat ics.

\Vhat st udents could learn from each other I and how they might better come to understand

mathematics as a meaningful rather than an arbitrary discipline were among th e idea of
the first theme.

T he second theme was focused less upon the nature of the teaching and learning

environment and more upon the need to reconstru ct the curriculum and the dis cipline of
mathematics itself. T he reconstruction would relate mathematical discoveries to personal

courage, relate discovery to verification, mathem atics to science, truth to utility, and in

general, to relate mathematics to t he cul ture in which it is embedded.

Humanistic dimensions of mathemat ics discussed at the conference included:
a) An appreciation of the role of intuition, not only in understanding, but in crent.iug

concepts that appear in their finished versions to be "merely technical" . ;.

b) An appreciation for the human dimensions that motivate discover); - competition .
cooperation, the urge for holisti c pictures.

MEM8ER OF THECLAREMONT COLLEGES
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c) An understanding of th e value judgements imp lied in the growth of any disci­
pline. Logic alone never comp letely accounts for what is investigated, how it is

investi gated, and why it is investigated.
d) T here is a need for new teaching, learning formats that will help wean our st udents

from a view of knowledge as certain, to-be-received.
e) The opportunity for students to think like a mathematician, including a chance

to work on tasks of low definition, to generate new problems and to participate
in controversy over mathematical issues.

f) Opportunities for faculty to do research on issues relating to teaching, an d to be
respected for that area of research.

This newsletter, also supported by Exxon, is part of an effort to fulfill the hopes-of the
participants. Others who have heard about the conferences have enthusiastically joined
the effort . The newsletter will help create a network of mathematicians and others who
are interested in sharing their ideas and experiences related to the conference themes. The
network will be a community of support extending over many campuses that will end the

isolat ion that individuals may feel. There are lots of good ideas, lots of experimentation,
and lots of frustration because of isolation and lack of support. In addition to informally

shari ng bibliographic references, syllabi, accounts of successes and failures, , the network
might formally support writing, team-teaching, exchanges, conferences, .

Please send references, essays, half-baked ideas, proposals, suggestions, and what ever
you think appropriate for this quarterly newsletter. Also send names of colleagues who
should be added to the mailing list . All mail should be addressed to

Alvin White
Department of Mathematico

Harvey Mudd College
Claremont, CA 91711

This issue contains some papers and excerpts of papers that were presented at the
conferences.
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APPLIED MATHEMATICS AS SOCIAL CONTRAcr

Philip J. Davis

Abstract

The author takes the position that mathematical education must

redef ine its goals so as to create a citizenry with sufficient knowledge to

provide social backpressure on future mathematizations. This can be

accomplished by increasing the part of mathematical education that is devoted

to the description and interpretation of the processes of mathematizaticn and

by allowing the technicalities of the formal operations within mathematics

itsel f to be deemphasized or automated out by computer.

This Mathematized World

As compared to the medieval world or the world of antiquity, today 's

world is characterized as being scientific, technological, rational and

ma thematized. By -rational- I mean that by an application of reason or of the

formalized versions of reason found in mathematics, one attempts to understand

the world and control the world. By "mathematized", I shall mean the

employment of mathematical ideas or constructs, either in the ir theoretical form

or in computer manifestations, to organize, to describe, to regulate and to foster

our human activities. By adding the suffix "ized", I want to emphasize that it is

humans who, consciously or unconsciously, are putting the mathematizations into

place and who are affected by them. It is of vital importance to give some
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this basis to make recommendations for future mathematical education.

The mere number of

tha t underl ies the numbers; and if one [urns to the fi nancia l pages or the

numbers is surprising. as well as the d ivers it y and depth of the mat hematics

mak es an interest ing exercise for young students to count how man y number s

The pace of mathematization of the world has been accelerat ing. It

stat ist ics. Computer iza tion represents the effective means for the realizat ion of
c..s

current mathematizatioDs . as well an independent driving force toward the

"installation of an increas ina number of mathematizations.

i ts opera t ion and at a philosophy consonant with our exper ience with if, and on

are found on the fron t page of the daily paper.

sport s pag es. one sees there natural langua ge over whelmed by d igits and

Philosophies of Mathematics

Take any statement of mathematies such as 'two plus two equals four' , or

an y more advanced sta tement. The common view is that · such a statement is

perfect in its precision and in its truth. is absolute in its objectiv it y. is un iversall y

interpretable. is eternally valid and expresses something that must be tr ue in th is

worl d and in all possible worlds, What is mathematical is certain. This view. as

it relates. for example" to the history of art and the utilization of mathematical

perspeetive has been expressed by Sir Kenneth Clark: (-Landscape into Art- ): "The

Florentines demanded more than an empirical or intuitive rendering of space .

They demanded that Irt should be concerned with certezza . not with Op;tl;olli.

Cer tezza ca n be established by mathematics-.

The view that mathematics represents a timele$l ideal of absolute tr u th

and objectivity and is even of nearly divine orilia is often called Platonist. It
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. co nflicts with the obvio us fact that we humans ha ve invented or di scovered

mathemat ics . th at we have install ed ma themat ics in a va ri ety of pla ces both in

the arrangements of our daily lives aDd in ou r attempts to understand the

physica l world. In most cases, we can poin t to the indiv iduals who d id the

inventing or made the di scovery or the installation. citinl names and da tes.

Platonism confl icts with the fa ct that mathematica l applicati ons arc often

conventional in the sense that mathematizations other than the ones insta lled arc

quite feasible (e.g.• the decimal system). The applications arc of ten gra tuitous ,

in the sense that humans can and have lived out their lives without them (e.g.•

insurance or gambling schemes). They are proY;JionaJ in the sense that

alternative schemes are oCten insta l1ed which are cla imed to do a bette r job

(Examples range al1 the way Cram tax legislation to Newtonian mecha nics).

Opposed to the Platonic view is the view that a mathematical experience

combines the external wor ld with our interpretation oC it. via the particula r

struc ture oC our bra ins and senses. and th rough our in teraction with one

ano the r as communica t ing. reasoning be ings organized into social groups.

The perception oC mathemat ics as quasi-divine prevents us Cram seein g

that we are surrounded by mathematics because we have extracted it out of

unintetlectualized space. quantity. pattern, arraageraeut, sequential order,

ch ange, and that as a consequence. mathematics has become a major modalit y

by wh ich we express our ideas about the se matters. The conflict ing views, :15

to whethe r mathematics exists independe ntly of humans or whether it is a

human phenomenon, and the emphas is tha t trad ition has placed on the Carmer

view, leads us to shy away from stud yina the processes of mathematizat ion. to

shy away Crom ask ina embarrassing questions about this process: how do ';;e

insta ll the mathemadutioDS. why do we install them. what are they do ing Co r

·.



us or to us, do we need them, do we want them , on what basis do we just if y

them. But the discussion of such quest ions is becoming increasingly important

as the mathematical vision transforms our world, often in unforeseen ways, as

it both sus tains and binds us in its steady and unconscious opera t ion.

Mathematics cr ea tes a reali ty that character izes our age.

The traditional philosophies of mathematics: platon ism, logic ism.

formal ism. intu itionism, in aay of the ir varieti es, assert th a t mat hemat ics

expresses pre cise. eternal relationships between atemporal menta l objects. These

philosophies are what Thomas Tymoczko has ca lled ·private- theor ies. In.• a

private th eory. there is one ideal mathematician at wor k, isolated from the rest

of humanity and Crom the world, who creates or discovers mathematics by his

own togtco- Intultlve processes. As Tymoczko points out, pr ivate theories cf the

philosophy of mathematics provide no account either for mathemarica! research

as it is actuall y carried out, for the app licat ions of mathematics as the )'

act ually come about, or for the teaching process as it actually unfolds. When

teaching goes on under the banner oC conventiona l philosophies of ma th ema tics.

it often becomes to a Cormalist approach to mathemat ical education: "de this,

do that, wr ite th is here and Dot there, punch this button, call in that program.

apply this definition and that theorem.- It stresses operations. It docs not

balance operations with ' an understanding of the nature or the consequences of

the operations. It streSSeS syntactics at the expense of semantics, form at the

expense of munina. A (joe place to read about this is in ·L I age d u

Capi ta ine" by Stella 'Sarule. a mathematics supervisor in a French school

system. Baruk writes

-From Pythlloras in antiquity to Bourbaki in our own day, there has

been maintained a tradition of instruction • telision which sacri fi ces
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full understanding to the recita tion of formal and ritual

chatechisms, which create docility and which simu late sense. All

this has gene on while the High Priests of the subject laugh in

the ir corn ers:

How many university lecturers, discoursing on numbers, say, allow

themselves to discuss where they think numbers come from, what is one's

intui tion about them, how number concepts have changed, what applications

they ha ve elicited. what ha ve been the pressures exerted by applications, how

we are to interpret the consequences of these applicat ions, what is the poetr y

of numbers is or their drama or their mysticism., why there can be no

comple te or final understand ing oC thern. How many lecturers would take time

to disc uss the question put by Bertrand Russell in a relaxed moment:

is th e Pythagorean power by which number holds sway above the flux?-

Opposed to ·private· theories, there are ·public· theories of the

philosophy cf mathematics in which the teaching process is of central

importa nce. Several writers in the past half century have been constructing.-
pub lic the ories, and I should like to add a few bricks to this growing edifice

and to point out its relevance for the future of mathemat ical education.

Applied Mathematics as Social Contract

l shall emphasize the app lications of mathemat ics to the social or

hu manistic areas though one can make a case Cor applications to scient if ic

areas and indeed to pure mathematics itself. (See. c.g.. Spalt).
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Today's world is full of mathemuizatioDs that were not here last yea r

or ten years ago. There arc other mathematizations which have been

d iscarded (e.g.. Ptolemaic astronomy. numerological interpretat ions of the

cosmos, last years' tax laws) which have been discarded. How do these

mathematizations come about? How arc they implemented. why are they

accepted? Some are so DCW, for example, credit cards. that we can ac tua ll y

document their installation. Some arc so ancient, e.g., numbers themselves. tha t

the historical scenarios that have been written are largely speculat ive . Are

mathematizations put in place by divine fiat or revelation? By a convent ion of

Elders? By "the insights oC a gifted few? By 3n evolutionary process? By

the forces of the market place or of biololY? And once chey are in place what

keeps them there? Law? Compulsion? Inertia? Darwinian advantagc? The

development of a bureaucracy where sole function it is to maintain the

mathematization? Thc development of busincsscs whose function it is to create

and scll thc mathematization? Well. all of thc above. at timcs. and mere . But.

for :III the lavish attention that our historians . of mathcmatics have paid to rh e

evolution of ideas within mathematics itsclf. only token attention has been

paid by scholan and teachen to the interrelationship between mathematics and

society. A description of mathematics as a human institution would be ecmcte x

indeed. and not be easily cpitomized by a catch phrase or two.

The employment oC mathematics in a social context is thc imposition

of a certain order, • certain type of organization. Goverameue, as well. is a

certain type of orlaniution and order. Philosophen of the 17th and 18th·

century (Hobbes. Locke. Rousseau. Thomas Paine, etc.) put forward an idea,

known as social contract. to explain the orilin of lovernment. Social

contract is an act by which an acreed upon Corm of social orcanization is
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established. (Here I follow an art icle by Michael Levin.) Prior to the ccnt rac t

there was supposedly a "state of nature". This was far from idea l. T he

objec t of the contract, as Rousseau put it. was "tc find a Corm of associat ion

which will defend the person and goods of each member with the collective

force of all. and under which each individual, while counting himse lf with the

others. obeys no one but himself, and remains as Cree as before". In this way,

one may improve on a liCe Which. as Hobbes put it in a famous sentence, was

"sotl tary, poor, nasty, brurlsh, and short". The contract itself. whethe r ora l o r

written. was almost thought of as having been entered into at a def inite ti me

and place. Old Testament history. with its covenants between God and Noah,

Abraham, Moses. the Children of Israel, was clearly in the minds of contract

. theorists. In the United States. political thinking has often been in terms of

con tracts. as in the Ma yflower Compact, the .Constitutions of the Un ited States

and of the individual states. the Establishment of the United Nations in San

Francisco in 1945. and periodic proposals for constitutional amendments and

reform.

It was generally assumed by the contract theorists that "Human society

and government are the work of man constructed according to human will

even if sometimes operating under divine guidance-, That "man is a Cree

agent, rather than a being totally determined by external Forces", and that

society and government are based on mutual agreement rather than on Coree.

(See Levin)

The acceptability of social contract as a historical explanation hardl y

lasted tilt the 19th centu·ry, even if political contracts continued to be entered

into as instances of democratic polity. It is an instruct ive exercise. I believe ,

in order to get a grasp on the relationship between society and mathemar ica; to
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take the outline of 'soc ial contract juSE giveD and replace the words

"government and scctety' by the word "mathematization", Though it is na ive

to thi nk that most mathcmatizations came about by formal contracts, the

"cont rac t" metaphor is a useful phrase to designate the in terpla y between

people and tho ir mathematics and to make the point that raathematizat ions a rc

th e work of man. constructed according to human will, even if opera t ing

under a guidance which may be termed divine or logical or experimental

according to onc's philosophic predilection.

A number of authors. some writing about theology, and others ab ou t

polit ical or economic processes, have pointed out that contracts are

cont inuously entered into, broken, and reestablished. 1 believe the same is the

case for mathemarlzations. Consider. for example, insurance. This is one of

the gre3.t mathemattza t lcns currently in place. and 1 personally, without

adequate coverage, would consider myself naked to the world. Yet 1 am free

to throw away my insurance policies. Consider the riders that insurance

companies send me, unilaterally abridging their previous agreements. Consider

also that in a litigious age, with a populace abetted by eager lawyers and

un thinking juries, what appears as the 'natural' stability of the averages upon

which possibility of insurance is based, emeries. on deeper analysis, to

incor pora te the willinlness of the community to adjust its dfairs in such" a

way that the avertles arc maintained. The possibilities of insurance can be

destroyed by our own actions.

Another example that displays the relationship between mathematics.

experience, and law is the highway speed limit in the United States. Before

the glS shortage in 1974, the limit was 65 miles per hour. In 1974, the speed

limits were reduced to 55 mites per hour in order to conserve Iisoline.



