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Abstract

This thesis will take a look at a branch of topology called knot theory. We will first look at what started
the study of this field, classical knot theory. Knot invariants such as the Bracket polynomial and the Jones
polynomial will be introduced and studied. We will then explore racks and biracks along with the axioms
obtained from the Reidemeister moves. We will then move on to generalize classical knot theory to what is
now known as virtual knot theory which was first introduced by Louis Kauffman. Finally, we take a look
at a newer aspect of knot theory, twisted virtual knot theory and we defined new link invariants for twisted
virtual biracks.
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Introduction

In [9, 7] virtual knots and links and similarly abstract knots links were introduced, respectively. Virtual
knots were initially thought of as combinatorial objects, and Reidemeister equivalence classes of Gauss
codes, where abstract knots were geometric in nature, knot diagrams were drawn on minimalistic supporting
surfaces. In [5] a geometric interpretation of virtual and abstract links as isotopy classes of simple closed
curves in I-bundles over compact oriented surfaces modulo stabilization moves was developed.

In recent work such as [2, 8], virtual and abstract links are extended to allow compact non-orientable
supporting surfaces; the resulting links are called twisted virtual links. Invariants of twisted virtual links
such as the twisted Jones polynomial and the twisted knot group have been introduced and studied.

Quandle- and biquandle-based invariants of twisted virtual links were first considered in [14]. In [12]
a counting invariant of unframed oriented classical and virtual knots and links was defined using labelings
by finite racks and extended to finite biracks in [13]. The latter part of this thesis will extend the birack
counting invariant to the case of twisted virtual links.

2



Chapter 1

Classical Knot Theory

A knot is defined as a simple closed curve in ℝ3. A knot diagram is the projection of a knot onto a plane
with over and under crossings. A link is made up of one or more components so for example a knot is a
link with one component. In the late 1920’s Kurt Reidemeister showed that knots can be equivalent up to
isotopy with a combination of moves that are now known as Reidemeister Moves.

The motivaton behind knot theory is to be able to distinguish between different knots. To make this
distinction we have what are called knot invariants. A knot invariant is a quantity that is defined for each
knot and is the same if the knots are equivalent up to ambient isotopy. The knot invariant can range from a
number up to a polymomial. The first knot polynomial discovered was in 1923 by James Waddell Alexander
II appropriately known as the Alexander polynomial. Then in 1969, John Conway showed a variantion of
this polynomial using a skein relation but its significance was not realized until the discovery of the Jones
polynomial in 1984.

1.1 Bracket Polynomial

Before introducing the Jones polynomial formally, we will introduce the Bracket polynomial. An oriented
link has a direction on each of its components indicated by arrows on its arcs. Oriented crossings are given
signs of ±1, +1 if the under crossing is going from right to left and −1 if the under crossing is going from
left to right. The writhe, denoted as w(L), is defined as the sum of all the crossing of the oriented link as
one traverses through the link.

Now we begin by introducing the Bracket polynomial.

Definition 1 Let L be an unoriented link diagram and let L be the element of the ring ℤ [A,A−1,−A2,−A−2]
defined by:

1. < O > = 1

2. < O ∪ L > = (−A2 −A−2) < L > (where L ∕= ∅)

3. < > = A < > +A−1 < >, or

< > = A < > +A−1 < >.

In [1], Kauffman showed that the Bracket polynomial is invariant under Reidemeister moves II and III
but an interesting thing happens under Reidemeister move I.
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Figure 1.1: Reidemeister Moves I, II, and III

Let’s begin by illustrating invariance of the Bracket polynomial under R-moves II and III:

∙ R-move II:

= A < > + A−1 < >

= A(A < > +A−1 < >) + A−1(A < > +A−1 < >)

= A2 < > + AA−1 < > + AA−1 < > + A−2 < >

= A2 < > + AA−1(−A2 −A−2) < > + AA−1 < > + A−2 < >

= AA−1 < > = < >

∙ R-move III:

= A < > + A−1 < >

= A < > + A−1 < >

= < >

Now we will see what happens when we compute the Bracket polynomial for Reidemeister move I:

∙ R-move I

= A < > + A−1 < >

= A < > + A−1(−A2 −A−2) < >

= (A−A−A−3) < >

= −A−3 < >
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Figure 1.2: Negative and positive crossing, respectively

As we can see we get the extra term, −A−3 therefore to fix this we will now define the X polynomial.

