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Dynamical effects of partial orderings in physical systems

A. S. Landsber§
Physics Department, Georgia Institute of Technology, Atlanta, Georgia 30332

Eric J. Friedmah
Fuqua School of Business, Duke University, Durham, North Carolina 27708-0120
(Received 22 November 1995

We demonstrate that many physical systems possess an often overlooked property known as a partial-
ordering structure. The detection and analysis of this special geometric property can be crucial for understand-
ing a system’s dynamical behavior. We review here the fundamental dynamical features common to all such
systems, and describe how the partial ordering imposes interesting restrictions on their possible behavior. We
show, for instance, that though such systems are capable of displaying highly complex and even chaotic
behaviors, most of their experimentally observable behaviors will be simple. Partial orderings are illustrated
with examples drawn from many branches of physics, including solid state physics, fluids, and chemical
systems. We also describe the consequences of partial orderings on some simple nonlinear models, and prove,
for example, that for general two-dimensional mappings with the partial-ordering property, period 3 implies
chaos, in analogy with the well-known result of Li and Y¢Am. Math. Mon.82, 985(1975] for (ordinary)
one-dimensional mappingsS1063-651X96)01308-4

PACS numbsg(s): 05.45:+b, 02.30.Hg, 03.26:i, 03.40—t

I. INTRODUCTION particular, and9] for a recent revieyw Our primary aim here
is to demonstrate the relevance of partial orderings to sys-
Physical systems often possess some special underlyirigms of direct interest to the physics community, and to show
structure or property, which, once recognized, can prove villow this structure can provide the key to understanding their
tal for understanding their dynamical behavior. The two mosflynamical behavior. By design, this paper represents an

common and easily identifiable of these are Hamiltonianamalgam’ combining a review of many known theoretical

structures and spatial symmetries, which arise in numero results(with simplified proofg, a presentation of additional

roblems of phvsical interest. As is well known. each Caursesults, and explicit illustrations based on physical examples.
p phy . ' AN\ ve will describe how the partial-ordering constraint imposes

have a.dramatic influence on the types Of behaviors seen 'néargnificant restrictions on the dynamics of a system, yet still
system; the former, for example, immediately precludes the, s for interesting behavioré.g., chaotic sets, period

possibility of strange attra_ctors owing to the conse_rvatio_n Ofdoublings, global bifurcations For one-dimensional sys-
phase space volumes, while the latter commonly gives rise tms; the partial ordering will reduce to a total ordering, and
conservation laws and multiple bifurcations. This paper isthe dynamics will prove to be trivigthough still potentially
devoted to understanding a third type of special structurgiseful[10—12). However in higher dimensions the situation
which frequently emerges in physical systems, callggha  is much more complicated, and arbitrarily compleg., cha-

tial ordering. This special geometric property, though not asotic) behavior can arise. However, unlike what occurs in
common as the other two, is nonetheless present in a remarkther systems, the partial-ordering structure will force all
able number of problems in many diverse areas of physicghaotic motion to be unstable, so that the long-term, physi-
yet it often goes unrecognized, and hence has received suwally observable behaviors in partially ordered systems will
prisingly little attention within the physics community. not be chaotic for most initial conditions. We also describe
When it has been recognized, it has been studied largely onthe geometric implications of partial-ordering structures on
case by case basis. We seek here to analyze such systef@ne simple, slightly more abstract nonlinear systems as
within a single unifying framework, and to illustrate explic- Well. As an example, we will show that the famous Li-Yorke

ity the qualitative dynamical features that will be common theorem[13] for ordinary one-dimensional mag$period-

to all physical systems with this property. th_ree |mpl|_es chao_s)f’also holds for two-dimensional maps
Partial-ordering structures have previously garnered atter'}’—"'thh"’.1 partial-ordering _strtécturef. i s defi

tion in the mathematics, biology, and economics communi- _ | S Paper is organized as follows. In Sec. Il we define

ties, where they arise, for example, in studies of isotone ma yhat is meant by a partial ordering, and present a simple

pings of complete latticege.g.,[1-5]). Accordingly, a great criterion by which it may be recognized in a physical system.