As a side effect, it was found tha t the number of highwa y acciden ts was

reduced significantly. Now ( 1987) the gas shortage is over, and there is

pre ssure to ra ise the legal speed limit. Society must decide what price it is

willing to pa y f or what some see as the convenience or the thri ll of higher

speeds. .Here is mathematical contract at work .

The pro cess of contract maintenance, renewal or reaHirmation. in all

its complex it ies, is open to study and descript ion. Th is is a proper part of

app lied mathematics and I shall argue that it should be 3. proper par t of

ma thematical ed ucat ion.

Where is Knowledge Lodged?

There is an epistmological approach to the interplay between

mathematics an'd society and tha t . is to look at the way society answers the

qu est ion that 'heads this section. According to how we answer th is quest ion.

we will mathematize differently and we will teach differently.

Where. the n. is knowledge lodged? (Here I f ollo w an art icle by

Ke nneth A. BruCfee.) In the pre-Cartes ian age. knowledge was of ten th ought to

be lodged in the mind of God. Those who imparted knowledge authoritat ivel y

derived thei r authority f rom the ir closeness to the mind of God . evi dence of

this closeness was oCten taken to be the personal godliness of the authority.

In the pest-Cartes ian age knowledge was thought to be lodged in some

loci that are above and beyond ourselves, such as sound reasoning or creative

genius or in the 'object objectively known'.

A more reeeet view. connected perhaps with the names of Kuhn an d

La katos . is that knowledge is socially justified belief'. In this view. knowledge

is not loca ted in the written word or in symbolsoC whatever kind. It is



-10-

located in the community of practitioners. We do not create this knowledge as

individuals but we do it as part of a belief communi ty. Ord ina ry indiv id uals

gain knowledge by ma k. ing contact with the community of experts. The

teac her is a representa ti ve of the bel ief community.

In my view, knowledge as socially justified belief provides a fa ir

descriptio n of how mathematical knowledge is lig itimized but we must keep

clearly in mind tha t per ceptions of what ' is'. theory fo rmation, valida t ion. and

utilizat ion, are all parc of a d ynamic and ite rative process . Knowledge once

th ought to be absolute, ind ubitable, is now seen as pro visional or even

probab ilist ic.

for tr uth.

Science is seen as a search for error as much as it is a search

Eternally va lid knowledge, may remain an ideal which we hold

in our minds as a spur to inquiry. This view fits with the idea of applied

mathematics as social contract, with the contractual arrangements being

conclud ed. broken, and renegot iated in endless success ion.

Another view of the locus of knowledge, not yet elevated to a

philosoph y. is that knowledge is located in the . computer. One speaks of such

things as 'a rt ificia l intelli gence', 'expert systems" and more than one theoretica l

ph ysicist has opined that all the essentials are DOW known (despite the fac t

tha t tbe same wu asse rted 100 years ago and 200 years alo) and that the

computer can fill in the details and derive the consequences for the fu ture.

Advocates or this view have asserted tbat while educat ion is now

teacher oriented, in the full bloom of the computer ace. education will be

knowled ge oriented. These two contemporary views are Dot necessaril y

anti thet ica l, provided we accommodate the computer into the community of

experts, clarify whether 'beli ef" caD reside in a computer, and decide whethe r

mankind exists for the sake of the computers or vice versa.
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Mathematical Education at a Higher Metalevel

A mathematized and computerized .world brings with it many benef its

and many dangers. It opens many avenues and closes many others. I do

not want to elaborate this point as I and my cc-authcr Reuben Hersh have

done so in our book "Descartes' Dream", as have numerous other authors.

The benefits and dangers both derive from the fact that th e

mathematical/computational way of thinking is different from other wa ys.

Philosopher and historian Sir Isaiah Berlin called attention to this di verge nce

when he wrote -A person who lacks common intelligence can be a physic ist o f

genius. but not even a mediocre historian.- For the mathematical way to gain

ascendancy over other modes i~ to create an imbalance in human life.

The benefits and dangers derive also from the fact that mathematics

is a kind of language, and this language creates a milieu for thought that is

hard ' to escape. It both sustains us and confines us. As George Steiner has

written of natural language (1986): "The oppressive birthright is the language,

the conventions oC identification and perception. It is the established but

customarily subconscious unargued constrainu oC awareness that enslave" One

can assert as much Cor mathematics as a language. The subconscious modalities

of mathematics and oC its applications must be made clear. must be taught.

watched. argued. Since we are all consumers of mathematics. and since we

are both beneficiaries as well as victims, all mathematizations ought to be

opened up in the public Corums where ideas are debated. These debates ought

to bcgin in the secoDdar>: school.

Discussions oC changes in mathematics curricula generally center

around (a) the specific mathematical topics to be taught. e.g., whether to

..
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teach the square root algorithm, or continued fractions or projective gcomcr r y

or Boolean algebra. and if so. in what grade, and (b) the instruct iona l

approaches to the specific topics. e.g.. should they be taught with proofs or

without: from the concrete to the abstract or vice versa. what emphasis shou ld

be placed on formal manipulations and what .~n intui tive understanding; wi th

compu ters or without; with open ended problems or with ·plug and chu g"

drilling.

Because of widespread. a lmost uni versal compute rizat ion, with

handheld computers that carry out formal manipulations and computa t ions of

lower and higher mathematics rapidly and rout inely, because also of th e

growing number of mathematizaticns, I should like to argue tha t mathematics

instruction should. over the next generation , be radically changed. It should be

moved up from subject oriented instruction to inst ruction in what the

mathematical structures and eeeeesses mean in their own terms and what they

mean when they form a basis on which civilization conducts in affairs. The

emphasis in mathematics instruction ought to be moved from the

svntacr lc-togjee component to the semantic component. To use prog ra mmin g

jargon. it ought to be ·popped up· a metatevel. If. as some computer scientists

believe. hutructioa is to move from beinl teacher oriented to

knowledle.orieoted and I believe this would be disastrous the way in

which the role oC the teacher can be preserved is Cor the teacher to become

an interpreter aad a critic of the mathematical processes and of the WCe.3r

these processes interact with knowledge as a database. Instruction in

mathematics must enter an altogether new and revolutionary phase.
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The Interpretive Componeot of Mathematical Education

Let me begin by asking the question: to what end do we teach

mathematics? Over the millenia. answers have been given and they have

differed. Some of them have been: we teach it For its own sake, because it

is beautiful; we teach it because it reveals the divine; because it helps us

think logically; because it is the language of science and helps us to

understand and reveal the world; we teach mathematics because it he lps our

students to get a job either directly, in those areas of social or physica l

sciences that require mathematics; or indirectly, insofa r as mathematics. through

testing. acts as a social rilter. admitting to certain professional possibilities

those who can master the material. We teach it also to reproduce ourselves by

producing future research mathematicians and mathematics teachers.

Ask the inverse Question: what is it that we want students to learn?

We may answer this by citing specific course contents. For example, we may

say that we now want to emphasize discrete mathematics as opposed to

continuous mathematics. Or that we want to develop a course in non-s tandard

analysis on tape so that jOllers may learn about hyper real numbers even as

they run. Or. we may decide for ourselves what the characteristic,

constitutive inlredients of mathematical thought arc: space. quantity. deductive

structures. algorithms. abstraction, generatiaaricn, etc_. and simply assure that

the student is fed these basic ingredients. like vitamins. AU of these questions

and answers have some validity. and tradeoffs must occur in laying out a

curriculum.

Within an overcrowded mathematical arena with many new ideas

competing for inclusion in a curriculum. I am asking for a substantial

elevation in the awareness of the applications or mathematics that affect
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society and of the consequences oC these appl icat ions. If formal comp utat ions

a nd manipulations can be learned rapidly and performed rout ine ly be

com puter, what purpose wou ld be served by tedious drilling either by hand or

by com puter? On-the-job training is certainly called for , whether at th e

supermarket checkout counter or on the blackboards of a hi-tech developmen t

company. If mathematics is a lan guage. it is time to put an end to

overconcentration on its grammar an d to study the "Iiterature" tha t mathemat ics

has created and to interpret th a t lite ra ture. If mathematics is ::I.

log ico-mech ani sm of a sort. then just as onl y a very few or us lea rn how to

const ru ct an automobile carburetor. but all or us take instruction in driving, so

we must teach how to -drive· mathematically and to interpret what it n1ta,1S

whtn Wt ha't been dr iven mathematically in a certain mannIT.

What does it mean when we are ask ed to create sex-Ieee insurance

pools? What arc the consequences when peop le arc admitted or excluded fr om a

program 00 the basis of numerical criteria? How does one assess a statement

th at proced ure A is usually eCfecti ve in deatinl with medical condit ion B1

What docs it mean when a mathematical criterion is employed to judge tile

Quality or prose or the comprehensibility of a poem or to create music in a

programmatic way? What arc the ecnseeueaees oC a computer program whose

output is automatic military ret aliation? The list oC quest ions that need

discussion is endless. Each mathemuization-computeriut ion requires explanat ion

and interpretation and asscumeQt. None oC these thiass arc now d iscu ssed in

mathemat ics counes Ie . the concrete Corm that conCronts the public. (C ::J.

teacher were incli ned to do so, the reaettee Crom his colle_sues woul d

probably be ·Well, that is Dot mathematics. That is applied mathematics or th at

is psychololY or eeeeeedes or soc:ial-anthropololY or law or Whatever: My
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I am trying, little by little. to bring in discussions of this

sort into my teaching. It is difficult but importa nt.

I( the claim were made. with just ice, that these matte rs cannot be

d iscussed intell igently without deep knowledge both of mathemat ics and of th e

part icular area of the real world, then I would agree, and point out that th is

clai m forces into the cpen the confl ict between democracy and "exper tocracy".

(See e.g., Prewitt). This conflict has received considerable at tent ion in a reas

such as medicine, defense, and technological pollut ion, but has hardly been

discussed at the level of an underlying mathematical language. The tens io n

between the two claims, that of democracy and of expertocracy, could be made

more socially productive by an education wh ich enables a wide public to

a rrive at deeper assessments, moving from daily experience toward the deta ils

of the particular mathematizations. While we must keep. in mind certain basic
,

ma thema tica l mat eri al. we must also learn to develop mathematical 'st reet

sma rts' which enable us to form judgements in the absence of technical

exper tise . (e f. Prewitt).

A philosophy of mathematics which is ·public· and not "private", lends

support to Introductlng this kind of material ioto the curri culum. The

discussion of such curriculum chanles will be assisted by the perception of the

mat hema t ica l enterprise as a humao experience with contractual clements; anc

by the realization that every civilized person practices and ut ilizes mathematics

at some level. and thereby enters a certain knowledge and belief community.

1
Again, followiog Kenneth Bruffees article (with addit ions and

mod ifications), I would like to sUllest several lines of inquiry.



-16-

(:1) Identify and describe the mathematical eetters, constructions, creet tccs

that arc now in place. Where and how is mathematics employed in

real life?

(b) Describe the mathematical beliefs, constructs, and practices that have

been justified by the community. What are justifiable and

unjustifiable? What arc the modes of justification?

(c) Describe the social dimensions of mathematical practice. What

constitutes a knowledge community? What does the community of

mathematicians think arc the best examples that the past has to offer?

As part both of (a) and (b) one should add: describe the nature of the

various methods of prediction. and the bases upon which prediction can become

prescription (Le., policy). ...

This type of inquiry is rarely carried out for mathematics. For

example, the concrete question of where such and such a piece of un iversity

mathematics is used in practical life and how widespread is its use, is seldom

answered. Many textbook claims arc made in textbooks, but show me the

It is important to know. How, in fact, would you definereal bottom line.

the bottom line?

The technical term for inquiries such as the above is 'hermeneut ics',

This word ls well established in theology, and in the last generation has been

commonly employed in literary criticism. It means the principles or the lines

along which explanuion and interpretation are carried cut, It is time that

this word be given a mathematical context. Instruction in mathematics must

enter a hermeneutic phase. This is the price tbat must be paid for the

sudden, massive and revolutionary intrusion of mathematiutioDs

computerizations into our daily lives.
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ConClusion

Mathematics is a soc ial practice. This practice must be made the

object of description and interpretation. It is ill-advised to allow the pra ct ice

to proceed blindly by -mindless market reeees' or as the resul t of the or iv a re

decisions of a cadre: of experts. Mathematical education must find a proper

vocabulary of description and interpretation so that we arc enabled to live in

a mathematized world and to contribute to this world with intelligence.
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Cresham's Law: Algorithm Drive s o~ ~ Tho ugh t

b¥

s. It. Ste in

(A ta l k del ivered at t he 1987 AMS meet in9 in San Antonio, Texas . )

Gresham's law in economics says, "Sad money dr i ves

good money out of c iIculation." Coppe r rep laces si l veri s i l var,

go l d . Gres ham'3 .1aw in ma thematical ?edagog y ca n be stated

severa l !,Jay s • •• ... · ~o .. .; ..· m d' t~ . h - ·· "-h . t i.."• .,. ..... :1. r~ ves ou t. ; l Ot,; g.. . " e r ooo c

"Cul t i vat ion of a lgo rithms :e? laces

= ~ nce: :1. !: : think i~g an~ wri:i ng . "

~e vi ew c: l leges and un ivers it ies i dea ll y as places t hat

develo p t~e ab i lity to t~ i~k ana l yt i ca lly , t o probe

inci epe ~ c en t l y , to res: l ve the open-ended proole~, t o wri te and

s?eak c :~3rL y. ~hou~h the ca talog may not mention t hem, t hese

goals are in the ~ac~ of our minds when we p icture ourselves as

teachers. In the catalog we find descriptions of courses couched

i n ter~s o! their content , such as:

Linear a lgebra. Matrices and l i near transformat ions,

determ i nants, complex number s , ~uadr3t ic forms

~hi s li s : , with i ts focus on t opics, illus t r a t e s t he

powe r c: o~r ve r sion of Gresham's l aw. We C3n be sure t hat t he:e

N ~ll =e~e : ~ ~ i: i ons, t heorems and proo! s , and algor it~ms. Swe?t

~nde : e ~e =~ta l :; i s conce:~ with the de ve l o? ment of t he
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spite of our best intentions, the combination of curricUlum,

syllabus, and schedule seems to assure the triumph of Gresham's

pedagogic law.

Algorithms, of course, are good and must be taught.

After all, the world would be an unpleasant place if every time

we added two fractions we had to discover the procedure from

scratch.