Definition 2 The X polynomial is a polynomial of oriented links and is defined to be

X(L) = (−A3)−w(L) < L >

Since neither w(L) nor < L > are affected by moves II and III, X(L) is unaffected by moves II and III
and we will subsequently see that X(L) is also unaffected by move I.

Let’s see what happens to X(L) when we look at Reidemeister move I:

Let W< > = W − 1 and W< > = W

We know from the previous result that < > = −A−3 < >. Then,

X< > = (−A3)−W< > < >

= (−A3)−W<>+1(−A−3) < >

= (−A3)−W<>(−A3)(−A−3) < >

= (−A3)−W<> < >

= X < >

As we can see, X(L) is in fact not affected by R-move I.

We will now focus on showing how to compute the Jones polynomial for the trefoil knot; the smallest
nontrivial knot.

We begin by computing the bracket polynomials for both the Hopf link and the trefoil knot then using
the Bracket polynomial of the Hopf link to help us compute the Jones polynomial for the trefoil knot.

Starting from one crossing let us begin the computation:

Example 1 < > = A < > + A−1 < >
= A(A < > +A−1 < >) + A−1 < >
= A(A(−A2 −A−2) +A−1) + A−1 < >
= A(−A3 −A−1 +A−1) + A−1 < >
= −A4 + A−1 < >
= −A4 + A−1(A < > +A−1 < >)
= −A4 +A−1(A+A−1(−A2 −A−2))
= −A4 −A−4

Example 2 = A + A−1

= A(−A4 −A−4) +A−7

= (A−7 −A−3 −A5)
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Definition 3 Let the Bracket polynomial be denoted as < L > (A) then the Jones polynomial is defined as

V (t) = (−A3)−w(L) < L > (A) where A = t−1/4

The trefoil’s writhe is +3 (if looking at its mirror image the writhe would be −3).

We then have that the Jones polynomial for the trefoil knot is

V (t) = (−A3)−3(A−7 −A−3 −A5)
= −A−16 +A−12 +A−4 with A = t−1/4

V (t) = t+ t3 − t4

1.2 Racks

This section begins with the introduction of racks and quandles which correspond to Reidemeister moves II
and III. We can think of rack elements as arcs in an oriented link diagram where the binary operation, ⊳,
means crossing under from right to left when looking at the positive crossing and the operation ⊳−1 can then
be thought of as crossing under from left to right.

x

y

x y-1

y

x x y

Definition 4 A rack is a set X with a binary operation ⊳: X ×X → X satisfying

1. for all x, y ∈ X there is a unique z ∈ X satisfying x = z ⊳ y, and

2. for all x, y, z ∈ X we have (x ⊳ y) ⊳ z = (x ⊳ z) ⊳ (y ⊳ z).

A rack in which x ⊳ x = x is a quandle, i.e., its rack rank is 1.

y x

 x y

x y( ) -1y

y x

x
(x   y)

y   z z

x   y

z y x

(x  z)  (y  z) z

z y x

y  z

Figure 1.3: Rack axioms I and II
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Example 3 The following example is from [12] in which the constant action rack or permutation rack is
introduced. Let the constant action rack be a rack structure on a finite set R = {x1, ⋅ ⋅ ⋅ , xn} associated to
a permutation � ∈ Sn. Set

xi ⊳ xj = x�(i)

for all i = 1, ⋅ ⋅ ⋅ , n. This definition gives us a rack structure since xi ⊳
−1 xj = x�−1(i) and we have

(xi ⊳ xj) ⊳ xk = x�2(i) = (xi ⊳ xk) ⊳ (xj ⊳ xk).

Further, the constant action rack on R = {x1, x2, x3} defined by � = (123) has matrix

M(123) =

⎡⎣ 2 2 2
3 3 3
1 1 1

⎤⎦
Where rack axiom 1 requires the columns of a rack matrix to be permutations.

1.3 Biracks

Reidemeister moves were translated into algebraic axioms by assigning algebraic generators to arcs in a knot
diagram and viewing crossings as operations. Applying this idea to oriented link diagrams gives us the
quandle structure. Generalizing again to blackboard-framed diagrams gives us the rack structure. Further
generalization replaces arcs, portions of the knot diagram from one undercrossing point to another, with
semiarcs, portions of the knot diagram from one over or under crossing point to the next. Semiarc-generated
algebraic structures from unframed oriented link diagrams are known are biquandles.