: ; Section 1l provides examples of partially ordered systems
deal is already known about such systefsse[6—8], in . ! .
! y W ut st yste@se[6-8), | taken from different areas of physics, and Sec. IV describes

their basic dynamical properties.

*Present address: Department of Physics, Haverford College,
Haverford, PA 19041.

"Present address: Department of Economics, Rutgers University, In its simplest terms, a physical system is partially or-
New Brunswick, NJ 08903. dered if, whenever one solution is “largein some appro-

Il. THE BASICS
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Partial ordering: A dynamical system has a partial-
ordering structure ili, for any,x’ e R" satisfyingx<x’, it
follows that ¢ (x) < ¢ (x") for all times7=0.

This definition requires that the partial ordering on the
phase space be preserved under time evolution, guaranteeing
thatif one state is initially “larger” than a second state, then
it remains larger under the dynamics.

Before considering some examples of physical systems
with a partial ordering, we first describe a simple criterion to
more easily test for the presence of this special structure.
Specifically, we show that th@global) partial-ordering prop-
erty defined above implies that a certain local ordering con-
straint must also be satisfied, and further, that this local or-
dering constraint is in fact sufficient to generate the global
partial-ordering structure. Certain distinctions exist between
. the cases of discrete and continuous flows, and we note these

r<lslccordingly. In particular, we have the following.

are ordered with respect to the point Those in the upper region . o . .
(e.g..x') are larger tharx, while those in the lower region are Local ordering criterion[14]: For any partially ordered,

smaller. The point”’ and x are incomparable. Note that points differentiable mapx— f(x), all elements of the Jacobian ma-

which are ordered with respect foneed not be ordered with re- trix Df(x) are non-negative for alk. For any partially-

spect to each other. ordered vector field flovdx/dt=f(x), all off-diagonal ele-
ments ofDf(x) are non-negative for akt.

priate sensethan another, it remains larger for all time. We  The proof of these statements follows by considering any

might consider, for instance, two waves in a fluid, and defingyq arbitrarily close, ordered poinis x+Ax. For the sake

one wave to be larger than a second if the amplitude of theg argument assume-0Ax. Under one iteration of the map-
first wave at each point in space exceeds that of the second a; i

g f, the separation between the two points becomes
the corresponding point. If this ranking is preserved unde gt b P

the flow, the fluid system is said to have a partial—orderingti(:rf)?hAex';Lgiiégea%rlglgzlrsgmstz \:\r’g:; ;((js)rz(i’ bgi:fgm_
structure. It is an “ordering” because various behaviors in y ' — ’

the system can be ranked according to size; it is “partial”thIS must h9ld formny Ax satisfying OEA),(’ each component
because not all solutions can be directly compdeeg., one of the matrixDf(x) must be non-negative. The correspond-

wave might be larger than a second in one region of thdng condition for continuous flows is proven similarly.
container, but smaller in another The above constraint on the Jacobian represents a local

We can formalize this notion as follows. The dynamical C1iterion, guaranteeing that if two neighboring points are or-
behavior of a general system can be described in terms of i§eréd, they remain ordered under the dynamics provided
time evolution operatofér taking a pointxe R" in phase thgy remain close. To show that this local constraint is suf-

AT : - . ficient to generate the full global structure, we note that any
;dpacztfat to a n(taw ?:OIIW)?(X)raTE time 7 later, ‘fr? ?e'r?g the two ordered pointgnot necessarily clogean be connected
denly opertor Por Smplcty e sssume 1at e SPack a suaght ine, i il ponis n te Ine being orcerec

di diff tial e di ¢ (i.e., comparable As this line evolves under the dynamics,
ous (e.g., ordinary direrential - equa |0hsqr ISCTELe  the non-negativity constraint on the Jacobian guarantees that
7€(0,1,2,...) (mapping$. (The generalization to con-