But the temptation to emphasize drill over understanding

is almost irresistable. It is much easier to teach the execution

of an alogorithm than the ability to analyze. Furthermore, an

algorithm can be described in just a few minutes and skill in its

execution can be tested and scored easily.

Moreover, the incredible power of calculators and

computers may entice us to shape our courses around them rather

than around the students. As we incorporate these devices into

our teaching, we must be sure that their role does not shift from

servant to master and that skill in punching keys is not

confounded with the ability to think and communicate.

The tendency for algorithm to displace reflection is not

new. The student who shows up in our remedial or calculus class

may already have experienced twelve years of robotics. Recently

in my first-quarter freshman calculus class I assigned an

exercise which asked the student to show that a polynomial of odd

degree has 3 real root. The next day a student asked, "Could you

work this prob lem?"
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"~ell, what's a po lynomial of odd degree?"

" Didn 't you take algebra in high schoo l?"

Then a girl in the back raised her hand, " pr o f e s s o r Ste in,

you donlt understand. In high school the teacher works one

problem o n the board and we then do twenty just like ita We

d o n 't ha ve to kno w an ythinga" A murmur of endorsement swept t he

ro om - fr om s t ude nts who had g r ad ua t ed in the top e ighth of t he ir

class fr om schoo ls th r o ugh ou t Californiaa

I n o ne c lassro om in an above-average hi gh school,

l ogarithms were ta ught this way: "Logarithms are tough, but all

y o u need t o know i s that when you press the log-key you get the

l ogar ithm. " Th is i s the complete tr iumph of algorithm o ver

u nd e r s t a nding .

Of co urse, ed ucators ha ve tr ied to resist the work ing o f

Gr e s h am ' s l aw . Th e d irector of the California Curriculum

Comm i s s ion recently complained, "Youngsters need to know more

than just computational skillsa We want them to have a sense

about wha t numbers mean." This announcement followed the

Commission 's rejection of all the textbooks submitted for

a d o p ti on i n grades K to 8 beca use they did not relate to the

obj e c ti ve s that the Comm iss ion had p ub l ished a ye a r ear l ier, suc h

as :

" 7 Me fo cus o f the program is on developing student

u nd e r s t a nd i ng of concepts and skills rather than

'3?paren t und e r s t and i ng . ' "

"E :~da~t 5 s ~~ ~ ld be a=tively involved in probla~- sol ~i~;

- 3 -
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i n new s ituations."

"Non rou t ine problems . should occ u r regularl y in the

s tudent pages.-

The s e ob j ec t i ve s , taken from the 19 8 5 "framework-, were

not ne w. I n 1980 an earlier Comm ission had u r ged ,

" Pr ob l em solvi ng has be come t he a l l-encompass ing theme of

ma t hema ti c s i ns t r uc ti on and i s no l onge r a separate topic."

Twelve ye a r s earlier, i n 1968, a s ti l l earlier Commissi on

had sa i d the same thing i n d ifferent words:

"Te xt books shall fa c il i tate acti v9 i nvolveme n t of pupils

in the discovery of mathematica l ideas."

Bu t eve n before that, i n 1963, another Commission had

i nsi s t ed that :

"Pupi l s should make con j ec t ur e s an d g ue s s e s , exper imen t

and f ormulate hypotheses, and seek meaning."

" ~a ter ials should elicit thoughtfu l responses and deve l op

understanding."

So the texts submitted in 1986 not only failed to satisfy

t he demands of the current Commissi on, but they wouldn't even

satisfy the demands set by any of t he Commissions going back a

qu a rte r century.

Howeve r , concern wi th the disp lacemen t of thought by

a l gor i t hm did no t beg in i n 1963 . In desc r ibing some of his

ex periment s i n t he t e ach i ng o f a r i t hme tic, L. P. Benezet , a

s upe r i n te nce nt o f schools, wr ote in 193 5 {II:

"r~r s ~ ~~ ye a r s I had not~d tha : c~e e~ fec t of t he e~r l y
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introduction of arithmet ic had been to dull and almost chlorofor:

the child's reasoning faculties. (In my experiments] the

teacher is careful not to let teaching of arithmetic degenerate

into mechanical manipulation without thought • •• The objectives

are first of all reasoning and estimating rather than me r e ease

in manipulation of numbers."

Incidentally, pupils in his program for one year caught up with

pupils who had spent three years in the traditional arithmetic program.

This conflict between the thoughtful and the mechanical

is as ubiquito us as the conflict between good a nd evil. Once you

are sensit ized to it, you see i t everywhere. In one mail

deli very recentl y I fo und an ad for a college algebra text and a

sample of a new j ou r na l . ·The ad included this reassurance :

" Numer ous a lgorithms for solving word problems are

de veloped to help students learn and remember concepts."

So algorithm fi nally disposes of its arch enemy, the word problem .

There was an odd juxtaposition between this ad and the

title of t he journal that came in the same batch of mail:

Teachi ng t hinking and problem solving, with the peculiar

implica t i on that we need not think to problem-solve.

There seem to be two separate wor lds. One is the world

of Ma th Commissions with high asp irations, enrichment mater ials

a t pub l ishers! booths, conferences on humanistic mathematics,

a rt ic les that show how to teach thinking, books with the phrase

"prob lem-sol ving" in their titles, and the exc iting prefaces of

t ~xts . T~ ~ othe t i s the ~~ : l d of t he typical classroom, whet~er
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K to. 12 or Freshman to Senior at co llege. Vas t storms of reform

rage in the first world, but they stir scarcely a faint breeze in

the second world. The first corresponds roughly to the world of

"th inking;" the second to the world of "plugging in."

The fashionable terms are now "problem-so lving" and

"algor ithms." Whatever the terminology, students know the

difference. In anonymous course evaluations they write, "This

course made me think." They do not write, "This course made me

problem-sol ve." The word "think," loose though it may be, is good

e nough.

But there are many obstacles to teach ing "thinking.·

Some are external to any particular co urse. As individuals, we

can't do much about them: .t ha t for twelve years most of our

students ha ve learned robotics, with even word problecs resolved

by mnemon i c devices; that society rewards the seeming ly practical

more than the f undamental; that many students go to college only

to get a good job at a time when the economy no longer even

promises everyone a job.

The internal obstacles are quite different. The

prescribed syllabus may move so fast that there isn't time to

address such fine points as "thinking." The midterms and final

are squeezed into such narrow time slots that we dare not pose

problems that demand fresh thought. The text may offer almost

exclus i vely exercises that cultivate algorithms. Indeed, if you

thumb thro ugh ma ny a high schoo l o r co llege text, you can come

upon se=t i on after se~t i o n wh: r e every s ingle e xerc ise is
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rou tine .

Everyth ing seems t o co ns p i r e t o fa vo r algori t hm ove r

thoug ht . The sy l l abus i s wo r ked ou t and expressed in terms of

topics , not i n terms o f processes. Texts, by the ir ve r y

st r ucture, o f f e r answe rs be f ore t he students have a bsor bed the

que s tions . Home work assig nmen ts draw t he stude n ts' attent i on t o

individual e xer c ises rather tha n to under ly ing concepts. To cap

it of f , we 're s o bu sy or t he cla s s e s are so large tha t we read

r.either th e da il y home work ( r e ad by undergradua tes), nor the

midte rms ( r s a d b y g r aduat e s t udents) . So, capti vated b y the

c la rity of our own l ecture s, we assume th a t all is wel l .

t o r some twelve ye a rs most students ha ve b e e n strapped to

a ta b le. So wond e r they cannot walk on the ir own two feet . We

must remember tha t t h ink ing in a ma t h ema t ic s c lassroom ma y b e a

no ve l o r at l e a s t u nu s ual e xper ience .

I n sp ite of the s e obstacles, e xterna l and i nternal, there

are acti ons we can take as individuals to subvert Gresham 's

pedagog ic l a w.

As we propose a day-by-day sy llabUS we can delete topics

to pro v ide more time to gi ve attention to "thinking ."

w. may even propose a ne wcour se whos e mai n pu rpose is

the c u lt i vation of the s t udent 's abi l i t y to a na l yze and write.

It c a n be s muggled into the c a t a log under the g u ise of, say,

" d is c re te ma t he ma t i c s . "

And wa ca n make a consciou s choi c e as we begi n teach i ng a

c ourse. ~:~ ~e g o i n; to e mph as i ze Ea= ~ s and algo rithmic s k i l l s ,
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hoping th a t inciden t ally the s t ude n ts will mature? Or a r e we

going to e mphas ize indepe ndence, ana l ys is, a nd communica ti on ,

hop ing that al ong the way the students will pick up t he facts and

algorithmic s k ills?

In the f irst case we plan more in terms of ou r lectures,

in te rms o f what we wi ll do . In the second ca s e we pla n more in

terms of t he home wor k , i n terms of what the students wi ll do.

In t he second ca s e we wou ld examine the exe rc ises and ask

" What i s the pur pose o f thi s exercise?" Is i t to check a

def in it i on or a theorem or the execution of an algorithm? Such

e xer c ises ha ve t he ir ? lace , but they should not be the l a s t

word . They represent one coin of Gresham 's law; t hey are des igned

t o have a c losed fi e l d . Bl i nders are placed on the student to

foc us at te n t i on on pa r ti c u lar facts or skills. For instance, we

4
may a SK the s t ude n t to fac t or x -1 .

An open - f i eld exer cise puts no blinders 'on the student.

2
We mig h t ask, "For which pos i t i ve integers n does x -1 divide

n
x - 11 " An open- field exerc ise may not connect with the

sec t i on c ove r ed tha t day; it may no t even be re lated to t he

course . Such an exerc ise may r equi r e a s t uden t to de vise

expe r i m~n ts, ma ke a c on j ec t u r e , and pro ve i t . If it has all

thr ee pe r t s , i t is a " t r i ex, " which is s hort for "e xp l.or e ,

e xt r a c t, e xp la i n" o r for "try the unknown." But i t may ha ve onl y

th e fir st two pe r t s , amoun t i ng to "find th e patte r n. " Or i t may

- 8 -



have on ly the l a s t two pa rts . For insta nc e: "If a con t inuous

f unc tion daf ined on the x-a xis i s one- to -one mus t i t be a

dec r e as ing f unction or else an i nc r e asi ng fu nc tion ?" Thi s co u ld

be r e wo r d ed t o become just t he t h ird part of a te iex : "Prove that

a one- to -one continuous function defined on t he x-ax is is either

an increas i ng f un c tion or a decreasing function." Since

experiments with such funct ions are not feasible, this exerc ise

does not l e nd itself to the f ul l t r iex form. However, the

f ollowi ng e xerc ise does.

"Doe s e very c onv e x clos ed curve in t he plane have a

circumscrib ing s quare? "

The way we wo rd a p robl em ma y dete r mine how c losely i t

a ppr oxi ma t es a f u l l triex a nd where it stands on the

"c l osed-ope n" s c a le . He r e i s an i l l us t r a t ion i n which each

va ri a tion e nl a rg e s t he fiel d from c losed to open. At each

s tage t he s t udent i s offered more responsibi l ity, mor e chance to

de ve lop self reliance.

First formulation: Pro ve that if 3 divides the sum of the

d ig its of an integer, then 3 divides the integer.

(This is the narrowest f orm, just t he last part of a triex.)

Second for mulat ion : If 3 di vide s t he s um of t he dig i ts of

an i n t ege r , must it d i v ide the i nt ege r ?

(7h i s opens up a bit o f t he second part of a tr iex, but

th e s t uden t can g uess, "Of c our se, why else would the

i ns t r uc t o r ask?")

T ~ i : d f ormulat i on: Let d be one of t he integers 2 through
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9. If d divides the sum of the digits of an integer, must it

divide the integer?

(This is a full triex. There are no clues to the answer.

The student must experiment and conjecture.)

The following exercise has a closed field: Prove that

when a segment AB is cut into segments by dots labelled ei ther A

or B, then the number of seqments having both labels is odd. It

can be recast to have an open field: (a) Draw a segment AS a.nd

and cut it into segments by dots that you label A or B. Count

the number of segments AA, the number AB, and the number BB. (b)

00 this several times and on the basis of your experiments make

at least one conjecture. (c) Prove your conjecture. See [2, 3,

4] {9r more examples.

So the si~plest way to resist the assault of Gresham's

law is to include exercises that are not simply routine. To do

this, it helps to go beyond the usual ways we contrast exercises

as "easy" versus "hard," "short" v~rsus "long," "new" versus

"review," but to think in such dichotomies as "computation only"

ve r s us "exposition required," or "closed field" versus "open

field."

But choice of exercises comes late in the game. Other

steps can be taken earlier.

1. Curriculum reform As we propose a new course or

curriculum, we should think in terms of the student, not just in

terms of the topics. The temptation is to make a neat outline of

=~3~ters a~a sec~ions, l~aving skills in analysis and
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communicati on to develop mag i ca l l y on t he ir own .

2. Plan n ing a co ur se As we work ou t t he day-by-day

schedu le of a co ur s e we shou ld put concern f or t he student's

grow th a t l e a s t on a par with concern f or part i cular t opics .

Thi s me an s tha t we ma y sacr i f ice some t radi t i ona l t opics to make

time for othe r matt e r s .

3. Te xt s When wr i ti ng or adopti ng texts, we shou ld pa y

a t t e nt i on t o t he e xercises th a t pro vide an oppo r t un i t y to

e xp l o re, conj ecture , and wr ite . Th is me an s che ck ing that there

a r e enough open- fi eld e xerc ises .

4. Fe edback The s tude nt 's work on open-ended

e xer c ise s requi re s mo r e ca r e fu l re ad ing and crit i ci s m t ha n do

r ou t i ne compu t a t io ns . An .I ns e eue ee e who d oes not ha ve the

a s s ista nc e o f p r e~a tu r e l y wise und e r~ r adua te s or graduate

s t ude nts will have to read papers ca r e fu lly . This requires t i me.

These are a few ways to resist Gr e sha m' s law of

mat hemat ica l pedagogy. Perhaps there i s another law that

reads," If each of us tries, we can repeal Gresham's pedagogic

law. "
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Teac h l ng with ~ Huma ni st

De v i c Me r e di t :-.
Depa r t me nt o f M~thema ti c ~

San FrancI sco S t a t~ UnI ve r si ty
1 6~0 Hol low~~ A v~.