Biracks are algebraic structures generated by semiarcs in a link diagram with axioms corresponding to
blackboard framed isotopy. Before dening biracks formally, a few more definitions are needed. From [13],

Definition 5 Let X be a set. A map B : X ×X → X ×X is strongly invertible if B satisfies the following
three conditions:

∙ B is invertible, i.e., there exists a map B−1 : X ×X → X ×X satisfying B ∘B−1 = IdX×X = B−1 ∘B

∙ B is sideways invertible, there exists a unique invertible map S : X ×X → X ×X satisfying

S(B1(x, y), x) = (B2(x, y), y),

for all x, y ∈ X, and

∙ The maps S and S−1 are diagonally bijective, i.e., the compositions S±1 ∘Δ, S±2 ∘Δ of the components
of S and S−1 with the map Δ : X → X ×X defined by Δ(x) = (x, x) are bijections.

We can now go on to define a birack formally.

Definition 6 A birack (X,B) is a set X with an invertible map B : X ×X → X ×X which satisfies the
set-theoretic Yang-Baxter equation

(B × Id) ∘ (Id×B) ∘ (B × Id) = (Id×B) ∘ (B × Id) ∘ (Id×B)

7



The idea that B is a solution to the set-theoretic Yang-Baxter equation arises from the condition that
labeling under Reidemeister move III is preserved with Cartisian product × showing horizontal stacking,
and composition ∘ indicating vertical stacking.

(Id x B)

(B x Id)

(Id x B)

(Id x B)

(B x Id)

(B x Id)

A blackboard-framed link is an equivalence class od link diagrams under the equivalence relation generated
by the blackboard-framed Reidemeister moves:

Type I Type II Type III

The birack axioms stem from the labeling of the semiarcs in an oriented blackboard-framed link diagram
with elements of X satisfying the following:

B1(x,y)  B2(x,y)

x y B1(x,y)  B2(x,y)

x y

such that they correspond to a unique labeling of any of the blackboard-framed Reidemeister moves.

B1 (x,y)   B2 (x,y)   B1 (x,y)

x            y          x
s s

-1

B2 (x,y)   B1   (x,y)   B2 (x,y)

y            x          y
ss

-1

In order to acquire well-defined counting invariants we must satisfy the strong birack condition, that is,
the component maps B1 and B2 of B are left and right invertible, respectively.

Definition 7 From [13], let (X,B) be a birack. Then the kink map of (X,B) is the bijection � : X → X
given by � = S−11 ∘Δ ∘ (S−12 ∘Δ)−1, where �(x) represents going through a positive kink.
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Definition 8 Let (X,B) be a birack and let � : X → X be the kink map. The birack rank of (X,B),
denoted N , is the smallest positive integer N such that �N (x) = x for all x ∈ X.

p pN(x)= x 2(x) p(x) x

x x

Example 4 An example of a birack is a constant action birack. Let X be any set and let �, � : X → X
be bijections. Then provided � and � commute, B(x, y) = (�(y), �(x)) defines a birack. The Yang-Baxter
components then become

�2(x) = �2(x), ��(y) = ��(y), and �2(z) = �2(z).

Additionally, we have thatB−1(x, y) = (�−1(y), �−1(x)), S(u, v) = (�(u), �−1(u)) with S−1(u, v) = (�(v), �−1(u)),
f(x) = �−1(x) and g(x) = �(x). The kink map is �(x) = ��−1(x), so N is the order of the permutation
��−1 in the symmetric group S∣x∣.
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Chapter 2

Virtual Knot Theory

Virtual Knot theory was first introduced by Louis Kauffman, see [9]. Virtual knot theory can be regarded
as a projection of classical knot theory but in thickened surfaces. The rules for working with virtual knots
can be brought on by the idea of a knot diagram to its Gauss code.

2.1 Defining Virtual Knots

In a virtual diagram we allow a new crossing as a 4-valent vertex with a small circle around it to draw non-
planar graphs. Just as in the case of classical knots, virtual knots are obtained as equivalence classes under
the equivalence relation generated by the Reidemeister moves. In this case we allow an extra Reidemeister
move which involves a classical crossing and two virtual crossings. However, two potential moves are not
allowed, the forbidden moves, F1 and F2. Unlike the other virtual moves, the two forbidden moves can be
used to unknot any knot, virtual or classical.

To better understand the concept behind a virtual crossing, imagining a knot embedded on a torus
facilitates the understanding. On the surface of the torus the knot will be actually crossing, perhaps on the
top, as well as on the bottom, but when the knot is projected on to a plane, the crossings from the top and
bottom portions may appear to be crossing when in fact they are not. This type of crossing is the virtual
crossing.