! ) ST . ) . the ordering will be preserved locally for all points on this
tlnuym models descrlbeql by partial d|ﬁerept|al eqqatlons 'Sine. Hence, since the ordering relation is transitive, the two
straightforward. Next define< to be a partial-ordering re-

. : end points of the line will remain ordered.
lation on the phase space of the system; the canonical ex-

ample is the ordering relation defined byxx" if x;<x; for

all components =1, ... n. This simple ordering relation
provides a potential way of comparing two points in phase
space: one pointi.e., vectoj X’ is considered larger than a  Partial orderings appear in physical systems in a variety
second poink if each component of the first equals or ex- of settings. We now illustrate this with several examples
ceeds the corresponding component of the sed6igl 1).  taken from different areas of physics, and later describe how
Two points that can be compared in this manner are callethis special structure affects their dynamical behavior.
orderedor comparable It is crucial to recognize thak de- (1) Charge-density wavediddleton and Fishef15,16|

fines apartial ordering, and hence not all points in phasestudied a model for sliding charge-density way€O W'’s),
space can be ordergel.g., in two dimensions consider points and were able to predict some striking results concerning the
(2,0) and (3 1)]; such points are said to henorderedor  sliding behavior of these states. These results were based on
incomparable Note that the ordering relation is transitive, so a peculiar property of the system which they dubbed a “no-

Ill. PHYSICAL SYSTEMS WITH PARTIAL ORDER

that if comparable pointx,x’ satisfy x<x’, and x’ <x", passing rule,” indicating that CDW's cannot pass one an-
then x<x”. Note too that ifx<x’ andx’<x, thenx and other. The model equations are written in terms of variables
x'" are necessarily the same point. We now define a partiallyp; ,i=1, ... N describing the distortion of the CDW at the

ordered dynamical system as follows. N lattice sites, and take the form
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do, . .
O hsin( =B+ F+ S (- b, =L N,
{i}

where the first term represents a pinning force, the second w/\

(F) a driving field, and the third the elastic forces between | '

neighboring lattice sites. A quick inspection reveals this sys- / Xg
tem always has non-negative off-diagonal Jacobian matrix
elementgowing to the nature of the elastic forgeand so by
the local ordering criterion described above, we can imme-
diately conclude that this system has the partial-ordering FIG. 2. The wave formsV,(x,t), ¥,(x,t) are plotted as a
property. The no-passing rule is directly related to this spefunction of position. The waveheight of the first exceeds that of the
cial structure—the elastic forces prevent CDW'’s from passsecond everywhere except at the poigt where the waves kiss.

ing one another, thereby setting up a partial ordering. Weébserve that the curvature #, (given by its second derivative at
observe too that Eq$l) also have a discrete symmetry prop- Xo) is larger than that off',, leading to a larger growth rafé&qg.

erty: if all variables ¢; are simultaneously increased by (3] for ¥;. Hence the curves can never cross.

2, Egs.(1) remain unchange(.e., equivariant Using this

fact in conjunction with the no-passing rule, Middleton anddoes not seem to possess a partial-ordering structure may in
Fisher were able to obtain even stronger results for theifact have a hidden ordering structure which can be revealed
system, showing in fact that all sliding CDW’s will move through a coordinate transformation. The essential point is
with the same average velocity. We will return to this pointthe following: if a system can be shown to possess a partial
later, and show that it is a general feature of partially ordere@rdering in some coordinate system, then all essential dy-
systems with certain discrete symmetries. namical properties of partially ordered systefts be de-

(2) Mode interaction in fluids Near an instability, the scribed will hold, regardless of reference fram@his fol-
behavior of a fluid can often be described in terms of a finitdows since most of these dynamical properties will be
number of spatial modes. One rather well-known example i§opological in nature.In Egs.(2), for example, upon making
when three modes of the system simultaneously become uthe coordinate transformatiom =z, ,U,=2z3,U3=2,— 723,
stable, as might arise in various fluid convection problemgve find that the systemug,u,,us) will be partially ordered
[17,18. Under appropriate conditions, this process is defrovideda>0, A<0, v—5?/4<0, and hence we have lo-