Sa n F r a n c Is c o , CA 94 13~

Thi s is a r eport abou t a t e a m- t a u g h t c o u r s e ~ t S~n
Fra n CISCO Sta t e Un iver s itw, and wha t I h a ~ e l e arn e d t e a Ch I n g
I t f o r e l e ven year s wi t h , at d ifferent ti me s , t h r e e
cU f ' e r so n t Prof e s sors of Eng l i s t,. [For t he r e c o rd . ttH?l r
n ame s we r E Edwin Ni eren berg , J udy Br e en . an d Davi d Re na ke r .
Th e~ hav e not seen t h is pa per and be ar n o r esponsib i l i tw f o r
it . J We tau g ht a c o u r se. ti t l ed " Th e Ne wtoni a n Revo l uti o n , ·
dea l i ng wi th t h e impact of Ne wt o n i a n sci ence on th e
l I t e r atur e a n d phI loso p hy of t he e ig h teen t h c e nt ury Br i t i s ~
e n l i g h ten me n t. A rou g h o ut li ne of t he cour s e follow s .

We e ks

3

Sub j ect

I n tr o to 17' t h
centu r!ol sc ience
a nd c u I tur e

Ne wt o n' s a c com­
p I i s tlme n t

Newton's
in f lue n c e

Ac t i ..... i ty

r e a d Burton

read Ne wt o n · Op t i c s Q

e t c . Do e xper i ment
Cln d r e po r t

Re a d Loc ke, Pope ,
SWi f t , F ra n kli n,
S t ern e , Stlel ley.
Write term paper

Cl a s s periods are balanced between informative lect Llr~s
and discussions of the readinQs. Us u a l l y the only e xam i s a
fi n a l wi t h essays and short-answer ~uestions. About t wen t ~
st u dents f rom a large number of d ifferent ma jors enro l l I n
t he course each time i t IS offered.

This course is part of pr ogram o f team-taugh t
i nterdisciplinary courses at SFSU c a l l e d NEXA, or th e
Sc ience-Humanities Co nve r Qen c e Prog r a l'Tl. BeQ u n i n 19 7 5 wi th
a f i ve-ye.r grant of $850 ,000 fr o m ttle Nation a l En dowme nt
fo r the Humanities, NEXA promised a c u r ricu l um of ten
t e a m- t a u g h t courses e :·:pl o r ing t be boun dar ies be t ween t b e
SC1ence s and t he huma nit i e s, a ser Ies of pu b l i c p r o gr a ms
abou t con temporary issues o f s c ience a nd v al u e s , and a
we e kl y s taf f sem inar for t ne NEXA f a cul t!ol. Pu b l ic pr og r a ms
ha v e I n cluded n ational c o lloquia on sociobio log!ol and t he
her itaQe of J a cob Bronowski.

NEXA h a s s urvi ved 12 year s, or seven years past t he
e nd of it s major e x ter n a l f undin g . The campus curr en tl y
s upport s a c urr I cul um t hat ha s gr o wn t o s i x teen t e a m-t a u ; h t
cour s e s , occas sl0nal public e ..... e n ts a re s t i ll p r esente d , t h e



s ta ff s e min a r i s ta k i ng ~ sab ba t i c ~l thi s s~r1 ng after
me et i n g weekl ~ f o r twelve ~ ea rs , a nd NEXA h ~ s as s i st ed t h e
foun din g o f s i mi lar progr ams o n other Cal if o rnta Sta t e
Un t ve r s i t y cam ~uses .

The foc u s o f NEX~ has a l way s be en a nd remai ns i t s
p~ a~ ~ am of team-taugh t c o u r s e s. But what h ~ p pen s whe n 2

hum a n 1s t an d a sc i e n tist co me t og ether 1n a cl a ssr oom?
Supe rfi c i a l l ~ wha t resu l t s 15 a h uman i t i es-st~l e c o u r s e
a c o u t SC1 e nc e and cu ltur e and t heir mut ual
1nt e r r e l ation sh i ps . Th e sc i enti s t e xp la1 ns s C1ent if ic f a c t s
and pr a c t i c e s ; th e hu man 1s t disu c s s e s ho w t hese a r e
r efl e c t e d in a rt and h i s tor~ . I n my course, f or e x a mp l e,
th e s t udents rece ive a f e w wee ks lecture ( a n d a n e xam
qUe st1 o n ) a bou t Ne wt on ' s sc ient i fic a c compl i s hmen t, a n d t h e~

per form a n e x peri men t wh i Ch is as open-en ded a nd r e a l i s t i c
a s pos s ibl e . Ho we v e r , t he y don 't l e a r n t o so l ve a n~ s c i e nce
o r ma th probl ems . In s t e a d the y li st e n , r e a d , d i scu s s , a n d
wri t e a bou t the e f f e c t o f Ne wt o n i a n s c ience on Br iti sh
liter atur e mu c h as the y wou l d in any hu ma ni ti e s c lass.

I'll di g r es s to de s cribe t he e >:per i men t t ha t the
s t udents per form , be c au 5@ i t i s my a t tempt t o h a v e t he m do a
li t tl e bit of r e a li stic s c i enti f i c research.

Students ar e asked t o construct a pendu l um a nd t o
r e por t on th e r el a t ion sh i ps bet ween the WRi 9h t o f t h e bo b ,
t he l e n g th o f th e st r i ng, t he pe ri o d of oscl l 1ation , a nd t he
an g l e of o sc1ll ation . They do thi s e xper i men t i ndi v i du a l l y
o r i n t e a ms , a t t hei r c ho i ce, a nd t hey do t he e xper i men t i n
thei r own hom e s wi th equ ipme n t t he y cons t r uc t t hems e l ves .
Th e studen ts a re pu t 1n th e pos i ti on of a s c i en t is t who h a s
on ly a v a g u e que s tion , and wh o must d e v el op e xper 1men t s t h~ t

sl mu ltan e ously sharpen th e q uestion a nd a nswe r it.
Someti me s s t udents who d id wel l i n a pr ior physi cs

c our s e ge t th e wrong a nswer t o the pendul um etue e t i cn ,
because t he y have learned that t he pe r i o d i s independen t o f
tn e angle, which it demonst rably is not. A few students a r e
c v e r-wn e Ime d by t he huge q uan t i ty of data th e y p roduce b y
me asu r i n g all possible comb i n a t i o ns of l e ng t h , we ig h t, and
a ng le. They never ' get t he i r da t a o r g a niz e d into a
de rrl o n s tr a ti o n of a concl us i o n. E·u t IlIOS t stLlde n t s do f in d
t he e xpected pattern a nd e x c Le r n cohe r en t l!ll how t h ei r d at a
j u s t i f i •• th.ir conc l us 1o n . Some ma n a g e t o dra w some g r a p hs
t o accompany their t a bl e s , and a f e w e ven fin d t he
squa r e - r o o t l a w rela t i ng per 10 d t o l e ng t t, .

To r etur n to my maln i s su e , wh a t i s so special about a
l'JEXA c our s e? What i s i t tl'lat d i stingu ishe s a NEXA c o u r se
from a cou rse i n t h e hi story of sc ience or in t el l e ctual
h 1 ~ t or y ? The a nswer i s t e a m-te a ch i n g . I wa nt to descri be
ho w t e am-te achi n g wor k s an d what I' v e learned f r om it .

M~ partne r a nd I ar e bot h pre s e nt for all cl a s s
se~5 :C~ S. ~n d we s pen d about on e hour eac h we ek outsi de of
= l ~ ~ ~ = : a~ n i ~~ th e c our s e . ~e l is ten to ea c h oth e r ' s
. a = ~ ~ r e s. a n d ~ e ~c ~ o t h e slt ~ t e t o i nter r u pt wit h q ue~ t i on s

~ y~~ ~ ~ s ~ e c t f u l d i ' J ~~ r ~ a~ , . ~t$ . Our di $ c u 5 s i on s ted c h

-.



David Meredith TeaChing with a Humanist

students that there may be more than one answer to a question, more
than one interpretat ion of a poem or novel or even a scient ific theory.
We sometimes plan our disagreements ahead of time to demo nst rate the
different points of view characteristic of the sciences and the humanit ies .
Havi ng both of us present, seei ng both of us discuss common issues , brings
home to t he stUdents the di f ferent va lues of our disciplines and the
di f ferent ways we view the world. No sing le i nst ructor could mOdel the
two views we represent or make thei r contract so evident to t he studen ts .
At least t hat i s t he cla im and the j ust i f i cat ion for team teaCh ing.

There are real di fferences between my partners and myself. The
fi rst difference, whiC h appears trivial but wh ich I t hink i s crucial.
i s t hat humani st s expect gOOd writing on tests and homework. For
them, the qua lity of student expressi on is as impor tant as the correct
answer in determining a student 's mark. The sort of answers mathe­
mat ic ians are accustomed to recei ving to homework and exam questions
i n cal cul us and ot her comput at ional courses would not be accepted
in a humanities course, even if the answers contained all the correct
elements. Humanists expect students to demonstrate their grasp of a
subject by explaining it clearl y and completely.

The second di fference is that the humanists seem to value and
encou rage opinion. Humanities faculty express opinions about books
and ideas , and students are encouraged to do the same in class discussion .
These discuss ions help students learn to rely on themselves to make
informed judgements i nstead of looking to their instructors for an
immediate verdict about their ideas.

Thirdly , humanists give more complex ass ignments than mathemati cians
dO, but they engage in less direct methodological instruction. They
assign several original works for students to read and interpret;
mathematicians assign a single textbook specially designed for stUdent
comprehension. Humanists assign term projects; mathematicians assign
a weekly list of short exercises. Even the humanists' exam questions
are less di rect and more open to interpretation than our own. To
general i ze . humanities students, compared to math stUdents. are asked
to engage in intellectually more sophisticated activities but are
gi ven less direct instruction in how to accomplish them.

GOOd writing, class discussion . and term projects can be adopted
to mathematics classes. If mathematics is to become more humanistic.
i t will have to borrow from the humanities . In my classes, I use
lots of writing assignments . StUdent homework must be written using
comp lete sentences organized into paragraphs . This homework
sometimes requires stUdents to explain key concepts in their own
words. For example, calculus students have beenasked to explain
"rate of change". When students complain. NIt's not fa ir to
take off for grammar. This isn 't an Engl iSh



D :-' 'v' l ,j ete r- e o i r ..,

c las s . ·, I can mol l I f y most of them by pOinti ng o u t t ~ i t
they wil l h ~ve to =omb l n. m. them~t 1 c s wi t h wr iting 1n t ~ e lr

prof e s siona l li ves.
I a lso ~ttempt cl~ss dis~cussion about issu~s wher e

o p i n i o n is ap pro priate . We discus s issues tn aestheti c ~

r.l,/rlen ILl E!' r,a v,;: two answer s to t he same pr o b lem. !.ol l;? ,",_150

d iS CUSS et hIcal matter s when these arise . somet i~e s i n t he
con t e xt of a st ati stics co urse. and sometimes when a
pa rt icularl~ ('@l e van t articl e is Qubl ished in t he l ~=a l
Qa pe r . La s t t e r m my statistics class discussed t he
cont r ov ers~ a bou t c onf lIct i ng statisti c~l studies o f wome~
ma r r y I n g a ft e r age 3~.

So me of my classes are a ss igned t erm pro jects b~se~ o n
o pen - ended prOb l ems that allow student s to de ve lop theIr Olo n

ideas. The prob l e ms require not cleverness bu t
straigh tforwa rd e l a bo r a t i o n, an e lemen t often missi ng in
math a s signments. For e xa mp le, linear algebr a student s ha ve
des cribe d an a p plication o f l inear a lgebr a, a nd a bstract
a l gebra stu dents wil l find subg roups of GL( Z,R ).

Sometimes students are d iscom f ited when f a ce d wit~
human i ti e s - styl e assign ments in a math class . They e xpect a
shar p d ichotomy be twe e n mathe mati c s and t he human i t ies . lri
a ma th c las s , the y e xpect to lear n th e o r ems _ n d a lgorit hm~,

an d to be t e s ted on how well t hey have a s s 1mi l a t e d th e~ . A
humaniti e s c la s s i s a p lace f o r di s cuss ing book s an d
e x press i n g their own ide a s .

This e x pect at ion wa s brought home to me last ~ e ar af ter
I r,a d a ssigned a s ho r t pa per in a c a lculus c: o ur se . I a sk ed
my student s whet~er this pa per wa s eas ier or harde r to wr i t e
than a paper in En g l i s h composition . ~ Mu c: h harder, ~ t ~ ey

res ponded. " I n Eng l ish, you can s a y anything . In I'TICltr" YOl.l
ha v e to be r tgh t . "

If stude n t s th i n k th a t, in humanities , anyt h ing g o es,
th e y ma ke a c:omplemen ta ry mista ke about mat hemati cs when
t hey bel ieve th.t all methods are kn o wn an d Jus t have to be
learned . Wh y else wou ld we see s tudents as k i ng for more and
mor e e xampl es , hoping . 5 the y do to fin d e very possib le
pr oblem e xemplified and therefore s o l ved ?

Ce rt.in l y Eng l iS h in structors ar e not trying to teach
their students t o s a y jus t - a n y t h i n g · , but it i s not ~ asy

fo r t h.m t o t e a c h th e s t a n da r ds of rhetoric: . Students
r e s i s t the d is t inc t ion be t ween idea s an d p re j u d i ce, between
Just i f i c a ti o n and mere r e petition , betwe e n th i n kin g and
fee l i ns , They sOrTlet imes s e e m t o bel i eve that d t e ccu r- e e
Involvin g va lu e s or judgme nt h a s no r u les a t a l l. Wh en
s t udyi ng De f oe' s Moll Flanders i n NEX A, s t udents ei re Ql.t i c k
to Judg e Moll, but they are less successful i n defending
t heI r Ju dg ment s by a nal y zi n g her a c tion s o r s oc ial
backgroun d .

Math s t uden ts are notorious ly n o more suc cessful t han
humanities student s in makin g log ical a r guments. Once i n
calcul us . when I pointed out to a studen t that s he defined ~
term one wa~ i n he r first s entence and used it I n th e



o p posit e s en s e i n t he ~ e x t . sh e r es ~o~ded : ~Well . you c a n
de f i ne a ny t t.l n g a n y Wely ..",OU want ~ ~ 50 vcu c a n . but h o w c: .., n
we sto p s t u den ts f~om c h on~ l ng t heir de f In I t I o n s ln
IT,l d-ar g UlT,e n t?