Figure 2.1: A knot on a torus and its diagram
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Figure 2.2: Virtual Reidemeister Moves I, II, III and V

Figure 2.3: Forbidden moves F1 and F2
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2.2 Gauss Codes

We now move on to another motivation and this comes from the use of Gauss codes to represent knots.
The idea behind the Gauss code is to label the knot diagram at each crossing as you traverse through the
knot. When writing out the code, we begin anywhere on the knot and go through all the crossings denoting
whether the labeling is an over or undercrossing with O, or U, respectively. In the case of a virtual crossing,
we do not label the crossing and we just go through it. When we have a link of two or more components
then we go through all the components denoting the end of one component with ‘/’.

1 2

3
O1U2O3U1O2U3

1 2

O1U2U1O2

1

2
O1U2/U1O2

Figure 2.4: Gauss codes for planar and non-planar diagrams

Definition 9 A Gauss code g of a single component is evenly intersticed if there is an even number of labels
in between the two appearances of any label.

Lemma 1 From [9], if g is a single component planar Gauss code, then g is evenly intersticed.

Adding an orientation to the knot, one can give a crossing a sign relative to the starting point of the
code. We assign a sign of +1 or -1 according to the same rule of positive or negative crossings in the classical
case.

For example, the signed Gauss code for the trefoil is

O1+U2+O3+U1+O2+U3+

1 2

3

2.3 Bracket Polynomial

Just as in the classical case, the Bracket polynomial extends nicely to the virtual case if we trivialize the
virtual crossing and as a results we use the same rules for the Bracket polynomial as in the classical case. We
can see that the Bracket polynomial is invariant under the virtual Reidemeister moves because the virtual
crossings do not disturb the loop count and so leave the bracket invariant. Virtual Reidemeister v is similarly
invariant as classical Reidemeister move III:

∙

= A < > + A−1 < >

= A < > + A−1 < > =

12



Example 5 The Bracket polynomial of the virtual trefoil knot is:

< > = A < > + < >

= A(A < > + A−1 < >) + A−1(A < > + A−1 < >)
= A(A+A−1) + A−1(A+A−1(−A2 −A−2))
= A2 + 1 + 1− 1−A−4
= A2 + 1−A−4

From [9], we can define the f -polynomial by

fK(A) = (−A3)−w(K) < K > (A)

where we define w(K), the writhe, for oriented virtual links just the same as in the classical case. The Jones
polynomial is obtained in a similar fashion as for classical knots.

2.4 Biracks

We now go on to define virtual biracks.

Definition 10 A set X with two birack structures is a virtual birack if:

B V

∙ B and V have to be compatible via

∙ And the Yang-Baxter equation:

(B × Idx)(Idx × V )(V × Idx) = (Idx × V )(V × Idx)(Idx ×B)

needs to be satisfied.

Figure 2.5 demonstrates the virtual biracks where the virtual crossing is trivial.
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y

x

x

x y

x y

x y z

x

x

y

y

z

z

x y z

x

x

z

z

y

y

x y z

x

x

y
z

z y

y z

y
z

x y z

x

x

y z

yzzy

Figure 2.5: Virtual birack axioms

Definition 11 Any oriented blackboard-framed link diagram L = L1 ∪ ⋅ ⋅ ⋅ ∪ Lc has a fundamental birack
denoted BR(L). The fundamental birack BR(L) of the link L is the set of equivalence classes of free
blackboard birack elements under the additional equibalence relation generated by the crossing relations in
L. Generally the birack of G is expressed by BR(L) =< G∣R > where G is the set of arc labels and R is the
set of crossing relations.

We let the virtual crossing be trivial to get

x y

y x

then we have V (x, y) = (y, x)

x

w

u

v

Figure 2.6: BR(L) =< w, v, u, x∣B(w, v) = (u, x), B(u, x) = (w, v) >

2.5 (t, s, r)-biracks

From [13], we define a class of biracks called (t, s, r)-biracks. Let Λ̃ = ℤ[t±1, s, r±1]/I where I is the ideal
generated by s2 − (1− tr)s and let X be any Λ̃ module.