scribed by equations of the form cated a second parameter regimeg2ih for which there can
be no stable chaotic motion in the fluid9].
dz; (3) Reaction-diffusion systemSubject to certain restric-
W‘ZZ' tions, one can show that scalar reaction-diffusion models,
such as the Huxley equati¢@0] for signal propagation, ad-
dz, mit a partial-ordering structure. This application of the no-
G- (2)  tion of a partial ordering to continuum systems described by
partial differential equations requires a slight generalization
dzs of the concepts introduced previously—we cannot directly
Ez—)\zl—vzz— nZ3+ azf, apply the local ordering criterion described above—but is

relatively straightforward. In the case of the Huxley model,

wherez,, z,, zs denote the three modal amplitudes, andthe governing equation for the scalar fieldtakes the form

coefficients\, v, #», a are control parameters of the sys- 3
tem. For particular values of the control parameters, these oWV =r¥—-w>+Dd,¥, D>0. ©)
equations are known to exhibit global bifurcations leading to
strange attractorgl7,18. If we now consider the local or- To prove the partial-ordering property, we show that if one
dering criterion, we see that the Jacobian will have nonwave formW¥,(x,t) is initially larger than(or equal t9 a
negative off-diagonal elements provided-0, A <0, »<O. secondW¥,(x,t) for all x, then it remains larger under the
Hence, for this range of parameters, sysi@npossesses a flow. This is most easily seen graphically. Assume that after
partial-ordering structure. As will be shown in the next sec-some time the two waves become equal at a pgjitFig. 2).
tion, the presence of a partial ordering will immediately pre-Both waves will continue to evolve according (8), and
clude the existence of attracting, chaotic orbits. Thus, wittthough their heights at the poimt, are momentarily equal,
minimal effort, we have identified a range of parameters foitheir growth rates axq will clearly differ owing to the dif-
which there can be no strange attractors anywhere in thtusive termDJ,, ¥ in (3). Since the diffusion term effec-
system.(The partial-ordering structure will have other dy- tively measures the curvature of these two wave forms, it
namical consequences as well, to be described )ater. follows (Fig. 2) that the growth rate o¥; at x, will exceed
The above example can be used to illustrate another inthat of ¥,. Hence the curves will again separate, with
portant point: the partial-ordering relatiox( used here is remaining larger.
not preserved under coordinate transformations. In some We next describe the fundamental dynamical properties
sense, this is a shortcoming, since coordinate-free definitionshared by all physical systems which possess a partial-
are often preferable. In practice though, this is seldom ardering structure. For completeness, we include in our dis-
problem and can even be exploited, since a system whicbussion several results which have appeared previously in
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somewhat different contexf6—8]. We restrict attention pri-
marily to finite-dimensional systems described by ordinary
differential equations and mappings, and will stress the geo-
metric aspects of the partial-ordering structure.

IV. DYNAMICAL PROPERTIES OF PARTIALLY
ORDERED SYSTEMS

In analyzing the dynamical behavior of these systems, the
key idea will be the notion of ordered and unordered orbits,
which display markedly different behaviors. The orbit pass-
ing through an initial pointx, is determined by the time
evolution operatokb,.. An orbit is calledorderedif at least
two points on the orbit are comparable, otherwise itner-
dered [By a straightforward generalization, any set of points
in phase spacénot necessarily orbiismay be classified as FIG. 3. Two arbitrary stategh,, ¢, (not necessarily ordergd
being ordered or unordered, according to whether or not the§an always_ be contained w.ithin a square region with vertex points
contain at least two comparable poifitEhe partial-ordering %c,#L defined by (respectively adding or subtracting suitably
structure will impose very different geometric constraints on™Many multiples of r from one of the original pointse, or ).
these two types of orbits. We begin with the ordered orbitsUnder the flow, this square region moves but cannot deform, with
and show that they have some very simple properties. points ¢, , ¢, always confined to this square by the partial-ordering