As I t~y to ov er c~me th e lIm i t ed s t u de ~ t ~i ew of
ma t he md t lc s ~ s th e a p p l i ca t i o n of rul es, I fI nd m~s el f 1n
l e e a ue Witt. IT, ':.! humen t s t t c c c Ll e e a u e s wbc <ir e e t t e mc t t na to
I n s t i l l standa rds in student s . I b e li eve we s h~ re t h e
followIn g f o ur goa l s :

,..

-.

4.

Students s houl d h av e a c lear concept i on i n min d
whe n they wri t e , i f not whe n t hey start at le as t
whe n th e ':.! finish . How of t e n do mat h students
s uccessfully f i nis h a calculati on wi th li t t l e i dea o f
wha t t hey have accomp l ished ?

S tude nt writ in g shoul d be organ i=ed a n d f ocu s s e d
o n t h e issu e at han d, and it mu s t be g r a mmat ica lly
cor r ect . Math students s hould wr ite cOffiPle te
e x p lana tions. no t incomple te not e s incompre hens i ble
to a ny o ne who doe s n 't alread~ kn ow the a nswer.

QLle s t i o n a b l e asser t ion£. s houl d be recogn i=ed a nd
jus t i f I e d . This perhaps i s mor@ di ff icu l t for
huma n i s t s to ach ieve t han math ema ti c i a n s , sin c e
student s s o oft e n a s sume th e i r pe r s on al prej udices
a r e obvious un i ver s a l t rut hs. bu t ma t h s t u de nt s
t o o ha v e to l e a r n to d i s t Ingu is h betwe en s ta temen ts
t hat r e CU l r e j us t i fi cat ion from t h o s e t ha t a re
obViou s l y c o r rect .

Students must have command of al l the re levant
i n t cr-me t i cn about a euee r'i en, In me t heme t i ce , that
me a n s u s i n g not Just basic definitions but also new
t hecr-errrs and prior coursework wt,e n s o lvi n 9 a prob lem.

The s e foul" common goals for me t he me t i c e and hu men i t t e e
e ducation don't mean that t he sciences ar@ th e s ame . s th e
human i t i ~s . Manifo ld d i f fe ren ces e x ist. and th e NEXA s t a f f
semin.rt after t we l v e y e a r s . h 3 S not y e t e xhausted i t s
dl S cu~ s i on of t hem. Ho we ver . t r.e d i f ferences a s oe r-c e i v e d
by students are not t he r ig h t o ne s , bu t r a th e r a r e
s ymptom.tic of t he degree t o wh i c h ma t hemati ci a n s a nd
huma n i s t s ha v e fa i led to c o mmu n i ca te to studen ts t hat t h e
s a me intell e c t u a l r i g o r an d f l e Xi bility is r e qu i l" e d i n a l l
a cademIC s ubjects. Team t eachi ng wi th hu mani st s h a s s hown
me ho w man~ 9 0a ls I s ha re WIth t hem. a nd i t ha s t aught me
s o me of t he Wa y s I can t ry t o e c bt e ve tt".e s e goals i n IT. y rr,at h
classes.
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I li k' the cl, vu t .....15U of logic thlt t u-n I two
PIg . croof Into I on. -h l.1+~...gt proof. Th.r• ...,..
lot i of cl. ....r h t tl, lnll; ht s . !h.r,'s IOm.thinO
... . r y u nsfying lbout ol nic. tight ugum.nt th ol t no
on. Coln doubt is corr. ct .. .! ' ..., woMI:td on ol r......rcn
prOb l.m for ov.r stx month s with no rn ult s .. J"'iO'oAI I'm
stlrt l"g to e-....molbout it olnd th ol t 'S too mucn.. tn.
ru.th, mU1CS IS tollUng too mUCh control ever m••
(Angrll yJ (RoSlmond. 19S2J

Holtl"l.mlti cs oft.n is Vl.......d u tn. id. &.1 discip­
liN-OU"" r l t lon"l thought dt&ling with id....l Db.cts
to prOduct lrr. fvtolbl. argum. nts. net colOl.J", d by U1y
,motion. Trolining in mltn.moltics is H,n IS
producin;. stuc:l.nts c olp~l. of IYth dur t l"liA<ing in
0111 disclphn.... So W'hy don't 1.11 mitn,mdiCI
t ....c:n. rs gru,nt math,mlotics in the ultimlt' l
Bourbaki Ityl. ? To m"tn.mdU, is IUPPOHdly PI.I"t of
tn. hum &n conditiOl"h so /'low C&n th . rt b' such I thin;
... mlt/'l olnxl' t y. W'h,n fillings Ihould c1urly not b.
I p"rt of l....rnlng in math . m"tiCI?

Or don mlth.mltic lroust 'motion b'CIUH it wlS
conc' lv,d out of .motion in tn. first pl"C, ? .. l.,Jhlt
15th. li nk C. t ......lln 1.1"1. df.ctiv, Ind the cognitiv,?

(CHESG Amounc.m.nt. 1985>

PATTERNS OF EMOTION IN MATHEMATICS PROBLEM-SOLVING

In In ,Hort to und.rltUM:I UM:I,xplicat. ttl. fI.lings of
5lt isfaction lnd lng,l' 'lC~lI..d by th. m&th.ml.tics gr-adUit.
s tud.nt in tn. first quotation. a WorKshop on the Rol. of
Fillings in Lurning Math.matics was h.ld dll'ing the C"N.dian
Hath .m l t iCi Education Study Gr'Q4l &I"I"U&l mlltings of 1985 and
19$6. W, ,nOlo. d in &pt'Obl.m-solving 'x.rei" t h&t &110 WIS
oiv.n to si x m" th. ml tiCl ' duc:&tion ;r&duat. stud.nts I t I Stat.
t o11'0' l nd on two occasic::ln& to Sill Plopl, "W'ho m.t in a prIvat.
nom• •

W, lr. all (wit l'l tn, .xctption of two I»OP!.) in¥olv,d in
m&th.matiCi as proftlsionll math.m&tici&nI. 1.1 tilth.,.., &I

or&d1J&t. s tud,nts or ... peogl, '*"'0 UN m&tn.m&Ucs in OI.J" work.
W. c.li.v. tt'll.t thinking. ft,l.inQ &nd &cting work tQ9.th.r. that
t NJI U'ld,rst&nding ItJ1pUn filling th, l iQnific&nc:. of &n id. al
. nd tnlt OU" , xp,M.neli ...,.. not fir from thd of OI.J" stud.ntS.
W, dlCld' d to U l ml,... our 0'WI'l fn lings in d,pth in hopts of
find ing out standIng ~Om tJIondltil5 th at could C, ustd to ItJ1pt"O....
clUIroom t U t hing.



Studin on co;nitiv. s.c.nt. (DI vis, 19$4. Plg.rt. 19801.
crcb1lm - solv1rIQ (Silv. r . 1985). m.hcogmtion (Scno, nf. ld. 19831
lnd b.hlf Iys t.ml lPlrry.I970) o'Hlr soml insight into th'l"Ol.
04 I motions in proollm-solving but only indir'ctly. \Jt U'I not
Surl w, I'I lV, , v,n .. vocl.bullry Wlth which to d'lCT'ib. h,lings ..t
I sp"Hic momlnt is I function of mlny vuil.tlll1.

To b.;ln with . w, mid' I list of r l ll vi nt gositiv, &nd
n, gl tiv, Imonon dncrlQtorl (SII iQCIlndixl. This list w...
Id,L/st'd by th, rllulh 0+ t hl I K'l"tlSl. Thl luron lS I

SllT1l:ll. one. W. wln t in gWS to difftrlnt l:lUtl 0+ tI'I l room
'Nhl rt on. PlrsDn ..grlld t o b. th. probl.m-solvlr &nd tI'I. oth.r
ttl. Dbstrvlr. Thl rut ll ......rt 1) Thl solvlr do nil or hlr bllt to
prO'l1dl I rt.n"Iing comm.ntuy on fttlinQs. Z>Th. ObHrvlr lCI.p
QUltt. PlYIttln'ticn. h,1<t natn.

Aft.r I HXld ImOl.X'lt of tim. QS mirutn, in I&t.r "aliens
'"&n9ld to 30 minu'tll) ill 9&thlr.d ll'ld ud't OOurv.r rtgort.d on
.....-h.. t tn. solv·,r hI d dOM. fOCUS51n; on th. fillings. Th. iDlv.r
uso report.d.

Thl 1"0111 ....re ttl,n switCh.d. oburvtr blC&ITI' so1vwl".
Solv.r btclm, obllrvlr. Anoth.r problllTl W&I pr'ISlnt.d &I'd ttl.
obllrv.. tion lnd rlpor'ting proclll rtpt..t.d.

W. fill ITIU1y pOlitiv. ,motions (chill. ng•• hopi, Z'lt.
utisflction••tc J whln dOing mltl'l.1TI1ticllnd wilh to promote
th.1I in our stud.nts. L&zUUI is I not'd psychologist At
Univ.rsity of ClllHernil It B.~l.y who 1'1... dOni IKt,nsiv.
In~Ylll of the ttl.ory of .motions. In his j:llj:l,r. -Emotions: a
Cognitiv. - Ph.nom.nologicu An..lysis·. h. d'suibll 10m, of th,
contribution's positiv, ,motions m&i<l to coping. Befort
dncribin; our .x'rtill &nd the implic&tions that WI fOl.l'ld foro
tflching. 1 will bri.fly outlint 10m, 0+ W&ruI' position and
1TI1Kt som, eCll'YWctions to math.m&tici.

lAZARUS ON P05ZTlV! SMOTIONS

lUlLrus poinh out that ",gative ,motions h..ve btln studi,d
i.lmost ' Ilc!u&iv,ly. Sa.... rtasonl for this &t't thlt ,motionsl'l&v,
blln studild u ,volutiONl"y and that ntgativ, ,motions a.uch ...
f. u or ItrllI inflUinc. OU" e&p&cty to SU"ViVi. Anottl.r "'1101'\
is that Itnotion is studi.d by thlrlQi&ts who m..y vi ,mc:rtion as
g&tI'Iologic&1. In ttlis eu. h&.QPinlll lTI&y b...,n hysUriA.
conc. rn u Pll"lnoi.. lnd hugs u ,vidlnc, of nymj:ltlomwi. A third
ru son il ttllt it is mDt'l difficult to muSl.l"t It'CUI&l for i:rt.
d.ligl'lt. &nd fillings of puee than it il for rig" disgust or
&nxilty.

BlClUII .... i,r, trY1n; to gromot, good protIl,m-solving.....
fill 1t is Iccrocrllt. to focus on the politiv. fI.ling_
luoeilt,d Wlth our ;oll: on 1'1001 rath, r thl n h~ll1lf\1 l1.

ch&ll, ng. r..t h, r thU1 tt1rut. ;lIt rlttl.r thU1 d1SPl.1l' lIthou;l'I
n,g ..b v, .motions do ne'd t o b. rteogrlUld.



POSltlv, ,motionl t ,nd to b' frown,d UQon or V1 ,~d u
"childish." Not min)' e,egl, , xhor t octim lim lil<t RI Y Brl dbUl")'
dots: "W, Ir, mltt ,r I nd fore , turning into im. gln. tion Ind .....ill!
I . m th . Cln't,r of I m lrl.cl.~ Out 04 tn. th inqs l l m a Uf ibM
l 'v. mid. I. hf, ~•••B, proud of wh.t you' r, tn lov. with. B.
proud of .....hl t you'r, PUS lon.t, Ib out ! (Br. dtl1.ry. 1986) It is
, v.n hll"'Cl to hu r Dtocl, shout glld ly onto th, Lord; but ............,...
.ust trYInQ to hur p. opl. shout glldly ibM m.th,m ities. P.opl.
"""'0 , xhIbl't p~itiv. , mot Ions 04t.n ilt', lCcund O'f pl.ying, O'f
not b.ing .,rlOUs .

Y,t pll Yl"9 ......ith idn s is im' t lnt in mlth.mltics probl.m-
solvino· t"Jh lt . motions should ' XCll C't to ft. l wh, n .n;lgi.n; in
prool . m- solV1n;? Ll%UVI .ns rl th is by H yin; th l t tn, tiline.
04 pll.Yis th l.t it is highly sumul.ting. It is .ccompw.d by
plnSU"l.bl. ,motions l uett U J:Jy. oJ."nsf O'f th r ill, cLri~ity l
Sll';lt"llI., wend.r , , motions . xploritcry in NtI.rt. \Jt ,...eo;niD
tl'llt ...... ee , xc-M,ne. tI'I• ., posi tivi tontd . mot ions wh. n doin;
ml.th,m.tiCI.

As .duc.tors ...... wish to I<rIow th , optimum conditiona that
,ncCU'.g. Pl"'obl.m-solVlng. Ll%&I'US " ys. "o.Axplaratary
Ictivity DCU"'I mOl"'t ,....dily in • biologic.lly Nt.d, comff:rtbl.
lnd llcur••niml1 th.n in one grutly araus.d by I hom.ost&'tit
cr isis. Th' humin irtflnt will not v. nh.N f.,. from • P&1'nt
untliS it is fI. ling 11,,-", &t which point it will play &nd
, xplor. , v. nt uri ng flrth.r lrod f. r th. r .......y but ...-tI.rnin;
splldil y if thru t l ntd or el11ld by tnl mothlr: AI sh&ll bl
discun'd in morl d,tai! in thl nlxt IICtiOl'h mathlmlties
prob llm-solving rlquirtl pll.ying in In umost "oth.r-world" O'f
int , n., ccnClntration. InHeuritill in tlrms of mlth ..aillty Of"
e thl r illUII (......erld pUCI) inhibits pI'"Obllm-solving by
int,r4,rrin; with thl l,vlI of cQI"IClntr&tion.

USES OF POSITIVI EMOTIONS

Lu arul IllS It lust th,..., ......ayl in which I I'Irson un.
positiVI , motions: &I "bru th. rs" from strtu, to sustain
COOing, and to .c111 r"'tStorlrs to flolitat• ...-cov.ry fro mhum
or lon . Li zlrtJ s ' dilC\,lll ion may b. intlrpt'ttld with m.thlmltic.
In mind.

BRE ATHERS OR TIMES 0' INCUBATION

"Bru thl l"l· IrI timll'Nhl n ~itivi Imotion OCC\r11l d\l'ing
vl cltions. coHIt brul<l or ichool ,...C..1. TtI. y CAn I1so bl
thou ght of II timll 04 incubation.