Proposition 2 Let X be a Λ̃-module and define B(x, y) = (ty+ sx, rx). Then (X,B) is a birack with kink
map �(x) = (tr + s)x.
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Proof. First we need to check that B is strongly invertible. We see that B−1(x, y) = (r−1x, t−1y −
st−1r−1x) therefore B is invertible. We then check for sideways invertibility with siways map S given by
S(x, y) = (ry, t−1x − t−1sy) with inverse S−1(x, y) = (ty + sr−1x, r−1x). Finally, we check for diagonal
invertibility, where we have f(x) = t−1(1 − s)x and g(x) = r(x), so �(x) = (g ∘ f−1)(x) = t(1 − s)−1rx =
tr(1 + t−1r−1s)x = (tr + s)x.
We now have to check that the set-thepretic Yang-Baxter equation is satisfied. We have

t2z + tsy + sx = t2z + sty + (str + s2)x

r(ty + sx) = t(ry) + s(rx)

r2x = r2x

the second equation is satisfied by commutativity in Λ̃ and reduces the first equation to (1− tr)s = s2.

Corollary 3 The birack rank of a finite (t, s, r)-birack is the smallest integer N > 0 such that (tr+s)N = 1.

In the classical case we define the operation at the crossing as:

x y

ty + sx rx

In the case where we do not allow the virtual crossing to be trivial we define the operation at the crossing
as:

x y

vy v‐1x

Where the birack structure needs to satisfy:

x y z x y z

ry
tz+sy

v‐1x

v‐2xvryvtz+vsy

vy
v‐1x

vz

tvz+svy rvy v‐2x

where v is invertible.

Remark 1 If we set r = 1 we then have a (t, s)-rack which was further studied in [6].
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Chapter 3

Twisted Virtual Links

Twisted virtual links were first introduced by Mario O Bourgoin in [2] and then further studied in works such
as [8, 14]. Twisted virtual links extend the concept of virtual links from previous work [9, 7]; where virtual
links arise by drawing link diagrams on compact orientable surfaces with nonzero genus, twisted virtual links
arise when we draw link diagram on compact surfaces allowing nonzero genus and nonzero cross-cap number.

Knot and link diagrams are usually drawn on flat paper without explicitly specifying a supporting surface
Σ on which the knot diagram is drawn. If we do explicitly draw Σ, we have a link-surface diagram. Often
we will remove a disk from Σ ∖ L so we can flatten Σ as depicted. Virtual crossings correspond to crossed
bands while classical crossings correspond to crossings drawn on Σ.

Geometrically, a twisted virtual link is a stable equivalence class of simple closed curves in an I-bundle,
i.e. an ambient space obtained by thickening the surface Σ on which the link diagram is drawn. Here “stable
equivalence” means that in addition to ambient isotopy of the link within the thickened surface, we can
stabilize the surface Σ by adding or deleting handles not containing the link. If we remove a disk from Σ ∖L
and flatten the resulting Σ′ in the usual way to get

then stablization moves have the form

.
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We can represent twisted virtual links combinatorially without having to draw the supporting surface Σ
by representing crossings arising from genus in Σ with circled self-intersections known as virtual crossings
and representing places where our link traverses a cross cap in Σ with a small bar.

Figure 3.1: Virtual crossing arising from genus and twisted crossing where the link traverses a cross cap,
respectively

Then for instance the twisted virtual Hopf link diagram below corresponds to the link-surface diagram
shown.

The portions of a twisted virtual link diagram L between over-crossings, undercrossings, virtual crossings
and bars are semiarcs. For instance, the twisted virtual Hopf link diagram above has six semiarcs.

In [2] it is shown that stable isotopy of twisted virtual links corresponds to the equivalence relation on
twisted virtual link diagrams generated by the twisted virtual Reidemeister moves:

Each of these moves can be understood in terms of link-surface diagrams or abstract link diagrams; for
instance, the last move looks like:

∼

17



Replacing the usual classical Reidemeister type I move with the blackboard framed type I moves

yields blackboard framed twisted virtual isotopy. Including orientations on the link components gives oriented
blackboard framed twisted virtual isotopy. Note that the move

requires only Reidemeister type II and III moves, and combining this move with the blackboard-framed type
I move yields the equivelent move below; see [4].

We will primarily be interested in using invariants of oriented blackboard framed twisted virtual isotopy
to define an invariant of oriented unframed twisted virtual isotopy analgous to [12] and [13].

We will find the following observations useful in the next section.

Lemma 4 A twist bar can be moved past a classical kink.

Proof.

Lemma 5 The two oriented versions of the last twisted virtual move are equivalent, i.e we have

.

18



Proof.

3.1 Twisted Jones Polynomial

Just as in the previous case, we use a state sum to defined the twisted Jones polynomial of a twisted link
as an element of ℤ[A±,M ], where M counts the number of cirlcles with an odd number of bars in a given
diagram.