Let x and ¢,(x) represent two comparable points on an

constraint.
ordered orbit. The quantitp denotes the time separation .,y will be constrained to have the same average veloc-

between the two, and assume<y(x). [The case jy This is particularly important from an experimental
¢p(X)<x follows similarly.] Since by definition these points standpoint, since it shows that the long-term behavior of a
must remain ordered under time evolution, it follows thatcDw will not depend on its history. Hence Middleton and
X< pp(X) < Pop(X) <3p(X)< .... Thus, this sequence Fisher's remarkable result for sliding charge-density waves
cannot decrease with time, implying the following. is a general feature of partially ordered systems with an extra
Property 1:All ordered orbits converge to a fixed point, a discrete symmetry(A second example of such a system is
periodic state, or else run off to infinity. the phase-difference equations governing the behavior of a
This property states that, asymptotically, all ordered orbitsdc-biased SQUID(superconducting quantum interference
are dynamically simpl¢21]. This statement can be refined device with an induced magnetic field. In this case, the volt-
and strengthened considerably. For instance, in the case afje drop across the superconductor junction plays the role of
continuous(vector field flows, Hirsch[6] has shown that the velocity)
most orbits(in a measure-theoretic senseill converge to We next consider the unordered orbits of a partially or-
fixed points or infinity, not periodic orbits. We point out that dered system. Since the ordered orbits have been shown to
this is not the case for maps, where, for example, stable 2ead to simple dynamical behaviofafter transients any
cycles are possiblde.g., the partially ordered mapping complex behaviors in the system, if they are indeed possible,
x—tanhf+3y), y—tanh(X+y) has the stable period-2 or- must reside with these unordered orbits. We first note that by
bit (—0.9575,0.9575)>(0.9575,-0.9575). Property 1 and the arguments preceding it, any orbit which
It is useful to reconsider one of the physical examplesdoesn’t converge to a fixed point, periodic state, or infinity,
cited previously—the case of charge-density waves. Recabr any orbit which is itself periodic, is necessarily unordered.
that asymptotically the CDW'’s were found to undergo slid-We now show that not only do such orbits exist, but that they
ing motion. This thus correspondis Property 3 to an orbit  can displayarbitrarily complicateddynamics.
running off to infinity. (Physically this poses no problems  Property 2 Partially ordered systems can display all pos-
since the CDW variableg,; represent phaseslt was also sible varieties of complex behaviofs.g., chaotic dynamics,
noted that all CDW'’s had theametime-averaged velocity, period-doubling sequences, homoclinic connections,) etc.
owing in part to the special discrete symmetry of E{S: through their unordered orbits.
¢i—¢;+2mforalli=1,... N. This fact has a simple geo- =~ We demonstrate this in a constructive fashion. Consider
metric basis. Consider any two CDW'’s, represented as pointfirst the following example of a two-dimensional mapping:
¢4, dpe RN in phase space. By adding or subtracting enough

multiples of 27 to ¢,, new states ¢g=p,+27m, X—IX(1+y),
L= d,—2mn can be constructed such that the original
states are both contained in the square region formed by y—ry(l—x), 4)

¢g,¢. (Fig. 3. Observe, in particular, that

¢ <da,Pp<¢. Under time evolution the pointy, ,¢¢s  defined on the unit square=[0,1], ye[—1,0], where for
must move at the same rate due to the discrete symmetry efase of exposition we assume that points mapped out of this
Egs.(1). As they move, the point$, , ¢, must remain in the domain are projected back to the boundary. The parameter
square formed by, ,¢¢, for to leave would violate their r lies in the interval[0,4]. The Jacobian matrix is non-
presumed ordering with respectdg , ¢ . Thus the CDW’s negative everywhere on the domain, and hence by the local
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ordering criterion, this map admits a partial ordering. The € s
key observation is that the line+y=0 is invariant under
the dynamics, and that on thignorderedl line the mapping R,
(4) reduces to the well-known logistic m&@2], with all its b
concomitant behavior&.g., period doublings, chapsviore
generally, other systems displaying arbitrarily complex be-
haviors can be similarly constructed by noting that, as long
as all derivatives remain bounded, we have the following.