LUlrus QUOt.. th . not .d mlth, matiol n Poinel,... to l uggllt
th at It mlY b. thl gOOd h.lin;1 th .msllvlI th lt 1110...... I solution
to . m.rg, from tl'l. l ubconlClOUS to th . conicioul.



POlneu, mi.d ' tn , lurprlsing eomm,nt tn.t unConSC10US
crUtlvli mi.th,m d iei! ld.u "l.r , tho" ...nicn. dir.ctlv or
intHr, eth , i,f,,,t mOlt profoundly OU" .mOUCN.l unslbility.­
By 'Un s I'It munt tl'li.t . s inct crUtiVI tnougntslr. i.llth.tJnlly
;)I'UJn9 ' th, strong. ;)OSlt1"'I' 'motiONl ruction to IUd'l id,u
~ovldtl i.n cp'ning tnrOlJ9n whim th.y lrt usn.rld into
eonSClousn'll.

Li..arus r,minds us oi anotn,r r. l' ....nt dncriction of i.
"cru tn. r" m.d' by tn. grut G-rmi.n physicist Hilmnolt%:

H. (H.lmnoltz) uid th.t lft,r pr,vious invntig&uons
0' tn. ;)robl.m "in IU dirlc1:ions••"'"ppy idl&l coml
u~xp"t.dly wlthout .Hort. hQ ..n insQirdion. So f..r II
I i.m eonetrn.d. tn.y h. .... ".....r com. to m, wh.n my mind was
iltigu.d, Of' wh.n I ,"",u It my woMQ"9 t ..bl. ...Th.y elm.
plrtiMlrly rtldily during tnl slow i.iClnt O'f wood.d hills
on I surny dlY"

Th. ICClota.nc, O'f tn, roll O'f I brtlth.r is ~Hlctld in thl
usull IdYl" 91V'" by tUd'l,rs to tn,ir stud.ntl: -Canctntr.ta
Ion; lnouqn to 91t th. pr-ctIl,m Hrmly in yOU" mind &nd to try
1Ivlrll ~enn. But then tiki I w&.1)( or do sam, pltlllnt
acti vity and l.t yrxr mind wort< on tn, probl.m for you.-

SUSTAINERS OR MOTIVATORS

Pcstt ive t'motions let to sush.in probllm-solving in tn.
s.nu thi.t good +" l1ngs build on good f"Ungs. Hlth.mlties t.nd
th, word "chi.ll,ng," oH,n Irl linktd to;.th.r u in -Th. probl.m
is I cna.ll.ng••- A enIU.ng. can bl vilWid III thrtlt lnd in
our ' x.rci... , probllm-solv.rs wt~ mom.ntarily WDM"i.d I.bout
f&il~ in front O'f an otlllrVlr. H~....r, in chill.ngl, &
CI,rson's thoughts Cln Clnt,r on tn. pct.nti&1 for mllt.ry cr
glin. This chIU.ng. is IccomP&l'lild by Illcit.mlnt, hope,
ug.rntll. i.nd thl -.I:ly O'f b&ttl• •- All th.1I positiVI .motionsw.r, m.n'tion,d by probltm1Olv.rs. Ont solvlr IUmmll'iztd th.
,,,hno u - th. i:rY of m.nt&J ,nqIQ.m.nt &I'Id th. bl"inljJing of ill
m,ntll fOl'"CI to blat' in &cotltsiv. 'W&Y" Solv." whO ptrctiv.d
tn. ir ~otI1,m II too ....y 4tlt diNCIC)Ointm.nt Iv.n b.+or-t thlY
b,g&n to wort< on th. grabl.m. Tholl 'Who 4tlt the probl.1l'l worth
~ng flIt In imm,dit.t. Ry .v.n b.kn procttding. This i:Jy
WII .. signll to bring ill m.nt&! forel to blat' on th. probl...,
which in itHH produc.d pll&SU"'t lnd th.rtfQN lftoti.....tion to
contirKJl.

Li.ut"VS dlScribts -now- ,an Ix'trtm.ly pl.u&nt, aust..ining
.motion, AS in tn. CUI O'f th. bul<atbill pl&y.r who is -hot" cr
thl inscirl d plrfOl'"",lnct of I musiciln.L&urus cl&iml now &rillS
whln onl is tot&ll v imm,rltd in In lcuvity lnd is utilizing
onl" rtsourcn i.t CIlK 'fficilncv. Hlth,mltiCll probl.m"'lolving
r' QU1rll tot&l imm.rSl0n Ind W. found tni.t I comfort with
noti.tion WAS imporilnt in m&intlinin; thil now. Comfort with
noti.tion will b. dilCUlltd lltlr in thlS PlPlr.



Tn. ~osi ti"" , motIon of hog, lisa providu motl",atlon to
II:ltP g01ng. Occu ionally during a probl.m-Iol",ing ,piSOd' tn.
...ol .... r: los t control 04 th.~l,m. Solv.rt said. "I'v , lost
control of th ' prObl,m ," or "This is too complicltld. t oo min)'
I n9111 to lab'l." 01" · 1 f,,1 th is 11 gltting I li ttl, out 04
nlnd. This on. Ind th.t one c&ne,l out It'lCl I h, v. n' t USld fact
tn lt it 's I cr1m, ," HOQt, th , b,li.f t hat th.~ is t v,n I slim
Ch ane, t1'ungs ......ill wort< out. h, }gs ant continoll. Ambibuity
nurishn hOot , On. cannot b. hop. ful wn,n th' outcom. i l
ctr tlln. W. would 1lkt to know how ambiguity can 111''''1 o.usrocm
math,matics, Tn, ,mouons O'f mall.ngl and hapt l1"t pcwtrful .
mouvauons In probl,m-solving and du.rv. f\.rth.rrtllll'Ch.

A mor. oI:IVlOUS lNay 10 whit h ,motions sustu"', i.:t1onlll in
t , rms of long.r rang' gol.1l. !h' sM,nt """'0 hil I positiVI
fltling solving OM mlth ~l.m is men lil<lly to try lI"'IC'thtr.
Thl Conf ld, nc. th at comll from 1SId,,..t&nding: mathlmlticl.mpow.rs
th . stUd.nt to ltt,mpt Of ...... "" nt urn 1.110• .u in tn, CIM 04 I
g.om.try stud,nt wono IttMbutll hil dlc.sion to h'tp in crim,
pt'.vlntlon dir"tly to his IUttllt in his g.om.try Oill.

RESTORERS

LlzaNS oH'rs a third . function O'f positivlly tClnld
.mouons. that O'f 1"u t er. l'. LulI'Us' d.saiptions 04 t'tCDV.ry
from d,gr'SS10n or rnt:ori.tions of st!f-ntltm might tI. ullful to
tht tUcl'l.r Duling ......ith math-lnxious Itudlntl. LUlrul QUOtli
f...'linQ'1" :

At som, tim, during clinical d.Ct'tSIion plti.nts b,com,
unusUlllY 1"lIponsi"'l to Imill SUC:CIIHI. FOl" intitanc"
d,ortlSld oat1.ntl 'WOM<in; on Im&l11lbOl"ltcry tl&kl try
h..rCI1" Iftlr succlls';ull y compllUn; l tllk than aftll'
failing ont. which il l PlttlM ClC)pCSitl to th.t 04
nondlprlilid individual s , who try hard.r aft.r f&ill.l"l.

It ......ould b' ......Ol"1:h...nil. foro th, d&lll"OOm tllchlr to know 'Wh,n
small I UCtlll" If'' mc:rt W<ely to IVoi<l positiVI ,motionl.
Off . rm; a smlll talK to I m.th &Nious Itutl.nt mly fOltlr
optlmarn lfId inclnUn whilt the Urn. pl"'cbllm miy 111m trivial to
a non-anxious ltudm and provw anglr or diuppcnntmlnt. Thil
is .." ir... for mort rtlt&rch.

Much of the information on .motion in r:robllm1Olvin; il
obtlin,d by hl vinQ ltud,nts fill out QUeltiQl"VUirll. ~il, tnl
mfOl"mlt1on 11 UMfulI I rltin; on. Kall from ClnI to +iv. of
confidlntl in dOing mlth . UI<:in; for mitn. or unfulntll of mlth
is v' f')' glntrl1. Q.lAsticnn&rin l l50 l1"t rtmotl from tM Ictual
l:rOCIIS of grobl, m-solvin;. R.coll.ctions of flllingi miQht not
b' QU1t, thl Slm, Ii th ' fillings at tnl t im'. Also .
mith, maticl1 crObl,m-solvln; rlOVU'u lOt,n1l 11:1:,ntion to tl'l'
probltm . It il hl<tly thlt '.,n:thout sam, h' le I so1'llr '. ill not
. "'In b' IINU. of hil or h, r ,motions. Thl iCCVI rUloni t o;l th l r
......i th tnl bllil f t hat QI.r own fltlings wh, n d01ng rnlthlmltitllfl

•



th. u m, II thon 04 OU' Itud.nts prcmQtrd us to de i n I x. rei,.
utih:inO i cloll observer V'd lntrosplction.

OBSERVATIONS FROM THE EXERCISE

Altotjl.tr'l.r ttl t ex, rail of obs lrving, rl gorting, solving,
r,oortln9 .....u don, by 19 clirs . Probl,ms ini tii.lly ......rt O'f th,
~u::lt v ..rlfty CG&rdlMr.1967. 1979 . Hart- Smith . 195.) but in
:..t er ullions mOl'" substlnt iil protIl, ms ......,re chOMn 4rom
Honltl.rg.r. On. C1trlon ~gt trAde of tim. for tn• .....nol. ;ra.o. A
9r'OUQ oi Sl X Clog!t (ttl ,... pUrl) Itlml th t bllt s in. l.Jt
C10Sturl .. J <1ugntlr.. .lnttnt Stillntll· but th At d. lCriptU:n is
not ulld in thIs Pi~r.

I .



EMBARk1 NG ON THE PROBLEM-SOLVING

Solv,rs lcc,pttd th.ir ~tlltms Wlth CurIOSIt y i nd gentlv'
Ul'tlr=.l;JiUon. Thll. .....'r' Ploelt .....nO did
form.,1 ml11'11 m1tlC1 ~rIQU,ntly. T.....o eeeer• ....."o !'lid not don.
for rul e etn rlClnt}v r,gor'ttd ·t. N'Ot' .

TI"I. imti ll ru dir\9 04 th, Drobl,m pI"OvoQd l ru ction to
i t s tv el follewtd by I IInll of itl difficulty. -I UlUciQ&tI I
.....ill tn..Qy thiS ~obltm but mAY not mll<t mucl'l progrtn.· or -I
lolth. tms tYl:lf of probl,m. It is do-&bl. but will rlQUirl ..
bl0 ,Hort. I t hmi( I will hAve to;o thrOUQI'l miny t'dius
d,compolluons,-

Tn, .....ord · dO- l bl, · wn ultd oH.n ind m...nt ,ith,r th"t th.
probl,m .....11 101"'ibl, or thit progrlll could bt mAd. in
und.rs'tlnding tn, QUlltion. For on. O'f th, !)Iopl. who rtpor"ttd
t,,,ror , .. e.roson ....1'10 r&r.1y UIII +ormu mlthtm&tiCI rutty U'lCI
'Nho wu U.lll:td into camino to th. worK5noP. consid,rabl. tim. wu
lo.nt bloc:k1n; th. rudinQ of th' ~l.m. Emotion CU\ DI
r, ; ull t ' d by lVOldUlC' or d'niil. This ;>trKl"l ICkI"lOwI,d;,d
h,lino bid but th. n felt bid &bout fttlin; bAd 10 thAt -Even if
I could do it I couldn't.- COf\Sld,r&bI, tim. wu lpent rtc&1lin;
put his t ory o~ QrObI.m solvin; h.illl'lI l.11 the ...tIil. Ivaiding
lsom. whl t cons.ciously) mal<inQ ttl, d,cision to try te ee th'
protl1em. Another salv,r &110 "'pOrtld -I felt lIi'I&e:lPY Uld then
~,lt I.I"tllpgy about ftt lin; l.I"tlilPPY.- Emotions t.nd to f"d on
ltId r, infor'cl fl.," ott'l.r. Th. mlth cri.nt,d IOlv.rs ....rt
pr.dilpOs.d to . xtlnd ,Hort on'th. problem. Th.y hAd mUCh men
commItment to do mAth.

Aft~r rtiding th. prObl,m . ill b,gU\ to d.v,lop l notAtion,
to drlw I dil;rlm or to writ. 10m. hypothtsil. Thil WII thl
b.;inrun; o~ I cycl. O'f ..tt.ntion on probl.m - ltt.ntion on Hlf
or distrAction by ,nvironm.nt - IttAcK on ~l,m - ltt,ntion to
IIH or .nviranm,nt - prob1.m - uH - probl.m - NH, ,te.

Wh.n pr,plring to chocu I m,thod of attuk. thert' Wil
ccnsid.rAbl, ,motion ti,d in with -not chuting.- lach person
plaCId the probl.m in Ac,rtAin context Uld At .. ClrtAin ltvl1 of
difficulty lnd ~.lt it would b. chut:i.rll;, bAd spaM, te UN I
t.dmi CUI thlt wu too poweNul. One IDlvlr Ilys. -CU\ I uu
fl ncy stuH?••• Th.n 1'11 UN Jc:rdU\ Ct.rv. Th.enm...JIU;;l'ls-.
Bld<trAd<S. -Ml yb. U\ .lIilr WAY.- Anothlr la1vlr rlllst.d but
fin Ally mid... ;Nd;in; eo",mitm.nt ta usin; eilculus for .. prob1.m
.nUtlld. - An Obvious Muimiuticn.- .

USin; brutl fDl"'(' wu considlred aJmost u bAd is using a
too pOWlMW mlthod. - I'm ilY"Oy.d btcaus. I eU\'t N' &nY other
.....I y thAn brut. fDl"'(1 Ind ttllt wauld not yi. ld fOt' m. &ny

undlrstiLndin; O'f the prob1.m...th.... mUit bl in ....i.r way.­
Solv.rs wantld ta find solutions thlt Wlrt g,rwra1iubll. Using
I taa pawlMW m,thod. brut. forct . or an -obviaus m.thcd­
brougl'lt fortl'l comm,ntl of flllin; .mburuStd or ,may,d.