Theorem 6 If a twisted link diagram is that of a virtual link then it’s twisted Jones polynomial is −A−2−A2

times its Jones polynomial, and similarly the twisted Jones polynomial is invariant of twisted links.

The link is not a virtual link if the polynomial of a twisted link has an M variable. If a link has an odd
number of bars on its edges then we can factor one M variable from its polynomial. For example, the knot
in Figure 3.2 is a onefoil knot in a thickened Klein bottle, and it’s twisted Jones polynomial is:

V (A,M) = A−6 + (1−M2)A−2

which does not have an M factor and its Jones polynomial is trivial.

Figure 3.2: A twisted onefoil knot

3.2 Twisted Virtual Biracks

We begin with a definition slightly modified from [14].

Definition 12 Let X be a set and Δ : X → X×X the diagonal map Δ(x) = (x, x). A twisted virtual birack
is a set X with invertible maps B : X ×X → X ×X, V : X ×X → X ×X and an involution T : X → X
satisfying

(i) B and V are sideways invertible: there exist unqiue invertible maps S : X × X → X × X and
vS : X ×X → X ×X such that for all x, y ∈ X we have

S(B1(x, y), x) = (B2(x, y), y) and vS(V1(x, y), x) = (V2(x, y), y);

(ii) The compositions S±1k ∘Δ and vS±1k ∘Δare bijections for k = 1, 2;

(iii) (vS ∘Δ)1 = (vS ∘Δ)2;
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(iv) B and V satisfy the set-theoretic Yang-Baxter equations:

(B × IdX)(IdX ×B)(B × IdX) = (IdX ×B)(B × IdX)(IdX ×B),

(V × IdX)(IdX × V )(V × IdX) = (IdX × V )(V × IdX)(IdX × V ),

and
(B × IdX)(IdX × V )(V × IdX) = (IdX × V )(V × IdX)(IdX ×B);

(v)
(T × Id)V = V (Id× T ) and (Id× T )V = V (T × Id),

(vi)
(T × T )B(T × T ) = V BV.

If we also have (S ∘Δ)1 = (S ∘Δ)2, X is a twisted virtual biquandle.

The twisted virtual birack axioms are obtained from the blackboard-framed twisted virtual Reidemeister
moves using the following semiarc-labeling scheme:

See [14] for more details.

Just as with other algebraic structures we have the following notions:

Let X and Y be twisted virtual biracks with maps BX , VX , TX and BY , VY , TY respectively, then:

∙ A map f : X → Y is a homomorphism of twisted virtual biracks if BY ∘ (f × f) = (f × f) ∘ BX ,
VY ∘ (f × f) = (f × f) ∘ VX and TY ∘ f = f ∘ TX , and

∙ If Y ⊂ X, then Y is a twisted virtual subbirack of X provided BY = BX ∘ I, TY = TX ∘ I, and
TY = TX ∘ I where I : Y → X is inclusion.

Remark 2 If X is a twisted virtual birack, then the map B defines a birack structure on X and the map
V defined a semiquandle structure on X. Then a birack structure with a compatible semiquandle structure,
a virtual birack, is defined by the pair B, V . Therefore a twisted virtual birack is a virtual birack with a
compatible twist map T . See [15, 11]
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Example 6 Let X be a commutative ring with t, r ∈ X∗ and s ∈ X satisfying s2 = (1 − tr)s; then X is
a birack with B(x, y) = (ty + sx, rx) known as a (t, s, r)-birack, see [13]. If we choose v, w ∈ X∗, u ∈ X
satisfying u2 = (1− vw)u and set V (x, y) = (vy + ux,wx), then V 2 = Id requires that

x = (vw + u2)x+ uvy and y = vwy + wux

which implies w = v−1 and u = 0. Notice that u2 = 02 = (1 − 1)0 = (1 − uw)u. Therefore our virtual
operation becomes V (x, y) = (vy, v−1x). Then for the mixed virtual move multiplication by v requires that
it commutes with multiplication by t, s and r.
Selecting T ∈ X so that T : X → X by T (x) = Tx, then T 2 = 1 is required by the twisted moves.
Multiplication by v commutes with multiplication by T , and

T 2rx = rx = v−2tx+ sy, v2ry = T 2ty + T 2sx = ty + sx

need to be satisfied.
By looking at coefficients, we see that we need s = 0 and v2r = t. Since s = 0 implies that s2 = (1 − tr)s,
the conditions on our coefficients reduce to t, r, v, T ∈ X∗ with T 2 = 1 and v2r = t. Therefore for any
commutative ring X with units t, r, v, T satisfying the preceeding conditions, we have a twisted virtual
birack structure on X defined by

B(x, y) = (ty, rx), V (x, y) = (vy, v−1x), and T (x) = Tx.