Property 3 Any n-dimensional dynamical system can be
embedded in ann(+1)-dimensional partially ordered dy-
namical system.

This is accomplished by supplementing the original sys-
tem, e.g.x—f(x), x=(X1,X2, ...,X,), with an auxiliary (@)
equationx,,, ;— KX, 11, and then transforming to new coor-
dinates y,=X,11—X;, (=1,...0N); VYor1=X1+Xs
+---+X,.1. As is easily verified, by choosing constaft
sufficiently large, the Jacobian matrix of the transformed sys- /_\
tem (y4, - .. Yns1) Can be made non-negative at all points.
Geometrically, this procedure amounts to embedding an ar- R, R,
bitrary n-dimensional system in amdimensionaunordered

surface inR"*™. ~_ v
Hence partially ordered systems can describe all manner

of dynamical behaviors through their unordered orbits. We
will show, however, that the partial-ordering structure sets
important restrictions on the geometry and stability of these (b)
unordered orbits, and describe some of the experimental
ramifications of this. We begin with a geometric property
peculiar to two-dimensional, partially ordered mappings. FIG. 4. () The pointa is mapped tdb, b to ¢, andc to a,

Property 4 If a two-dimensional partially-ordered map forming a 3 cycle. By the partial-ordering constraint, regRpis
has an unordered orbit of period thrée., a 3 cycle, then  mapped onto regiofR,, while R, is mapped onto bothr; and
there exist cycles of every periodicity, as well as an uncountRz- (b) In the digraph, arrows connect regions which are mapped
able set of aperiodic orbits that do not converge to any cycle?to one another.