..



A 1' 51 conSClOUI rtSlSU.nc. to cn...t :n9 '....u tn, it,n In tn,
Imoosltlon of rl dlCulous rntrictions on oneself . For . ::..mcl• •
one 1 01'0" 1" hi d Honsb,rQ,r' , boOKIn r,..~,: ..nd '.''- i l to MU U th .
'Metnod of A,fl,ctlon' to...... (Honsoerg. r, p.70). Tnt solv.r 's
ructIon .....n . "I und.rttl.nd th ' probl, m but ecn-t Know tnll
method ...1 wllh J could ru d th, chl.Ot .r...... Inst u d of slmplv
rU dln; tl'l. Cl"l l.;t t r. the 5 01'0',1" trin to inv, nt l pllUllbl.
' MU nod of A,fl, ct l0n' .

Anoth, r soh" I" Ip.nt long mom.nts 'ttmlng h iiml,". ·J 'm
flllin; .. ll ttl. out of control of tn. probl.m..J ots cf
p..r lm.t.rS...Stt ml to b' l lot of .....i VS t o d.hrw tni s
; rool.m...I 'd 11K. to C1Ulfv tn. croel.m bYI.I l<1ng wno.v.1" ","",ot.
It .M Finl.lly .....lth I forc.d i ll" , MI could eru\( It UC Into Cl.ltl
mvu lf l no com. to ; rlOS on my own t erms &nd o,t pl.t'ti~
solut l0ns•••;ot control bl.cl(.M

S, H imoou d rn trictionl ""'OUld slow l solv.r down Lntil
th.r• ..... . 1". r.ports of. "I' m sQUancl,r1n9 tim.. I rully hav.n't
con. anYt1'u";,· Th.n th.rt 'NOUld b. i sQUlrin; cf tn, Ihould.rs
i nd a busln" Ilik. nurtlon to . ... t&1<t i Itlnd &nd tl"y to proyw
It . .... ' v,n tl'lOl..'9h tn15 mignt mun Ol"1nding ou1: i muningl,".
a.1tI t lt carr. ct . solu tion.

INVOLVEMENT \11TH THE PROBLEM

Onct commitmlnt .....n mad. to attlmpt the prcbl.m. th'''''''''11
I 101".1..1 IIductlv.n,,, about it, a d,licioul Il~ing off into
anothlr world. 501'1'1" bleaml oblivious to self, ob"rv.r. or
envtr-cnrnent, This total imm. rsion .....1.1 l .....ondlNul ,..lliu from
dail .... IHe. Poland (CHESG, 1995) us. d mith.matics to h.lp him
191"101'" the Cl.ln of ..n illn,... Some c,opl. un tn, oth,r-wcrld
r:::uilitv of doing mltnlmltics to Ivoid inttrlC'tion with pllrs.
Mith,mltlCI c..n h, lp Wlth d.prtslion u th' fi.mous m..th.mltioan
}(ovil.vsKi.YI sud in l l.tt.r: "1 ..m too d.prlllld••.in IUd'l
mom,ntl. mlt l'l.m..tics comll in hU'ldY, i.nd on. .n,ioYI thl ,xiltlre.
of I .....orld compl.tlly outsid. cf Dnlstlf: <Knopp. 1985),

Mingl.d ..... l th th. ch..rm of Hduction th'rt w..... dl1'l9.roul
oullitv , l fri;Mflnirlg iaol ..tion if one Itly.d imm.rlld t oo lCll"l9.
Rosamond (1982) ;ivlI .umplll in which the IOlv.1' filii ccnsum'd
0v I too domlnl tinO mlt:h,m..tiCI. Alon. mlth.m..t1cs ;rlduat.
stud,nt u id Wlth tears in hil ' yll, "Wl"llt do YOU do if YOU I.t'I
SO- 90'- m..ttl.mltiCI'? 1+ YOU'v. li t ycu-s.lf b.com. c~m.d by
mlth,mltiCI 10 th..t ttlat il wh..t you u.. And th. n you 'WAnt to
1,t lom,ont 9, t to Know you. \Jhl.t do you do ..-hln you un't
.)(~I&ln tl'l l t mUCh of YOl..l'lIlf to th,m'?· Th' ~lIrel Qf th.
oburv. r comfort' d ttl. 101'1'1' a.nd llllln. d the dang.reus cp.JI.1ity
in ttl, it olltlon.

Th, rt ....... I l. tdown flllin; cf dilloointm.nt if th. solution
Cim. 10 .nil .... th l t littl. ' motion ntld. d to b. invn t ' d in in
th t Ot"obl.m . TVPI Cal i ii the 1'. ml rK, · Tn. croOlt m must hlV' btln
too IlIV. I ; ot It . So .....h..t 's ttl. tug dill'? I ftlllit down,"



r or "lt "",n fun but not lnttnst tl tc:.us' not .. enill ,nO" J f ltl
1ft 00.....1'1 QtCiU!f I dldn' t !iOI l'1 d <1. lot of . mou on.- Thl
comol'ATtv of tn. orool.meim, li~, i r. v. b .hon to en. l olv,r
who tnen rn condt d wrtl'l .. BIG smil.. ove-sn. tn, lmount of
u tish.c:tion ....."th tn. DC"obl, m CON'.h. t.d dlr,etl" wlth th '
lntlnSl1v of ccnc,ntr..t1on. Tn, QIt"Cl lV, d It vl l of dlfTm:l tv of
tn . gr'oo l,m d ie lnflu.nc,a l i::i ,:..cn en i nc! tl'\1l w111 c.
cacusnd Iat er,

Hewevee. on. car-net ml lntu n Ii. Coniti nt 1......1of int . ns i ty
throughout th, soh'ln; of .. orobt, m. Thl un of notation in ..
r ltu l1istic: m.m,r provld. d i "bru tn, r· or mom.nts of "'lu&tion
wtu l...Uo.....ln9 tn . solv,r to rf ml.1l'1 in tn, · otr'l. r-.....crld· . \Jh,n
no oroor n s 'Nn blin; mi d. on i probl, m. th, lolvtr r'mlirwd in
tn, int l nst sht. by writing out 10m, form..l routine . Scm,
iolvtrs would r. wrtt . t tl. d. firntion of th. vlril bl•• On. solv.r
b'Qln, "There Ire two cU ts: l) ttl. probl.m is solvu"bl. Ind bl
th. probl,m is not solvubl••" Almolt .v.ryont und x'i Uld y's
I t on. t ime Ind th.n d,cd.d t o switch to 1'1 &nd c's (or vic.
v. ru ), Some would u y, "I' m;oin; to try induction,- Ind th.n
write out ttl. lnduction l'l ypothtsll. Th. rot. writing aut of
Iwoothn n or the r01l sWltchin9 0; vl ril bln IHerd.d I lull
.....ltmn the other- .....orld 11:1tI i.1'I C: ::ontinuld th . flow. Th.
Imeort l nc, of th, n rltud s .....u to 1'1. 10 focus on the probl.m. To
lit tee lon9 .....i thout progr'lI or .1 rltul1 munt th . lolver WCI.l1d
t !'l1nl< I bout stU 1;lln.

Oth,r Cl usn Ilso bump orw out. 0; conclntrltion. ~.n tn.
l olv,r clustd ov.rlong: In lQPl".altion of saml success. tn."
u t,nt lon ttna,d to tum to stU or , nvironm.nt. Th• .iDlt of
finding I count . ,.. u mpl, to I hoped-fcr truth clus.d orw to
notic, th, tlcl<1n; of th , cl OCK or the coldntll of th. room.
El:t, nd'd frultrltl0n 0; m.ttloa clund r. clll of poor 9'0m'tric:
vlSUl li: l t l0n In th. cut Ina tnen .mblrrUlm,nt. Att.ntion .....u
div. rt.d from th , probl.m t o tn. 111f. This usul11y w... for I
brl, f I mount of t Im" 1'51 th i n I minutl . Solvlrs would look
l round. sigh. Itrol<l thl p.n, sc:rltch. tllk .. littl. UlCl th.n go
cuI< Into tn, prObllm.

Host lolv,rl w, r, .n;rosud in the probl.m wh," tim' ........
cilled Ind th . st p.opl, ......r. irritd.d at b.in; int'rT'\lPud.
Th, v l lmost l l1 mumbl.d - I'll c:Cll"l'tit'Ia 1':11,..- SOl....rs who ....,..
In I n 1t1lnt ion-cutward put of th. probl.m-.olVltlQ ~c.l• .iJlt
orlor to tim, O'In; e&llid 9lntr&11y " t blel( and .....ait.d out th '
'a m•• i ne\' Ol d not wc:rK on tnl prObl.m Vtn. r wtlill wUtln; but
m,ntIon, d th..t th . y WCllJld r l tl.rn to it lit.,.. Th.,., w...
r,luct l nCl t o illow ontNlf to ;.t lost in I train of thought Il1d
th , n Ylnt<ld out of it .
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IMPLICATIONS FOR THE CLASSROOM '
VARIABLES THAT INFLUENCE ENGAGEME NT

Tn. Qf'lmlrV ; 0.1 of our , x,rciSl is to lmgrov, c.1u s,.oom
tUCI''lln; . It .....ould b. un+ul for .. t uch,r to know wI'llt ..
Cl..rt~cuh,r ,mot Ion 100KI li Ki . For f u mgle, i tucn. r who kno..... '
~l'Iit vi wrun; is .. reln Sf of nervous t , nSlDn ind not ."
inCllCitlDn of bor-tdem ni.V, i n imm,di.t, lind obvious d ue th . t ..
s'tud,nt nnels neie, (And th t tnch,r I<rIc'ws not t o 9.t l:I. r sonilly
insult .d ev th' YlwnJ In tn. oocosit. dil"'tction. ttl . t UCl'l, r
whO .......ntl t o Indi citl Qositlvi , motions to ttl. s tudlnt, would
kno..... 1'10..... to do It b" ..ult I'l l or sh, would Know whl.t tl'l,y look
lik, .

To t his Ind ..... , t eol< notice of 10m, ctws iol09icl1 indic. tions
of , mon v, &rOuul (f lush' d f l ct . , ....... U y pums. muscl ' tlnsion•
• t e.) ..nd of body mov,m lnt It ....., it chinQ. s iljlhingt h,ugl'l in;••tcJ
:lut mort worK should be don, hIre I nc! th ese indicltions Ire not
. 1I.borlt.d on in tl'lll Qtptr .

W, found ttl&t ov.r.U U ti5h.ction in probl.m solvinq is
dir.ctlv r. l.t.d to ttl. int. Mltv of . ng.g.m.nt with ttl. probl.m.
!h' , nQ&;.m,nt iS lrtflutnc.d by n v.ral variablll: th. N t l.l'" 04
th . prool. m, the p.rctiv.d ullfulnt n of mAth. mAtiCI, 'ttl. roll
of the obllrv. r , the UII of mAth.m&tiCI ritu..ll. Uld the tilting
situAtion. !h d'l of th . n variibl" will b. discus lid ilq with
th.ir implicatI ons for' the clllll"OOm.

NATURE OF THE PROBLE M

All solv. rs w. r. mort . ncovra;.d by hArd. r prObl.ms thin by
onu mirk. a "obvious" or onll p.rc. i..... d is UIV. !h,rl hid to b.
i unit of vilu. of the orobl.m, not that it must b. di,..cUy
.pplicabl. to dail y lif• • but rAthl r thAt on. n••d.d to think m
ord.r to und.rstAnd th. probl.m. If ant could ;.t th. lM~r
.ust by uKin; som.Onl .1" or by looking it up th.n thAt mid.
ttl. prObI.m lr1:Hicial ind wli llmost an lffront to th. IOlv.r.

Surorisin;ly . sol..... rs f.lt thrut.ntd wh.ntv.r th,v Slw ttl.
words. "Clu rly· , · It is illY.·, or · Obviously· , Most f. lt thlt
tu cl"l.rs should no1: Sly , · This is .lIY: and thlt tlxtbooks
should not indicit. th' .lIY ,urCSlS. Solv' rs som,timtl
.....e-nee that the probllm looKtd 10 simpl.. Th. y +.It thlY w,'"
masln; th . PDlOt U'ld that tn.it' IOlution Wli not . 1.;ln1: 'nDUQh.
On. sol..... r fOU'ld throe. solutions by vu yin; ttl. cons traint s &ncI
th . n f.lt IllS humilil'ttd.

,,..,
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Ont l ol .... . r ' ::!''lltllt . O Ob ~' 1 0U5 irouul wlt/'l ' vts wld. ogt n.
1:1ur h ,c:, i nd Ii sliOht li.uQn . "Hev, thert ', ..n Infinlt.
oroctn..... Exolorition didn't bu r out lOfi nit. ,Orcein l no thin
t h, r t W&$ "Thl.1: WU nllt. Whit wlS th, probl ,m?" to;. thtr WIth ..
t lu r aroo 0; intlrtlt l nd r i tn, r t mot l0nltSS 5Utlin; "Olln int o
th e cl"'col t rn . Th. d'll lh,nQI 0+ tn. infinite l:lrOCUI
5t ll'nuliUCl 01 01 '1'109 .rcuna in th. "ml tn- wcr ld."

Th' m..th - .....orld is i ment Al ect-es-eeev I rlN of int l nSi
conetntrltion 11'1 '•••1m h .. o, rson ' in elly with iell n . TriviAl
Drool,m s 00 not mi \(. goed Ch,''' - 'Tli.tlS. Ont solv,r', most
u t1sfict orv , xCI. I'i, nct of grobl,rn- solvin; elm, ..ft , r h l VlnQ
so,nt .. "","K en .. grobl.m onlY to 1'1"'1'1 tn. grofu sor t ill tn.
, Ius tn i t tht orobl,m wu not solvubl,.

Solvl rs f . lt init il1 r. li . f ..t Siting i.n Illy pt'obl.m but
..... , r' QUIcKly bor t d. diug~lntld or insult, d. Th. clll lt'OOm
tUI:h,r must gav c&r. ful l tt,n'b.on to th e auUity O'f pr-obl.ml
oH'rtd and sfl ould not lab,! t fl , m Ilsy or difficult.