Example 7 We can represent a twisted virtual birack strucutre on a finite set X = {x1, . . . , xn} with an
n× (4n+ 1)-matrix MX = U ∣L∣vU ∣vL∣T ] with n× n blocks U,L, vU, vL encoding the operations B, V and
an n× 1 block T encoding the involution T in the following way:

∙ if B(xi, xj) = (xk, xl) we set Uji = k and Li,j = l (note the reversed order of the subscripts in U ; this
is for compatibility with previous work);

∙ if V (xi, xj) = (xk, xl) we set vUji = k and vLi,j = l, and

∙ if T (xi) = xj we set T [i, 1] = j.

Every finite twisted virual birack can be encoded by such a matrix, and conversely an n × (4n + 1) matrix
with entries in {1, 2, . . . , n} defines a twisted virtual birack provided the twisted virtual birack axioms are
all satisfied by the maps B, V and T defined by the matrix.

For instance, our python computations reveal that there are eight twisted virtual birack structures on
the set X = {x1, x2}, given by the birack matrices[

2 2 2 2 1 1 1 1 2
1 1 1 1 2 2 2 2 1

]
,

[
2 2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1 1

]
[

1 1 1 1 1 1 1 1 2
2 2 2 2 2 2 2 2 1

]
,

[
1 1 1 1 2 2 2 2 2
2 2 2 2 1 1 1 1 1

]
[

2 2 2 2 1 1 1 1 1
1 1 1 1 2 2 2 2 2

]
,

[
2 2 2 2 2 2 2 2 1
1 1 1 1 1 1 1 1 2

]
[

1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2

]
,

[
1 1 1 1 2 2 2 2 1
2 2 2 2 1 1 1 1 2

]
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3.3 Counting Invariants

Definition 13 Let L be a twisted virtual link diagram and X a twisted virtual birack. A twisted virtual
birack labeling of L by X, or just an X-labeling of L, is an assignment of an element of X to every semiarc
in L such that at every classical crossing, virtual crossing, and twist bar we have

The twisted virtual birack axioms are translations of the oriented blackboard-framed twisted virtual
Reidemeister moves using the labeling conventions in defintion 13. Thus, by construction we have

Theorem 7 If L and L′ are twisted virtually blackboard-framed isotopic twisted virtual links and X is a
finite twisted virtual birack, then the number of X-labelings of L equals the number of X-labelings of L′.

As with quandle labelings of oriented classical links, rack labelings of blackboard-framed classical links,
etc., an X-labeling of a twisted virtual link diagram L can be understood as a homomorphism f : TV B(L)→
X of twisted virtual biracks where TV B(L) is the fundamental twisted virtual birack of L. More precisely,
let G be a set of symbols, one for each semiarc in L, and define the set of twisted virtual birack words in G,
W (G), recursively by the rules

∙ g ∈ G⇒ g ∈W (G),

∙ g, ℎ ∈W (G)⇒ B±1k (g, ℎ), S±1k (g, ℎ), V ±1k (g, ℎ), vS±1k (g, ℎ), T (g) ∈W (G) for k = 1, 2.

Then the free twisted virtual birack on G is the set of equivalence classes in W (G) modulo the equivalence
relation generated by the twisted virtual birack axioms, and the fundamental twisted virtual birack of L is
the set of equivalence classes of elements of the free twisted virtual birack on G modulo the equivalence
relation generated by the crossing relations. Both sets are twisted virtual biracks under the operations

B([x], [y]) = ([B1(x, y)], [B2(x, y)]), V ([x], [y]) = ([V1(x, y)], [V2(x, y)]), T ([x]) = [T (x)].

In [13] it is observed that the number of birack labelings of a link diagram is unchanged by the N -phone
cord move where N is the birack rank of the labeling birack X:

In particular, the number of labelings is periodic in the writhe of each component of L with period N ,
and consequentially the sum of the numbers of labelings over a complete period of writhes mod N forms an
invariant of unframed isotopy. We would like to extend this result to the case of twisted virtual biracks.
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Definition 14 Let L be a twisted virtual link with c components and X a twisted virtual birack with rank
N . The integral twisted virtual birack counting invariant is number of X-labelings of L over a complete
period of blackboard framings of L mod N . That is,

Φℤ
X(L) =

∑
w∈(ℤN )c

∣Hom(TV B(L,w), X)∣.