This property is analogous to the well-known Li-Yorke
theorem([13] for ordinary one-dimensional maps, showing chosen point inR;. Continuing this argument backwards
that period three implies chaos. The proof of Property 4through the sequence proves that the desired orbit exists. The
which we outline here, is remarkably simple. The key stepproof for infinite sequences and periodic orbits follows simi-
involves the construction of rectangular regions in the plangarly, using fixed point and limiting argument§An even
which are mapped onto one another; this allows us to use th&tronger version of Property 4 is also possible based on the
“digraph” method of Straffin[23] as described ifi24]. Let  “Sarkovskii ordering” [25] of periodic orbits).
a,b,c denote the three consecutive iterates making up the 3 Next, we consider one of the most significant properties
cycle. We assume these unordered points lie as in Kaj. 4 of the unordered orbits in partially ordered systems from an
(other configurations can be handled similarigonstruct a  experimental standpoint.
rectangular regiomR; with pointsa,b as vertices, and simi- Property 5 All chaotic sets are nonattractinge.g.,
larly constructR, from pointsb,c. Now, owing to the partial strange attractors cannot exist
ordering structure, under one iteration of the mapping, region This result implies that though chaotic unordered orbits
R; is mappedonto R,. (To see this, consider, for example, can exist, there is no chaos for “typical” choices of initial
the pt.v, which is smaller thati.e., ordered with respect}to conditions. This has immediate practical significance. Since
points a,b. Since pointsa,b get mapped td,c, respec- the ordered orbits were already shown to be simpleartial
tively, v must get mapped to a point on or outside the bounderdering in a physical system will effectively ensure that all
ary of regionR,, in order that it still remain ordered with experimentally observed behaviors will be simple (neglecting
these point3.In a similar manner, regioR, can be shown to transients) For example, in the case of the three-mode fluid
be mapped onto botR; and R,. We represent this sche- interaction discussed in Sec. Ill, we were able to predict
matically by a digrapfFig. 4(b)]. Now consider any finite parameter regimes for which no chaotic motions in the fluid
symbol sequence allowed by the digrapite.g., should be observed—though we did not rule out the theoreti-
{R1,R5,R5,R{,R5,R;}). We claim that to any such se- cal existence of unstable chaotic motions.
guence there corresponds an actual orbit of the map follow- The fact that no chaotic set can be an attractor can be
ing this path. This is easily seen by starting at the end of theinderstood from a simple geometric argument. Suppose that
symbol sequence and working backwards: In the sample se-chaotic attractorA) did exist. Pick any poing in A. Now
guence given above, choose any point in the ending regioohoose a second poi8 which is arbitrarily close to but
R;. Then since the preceding regid®, is mappedonto larger than this first point. Note th@ cannot lie inA (since
R,, there must be some point R, which is mapped to the all points inA are incomparable Now sincea is part of the
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attractor, there exist other points # arbitrarily close to ers in modulus. From this, it immediately follows that the
«. In particular, one can find a set of points Annear «, first instability to appear in a partially ordered system will
each of which is smaller thag. Now under the dynamics, (typically) be of the steady state bifurcation variety—the par-
B must converge to the attractor, and so this set of points itial ordering prevents the oscillatory bifurcation from setting
A which are less thar8 must shrink(in order that they in first.
remain ordered with respect ). However, sincé\ is cha-
oFic_, this set of poin_ts irA will expand, Ieading_ to a contra- V. DISCUSSION
diction. Thus chaotic attractors are not possif#é]. (This
result was shown previously [6,27] by means of a different Though not often recognized, partial-ordering structures
argumend. A similar argument, in conjunction with Property lie hidden in many physical systems of significant interest,
1, leads us to conjecture that almost all trajectories in thend have important implications in terms of the possible dy-
system will eventually converge to either a fixed point, peri-namical behaviors of the system. Once a partial-ordering
odic orbit, or infinity. structure has been identified, it immediately follows that
Lastly, we remark briefly on the role of partial orderings most observable behaviors in the system will be simple, even
on the pattern-forming process in physical systems. It is welthough complicated dynamical behavior is theoretically al-
known that the formation of patterns and other coherentowed. In our discussion we have tried to emphasize the
structures(in fluids, chemical systems, lasers, gtis inti-  geometric aspects of the theory, which is perhaps the most
mately connected with instabilities in the systésee, e.g., natural as well as most versatile approach. This area remains
[28]). The two most common forms of instabilities ateady largely unexplored, however. Particularly interesting are
state bifurcations andoscillatory (Hopf) bifurcations, each questions concerning orderings in continuum models such as
giving rise to a different class of patterns. Convection in afluids and other extended media. Defining a partial-ordering
fluid illustrates both types: if a layer of fluid is heated from relation for such continuum systems is a simple matter, and
below, then for sufficiently low heating rates there is no mo-many of the results described here for finite-dimensional sys-
tion in the fluid and heat is simply conducted upwards.tems carry over to the continuum caf#. However, the
Above a certain critical heating rate, however, the conducanalysis becomes much more delicate, and several new fea-
tion state becomes unstable, and a transition occurs: in tHgres can emerge: e.g., an ordered orbit in such systems can
steady state case, a pattern of stationary Rayleigia®e converge to a propagating wave front, in addition to the lim-
rolls emerges, with fluid upswelling in some regions anditing states noted in Property 1. Lastly, we remark that what
downswelling in others, while in the oscillatory case, rollsis perhaps most surprising is how simple it is to discover
also appear, but now their sense of rotatiglockwise or  partial orderings in many well-known physical and math-
counterclockwisgcan oscillate in time, or the whole pattern ematical systems: for example, subject to certain restrictions,
can start drifting(leftward or rightward. The former is as- Burger’s equatiori30], Fisher's equatiofi31], and the Sinh-
sociated with a real eigenvalue of the linearized equations oBordon equatiof32] all contain partial-ordering structures.
motion becoming positive, while the latter occurs when the
real part of a complex eigenvalue becomes positive. We ob-
serve, however, that in a partially ordered system, the eigen-
values will be restricted by the non-negativity constraint on We gratefully acknowledge useful discussions with Mor-
the Jacobian matrix: a well-known result from matrix theoryris Hirsch, Kevin McCardle, and Kurt Wiesenfeld. This work
(see[29]) says that a matrix with non-negative elements will was supported in part by the Office of Naval Research, Grant
have a real, non-negative eigenvalue which exceeds all otiNo. N0O0014-J-1257.
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