USEFULNESS OF HATHEHATICS

Delng mat l'l,matici il uductiv, but ant mus t allow ontltlf to
b' Itduc'd. Thrtl dif+.r, nt ~utiC;:l&nts at thrlt di*"r,nt
SllIions 1..11 wom, n) f, lt th at 001n; oH It'ld d01ng rn..th,m..tiCI
.....&1 I Iwc ur.... . A tud'l.r O'f old.r wom,n uid sh. h&d to c:onvinc.
h.r s tud ,nts t h&t th ' y wer, not 5qU&I'lCl.ring tim. while probl,m
solving. Vom, n u, &lW&YI productiv, . Th. y . v.n knit whil•
.......t ching TV. Sh, oot Iround h, r s tud.nts' hu it ..1"lC)' by u ying,
"I'm ooinO to show YOU 10m. o..mtl to tuc:h yO\.t' ICidsw im~v,
t l'l ' l r mlth."

Th, r cn cn of unfulnu s ........ m,n tion,d by only thrlt .....om.n
but rt 11 I c:onl t ruct t hat nu blln sinOl'd out &I tn, mOlt
imoor t l nt I ttit udinal flCt or in d,cisions to t ..1<1 mltl'l ClllllS
(Sh. rml n ..nd Ftnn.ml.1977J

Uu ful ntll ......... laborat.d on ..t l.ngth by ant IOlv.r w&ho
.....&1 Ibl. to solv, tnt IIliqn,d pratlltm in .. shart tim. lfId with
no int l nlt t nOlo.m.nt. Th. solv.r wn dinppoint.d and f.lt
l,tdown. It ........ not c:lllr if the foUowin; r.mukf, would 1'1''1'
bun mid. hi d th. solv.r bltn Oiv." .. mar••ngIIJin9 probl,m . J
iS~Id at th. t1m. but th. 101'1'1' WII v. ry 'Oit&t.d lfId inl1s t , d
th..t I noth, r probl, mwould 1'1 &'1' m&d. no diH.r,nc:, .

"l.Jh&t would h&v, btl,n I. mllnin;+ul probl.m '?
How com, I'm not Htilfi'd'? I h&d an lX~c:tltion
about solvlnO th&t probl, m th&t did not o,t fulfill,d.
It didn't m&kt m' h&OQY. Th,rt Wlrt 10m, mom,nts 04
t . nsion &nCI 10m, of , xc:it' m,nt but not int, nt, . It WII
, nt, r1:&ining li l<l l orld' C movlt.
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"Ml t l'l lUI no 10Cu.l rll lvinC:1 to me...I lin ""'ilhn;
to 101'11 mith or:oli ms. even rudv but It ftlll
comcltt. lv dll"cnnt frOm .....I'l l t mt ernts me. I still
10'1' ~ t (Thi l lolvlr hu i Hutt rs dt ; ret in mlth i nd
l S I n letlVI HO.l bu1l't l Import i n' t sums miniscul t
,0mpirlC to world crobltms•••buutHuI but fr ivolous to
ust mv mind In thi s ...... v.~ lIt .....ould bl useful fOf'
otn.r 010011 to do mlth but m,re w,re mort CrllltrlO
iuutl for thiS p.rticul.r 10lvtrJ

Uufuln' lI of IU th ' mltlcs in t , rml of Cl.rtfrl or itl
som,tlmtl tl'l trloutlC vlIut U I muns of IIClOt il In .Htctivt
vl rl l bl, tl'l lt ml v b' U I Vfor 1:Ur:h,rs to influ,nc. . Tuch. rs
' in Drts,nt tnfcrm.tlon lb out th, mlth.m.ties r-QUir.d by v. riCUI
cunrl n "",,11n tn. m.tl"I ,m.1:1CS CourSfS tn lt Ihould b. twn
to 1<" 0 O;lt1onl oD,n In tn . fu1I.1"" .

THE USE OF RITUALS

TI'I. UI ' of form.l routines th.t 1<1'0 orw'l . tt.ntion on tull;
-wnil. providin; l se-t of rntfu! int.rlud. 50..1<1 dir ' ctly to
tht c1 ull"oom tu,h,r. Stud.ntl must h.v. l comfort W'lth
not lbon not onlv btc'usd tn. not.bon its,lf soml timll l:lointl
to tn , solut ion but bte.ust th. t comfort IUltllns conc.ntrltion.

ROLE OF OBSERVE R

Contr.rv t o dmolt , vlryOl"ll '1 .x~ct&tion. h.vin; scm,ont
obSlrv. w/"lill .....orl<irllJ th, m.tn, m.'tiCI ....U l:loliti"•• At first,
som. solvlrs +tIt It1 llntlintd to +rtf ulOCi.t, with id' iI in
front of In obstrvlr who might h.v, th ' probl,m Ur'lldy &11
fIqurld out or thl solvir som, timn ft lt tn.t th . obllrv.r mUlt
be ec-ec. Soml sol", rs w.nt,d to t.ll< things ov.r with th'ir
obstrv'r or ""'ould 1001< up It th. obSlrv,r hoping for
confirm. t lon.

It turntd out t l'llt th. P~lInc, of th, obllr",r Wil In

imp.tus t o p,rsilt,nct in dOing th' probl,m. This il ... .... . ry
importl nt point. Liking th, probl,m WII dwctly lI"ld positivily
r t h .tt d to th l l mount of tim' Iplnt worJ<:i.ng on it. Almost
,v,ryon, lil<ld th, ir l:lf'Qtl ltm me::..-. th. lon;,r th.y woriCtd, ThOH
thlt did not lil<t thlir probl.m initi&11y b,g.." te likI it lft.r
ll1 i nd to glt Int , r-It, d in it. Withaut.n Obltrvtr . tholt
sctve-s mIght hlV. QUit .

EItn; oburv,d , vt*fd oth.r flllin;l. AI nat ' d u rlilr. the
prntnet of .." Obstrv,r ~duc,d th. ft' lin; of dang, r in
Iselltion thlt l'rlQthy immersion in th. probl,m scm,timn
br0tJ9ht. Th.r, wU l +t'lin; of honer. -I +tIt honortd thAt
l noth.r pnon wu tlKin; th l tim. to ObH~' m.,- Anoth.r
flllin; .....u intimlcY. ~It f.lt intim...t, to h.v. IOmlanl cemmit. d
to wltCf'l tn, wori<1no l of my mind.-

Whil' mort . mot ion slIm,d to com, from b'ing ..... l t ch.d. it WAS
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d so l~ oorunt t o ::I , tn , ""'iten. r. WltChln; ",mid t o h, II:, . .....I V
som, of tnt ",rlt eM'r;. of tn. obu rv, ,.' , own gr ctlltm- so lvino
l matt l". Tnt cb",.v, ,. cOYld rlCoom: t hil or htr own fllhng,
in tn, oth.r a.rson ,nd s.. 1'10..... tn. fitting, mflutnctd tn . U'
..cticns . Wl t c:nmg lnOth, r otrlC" StN991' Wlt l'l I n:o,'hn mi d.
tn t solVI" trunk. ·~v don't tn,v .ust 9.t on ......Ith It,·

On. clr~:'C:lPlnt I"tpOrttd, "Th, most pOlgnlnt 1:I<1,.t en the
t xtrClst .....n hu rmo th, obltrv,r lo1y .....h..t I'd don,. I did not
4ul int lmidl t , d. J didn't 9. t lny of tht bid rn pon51 I
, xg.et.d. Tn. obs.rvel"' dtmvstifitd my .motiond lnd int.ll.c:tuill
. nQI9.m.nt by simoly listing ......1'I.t I did : 1. Z, 3. 4. This cut it
do......n to si:, . 91\1' it tru. ~opo,.tion."

This ex, relit of btino obltrv 'r th , n l"too,.1:,,,. th. n s'w'itc:hU'lQ
t o btinOselv,r th,n r 'aQI.nt 0+r .pcrt should b. , x;:llor.d 15 •
mllns of , li m1nitlrlg m.ttl . nxi,t111 in OU" stud.nti. Th. rullClY
lS th. s ....., t~in; . This IX;:IOSIS &nd throws out th. power of
n.;.ti .... flllin; s ....-hil. 'ncour';lr"lQ positivi 01"111.

It should b. not.d th .t no Ont It'gu.d with th.it' obstrv.r.
A f. w ;:I01nts of cl.rHiCition ......!"t m.d' but th.!"t Wlrt no
misint.r;:lr.t.tions. It is ;:Ionibl. th.t fin.r or.d.tions til"

oth,r c.t.gorill of flllin;s c.n b. m..d., but th.r. wu good
corr lS;:Iond. nc. within our ...ee..buluy.

THE TESTING SITUATION

Conc.rn .bout ttl. Ntll" O"f ttl. probl.m curill o.... r into
th . t lS't:in; 11tu.tion. Om so l.... r comm.nt.d on tn. ~l.ms
fOUl"ld on m..t'" t ll15. - A t ilt is an dmost r.ndom Ht O"f NrT'CW
probl. ml .....h'r. on. thin; mus t tr'1l10.r &nQth.r. It 11 not &bout
H;urm9 things out. Tilt QUlltionl do not show th.t mlth il •
proclu: Th1S so lver- h ..d lS .. Plt'tntr I oroftss1onil rll.lt'th
m..th'mit iC11n. Th, sol.... r wu not in'timid.t.d by bling obHrvld
' ....n thouqh thl creetem .....u not IOlv.d blc&UH -Thl obstrvlr
could hllr that I hav1 m.th trainin;. H. could N' how my m.th
mind .....ori<s. how I ulimilJ.tl informAtion, m&nipJl.t., ind use in

llf'UNl of stnt'oin. Thil il 10 much d1f4lrtnt from t&l<ing •
mlth t nt .....h.re I ..m not tlltld onhow my mind wcrkI. On. math
t n t . I could IXPtc1: not to b' &.bl. to show what I 1Inow. I would
ful sh.m••-

p.,rt of . 1mOlt U'Iy tilting lituition il .. tUIII ccns tr'&itrt.
Hav1ng eerv 1:5 or 30 mirvtll iIYlOy,d UlCl iMitlit.d thIS. solv.rl.
Some r.port.d fltling -h.mm.d in..J do bllt by pl,yin;
.round••.crdlMlt'Uy would drl.w piC'ttrt1 ind rl&l1y
undl rs t . nd.. .tluild up & patt.rn.- Anothlr f.lt p"'USU'I to
,"t.gorizt I solution m.thod ~dC1':f. -Without. tim. ccnl1:r&in't
I proolbly would hi"" bltn ma-. impulsiv••••would h,vl Queu.d
lnd th.n workld biCi<'w.rd. I f.lt forc'd to b. meN snt.ml.tic.
m.ticulous, mort st,p-by-st.p &rid m.chl.nical. I thiN: 1 ccu1d
h...... solv.d this in I short.r &mO\,l1t of tim. if th,re had bltn no
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Wh iM th , 'tlmmQ In l tuH ~ounts. it i s it thouQh "",I'\it t n.
probl.m mU MS 1M 1t5lH 11 not enough. PerhlPS th l discomfor t of
<1. tim, constrlint forclS on, 's ..tt, ntion to o. dlv1d'd bt tw"n
th t mith-worl d i nd gru.nt tim•• Not onlY i r, diff. r,nt m.tnoas
of solut lon choun.t tn . Qnst't of ii'll orocus. but 1110 tn ,
toul :mm,rs:.on Into tn, problt m-......orld is not n posslb1. or II
~tt Cl .

CONCLUSION

It 11 lmcort lnt to sh.tt th ..t .. bu ie 1I1Umption of th is
I XQ. r : m, n t 11 tI'lit ..... ' grOftsS10~ tnchtr, lnd m<l.tn, mltiCtns
"iv , i t lu st tn, u m. fflllng s tn lt stud.nts hi..... . I,J, mly
' Ke,rl.nCl Ii. diH.r,nc. in m't,nsity a ll ' vu: ilty . mort
c:onfu:l tnCt ) or hi"" oth.r f tllin; s In iddit ion (stnlt of
commltm,nt) but ov,rlll hOW ...... ru pond givil &n indiCltion of how
our st ud.nts rn cond. A mith,mltiCI .ducltor rtfuMd to
glrtiC1Clt. in our ' x, rei•• liVing thl t it might b. 'w'OMhwhil'
for · ~.rsond gro......t h· Dut th ilt it would Oiv. no insight into hO'M
stud. nts fil l. H. D.ll,vII thilt tUd"I. r fnlin;s ut c:cmpl.t.ly
diH. r.nt fr om stueI.nt fllhn;s .

But imI01fl. your f illings if th . Ot-&ir O'f yCU' "ilth
n.cilrtm. nt Judd. nly ilMOU"lC.d th lt you must t V<l I tilt. If you
nilY. not tlU;ht il PU'tlMU' COU'II in th. put two yu rs you
must PU s I tilt b.fort you Clin tuc:h it . ~at CCU"S' &I"t you
sd"l.dw.d to t u d'l tn..t you h&v. not 1I.Ll9ht r.c.ntly'? t.Jhlt il
your ru ctlon t o yrxr Chair's lmou"lC.m.nt'? You U'I not b'in;
tnt. d on ho...... w. ll you r.vi...... tn. mlt.rU dt.rin; tn. IImllt,r Ol'"

on ho'ool clr.fully you pr.plr. your 1l1sons. You &I"t not b.ln;
lS l<.d to shlr. idlls w1th I c:oll ll; UI. You U" b'in; . vl1UAt.d
on ountions som. on••111 hu cholln ilnd lll"t&dy \(nows th.
ilnsw.rs to. I th1nl< your rllct10n to this thought-,xe-rim.nt mAy
sho'ool tru t Sluon.d tllch. rs cln f"l &nxi.ty in I tlSt SitUltion
simil..r to whit th.ir stud.nts fIll in th'ir tilt situAtionS.

Th. lCt of l<nowino is not lintiSlptic:; rlth.r it is wrapped
in flllinos. It is th ••nglg.m.nt O'f fnlln9s. Th. IX"imlt"y goll
of our woN< is to improve c1usroom tllching:. This plpel"
indiCl t . d only il f. w O'f th••motions inuPU'lt,ly corYlIct.d
with1n mlth.mltical lCtivity &nd specific&lly c:&11. tn.
ch .ssroom t u c:h. r's ltt,ntion to the rw:h.... of tn. probl.ms. th.
~erCl l\",d uufulntl' of mlth.mltics. the rol. oi oDllrv,r, th,
use of m&th lm..h Cl ri:tuus &nd th' tllUn9 situ..tion.
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