By construction, we have

Theorem 8 If L and L′ are twisted virtually isotopic twisted virtual links, and X is a finite twisted virtual
birack, then Φℤ

X(L) = Φℤ
X(L′).

Starting with a virtual link, one may wonder which placements of twist bars will yield distinct twisted
virtual links. As a result of moves tI and tII, we can place at most one twist bar on any portion of the knot
between classical semiarcs. The following example illustrates this.

Example 8 The virtual Hopf link is the smallest nontrivial virtual knot with two components. Since it has
only two semiarcs, there are 22 = 4 potentially different twisted links which project to the virtual Hopf link
under removal of twist bars.

vH0 vH1

vH1 vH2

Using twisted virtual isotopy moves, we can see that the two forms of vH1 are equivalent:

An interesting result to notice is that the twist jumps from one component to the other; however, this is
less likely to happen in less symmetric links.

We can also use the integral counting invariant Φℤ
X(L) with respect to various twisted virtual biracks to

show that the links vH2, vH1 and vH0 are not equivalent. Let X1 be the twisted virtual birack with matrix

MX1 =

[
2 2 2 2 2 2 2 2 2
1 1 1 1 1 1 1 1 1

]
Then we have Φℤ

X1
(vH0) = 4, Φℤ

X1
(vH1) = 0, and Φℤ

X1
(vH2) = 0. Similarly, let X2 be the twisted virtual

birack with matrix

MX2
=

⎡⎣ 2 2 1 2 2 1 1 1 1 1 1 1 2
1 1 2 1 1 2 2 2 2 2 2 2 1
3 3 3 3 3 3 3 3 3 3 3 3 3

⎤⎦
Then we have Φℤ

X2
(vH0) = 5, Φℤ

X2
(vH1) = 3, and Φℤ

X2
(vH2) = 5.
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3.4 Enhanced Counting Invariants

We close this chapter by looking at the several enhancements of the twisted virtual birack counting invariant
just as in the case of biracks. An enhancement is generally a stronger invariant that associates an invariant
signature to each labeling of a twisted virtual link diagram. Because of this association, instead of sim-
ply counting labelings, we collect the signatures to get a multiset whose cardinality recovers the counting
invariant. The standard enhancements include the following:

∙ Image enhancement. Given a valid labeling f : TV B(L)→ X of the semiarcs in a twisted virtual link
diagram L of c components by a twisted virtual birack X of rank N , the image of f is an invariant of
twisted virtual isotopy. From a labeled link diagram, we can compute Im(f) by taking the closure under
the operations B1(x, y), B2(x, y), V1(x, y), V2(x, y) and T (x) of the set of all elements of Y appearing
as semiarc labels. Then we have an enhanced invariant

ΦIm
X (L) =

∑
w∈(ℤN )c

⎛⎝ ∑
f∈Hom(TV B(L,w),X)

u∣Im(f)∣

⎞⎠ .

∙ Writhe enhancement. For this one, we simply keep track of which writhe vectors contribute which
labelings. For a writhe vector w = (w1, . . . , wc), let us denote qw = qw1

1 . . . qwc
c . Then the writhe

enhanced invariant is ∑
w∈(ℤn)c

∣Hom(TV B(L,w), X)∣qw.

∙ Twisted virtual birack polynomials. Let X be a finite twisted virtual birack with birack matrix
[M1∣M2∣M3∣M4∣M5]. For each element xk ∈ X = {x1, . . . , xn}, let ci(xk) = ∣{j ∣ Mi[xj , xk] = xj}∣ and
let ri(xk) = ∣{j ∣ Mi[xk, xj ] = xk}∣. Then for any sub-twisted virtual birack Y ⊂ X, the sub-TVG
polynomial of Y is

pY⊂X =
∑
x∈Y

(
5∑
i=1

t
ci(x)
i s

ri(x)
i

)
.

Then for each X-labeling f of L, the sub-twisted virtual birack polynomial of the image of f gives an
invariant signature, so we have the twisted virtual birack polynomial enhanaced invariant

ΦpX(L) =
∑

w∈(ℤN )c

⎛⎝ ∑
f∈Hom(TV B(L,w),X)

upIm(f)⊂X

⎞⎠ .
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