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ON THE EVALUATION OF POWERS AND MONOMIALS*
NICHOLAS PIPPENGER'

Abstract. Let yy, - - -, y, be monomials over the indeterminates xy, - -+, x4 For every y =(yy, -, yp)
there is some minimum number L(y) of multiplications sufficient to compute yq, -+ -, y, from x4, - - -, x, and
the identity 1. Let L(p, g, N) denote the maximum of L(y) over all y for which the exponent of any
indeterminate in any monomial is at most N. We show that if p = (N +1)°® and q = (N +1)°®, then
L(p, q, N)=min {p, q} log N + H/log H + o(H/log H), where H =pqlog (N +1) and all logarithms have
base 2.

Key words. addition chain, computational complexity, monomial, power

1. Introduction. The result described in the abstract generalizes a number of
previous results and solves a number of open problems. In 1937, Scholz [7] raised the
problem of determining L(1, 1, N) (computing one power of one indeterminate) and
observed that

logN=L(1,1,N)=2logN.
In 1939, Brauer [2] obtained the asymptotic formula
L(1,1,N)~logN,
and in 1960, Erd6s [3] improved this to

log (N +1) N ( log(N+1) )
loglog (N +1) loglog (N +1)/°

L(1,1,N)=log N+

In 1963, Bellman [1] raised the problem of determining L(1, g, N) (computing one
monomial in several indeterminates), and in 1964, Straus [8] showed that

L(1,q,N)~log N

for each fixed q.

In 1969, Knuth [4] (Section 4.6.3, Exercise 32) raised the problem of determining
L(p, 1, N) (computing several powers of one indeterminate), and in 1976, Yao [9]
showed that

L(p,1,N)~log N
for each fixed p.

In a preliminary version of this paper [5], the author raised the problem of
determining L(p, g, N) and showed that if p = 2°” and g = 2°®, then

L(p, q, 1)~ pa/log (pq).

In this paper we shall prove the following
THEOREM.

H log log H\1/2
aN=vlogN+o U((SE2E) )+ o
L(p,q,N)=vlogN logHU log H O(w)

where v =min{p, q}, H =pq log (N +1), and w =max{p, q}. The expression U(- - )
denotes a factor of the form exp O(: - +); if the quantity represented by the ellipsis tends to
0, U(- - ) is equivalent to 1+ O(- - +).

* Received by the editors November 1, 1978, and in revised form April 30, 1979.
T Mathematical Sciences Department, IBM Thomas J. Watson Research Center, Yorktown Heights,
New York 10598.
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EVALUATION OF POWERS AND MONOMIALS 231

Since p = (N +1)°® and q = (N +1)°® together imply (in fact, are equivalent to)
w = o(H/log H), this theorem implies the result described in the abstract, as well as all
the other asymptotic formulae cited above. The proof of the theorem is in two parts: a
lower bound and an upper bound. The lower bound, presented in § 2, owes several ideas
to the paper [3] of Erdés cited above. The upper bound, presented in § 3, would be the
more difficult part of the proof if we had to start from scratch. In another paper[6],
however, the author has given a result (also growing out of the preliminary version [5])
which allows the upper bound to be deduced as a corollary.

1.1. Reformulation of the problem. It is both traditional and convenient to
reformulate the problem at hand in additive rather than multiplicative notation.
Let g =1 be a integer. A sequence

f=f 1)
of nonnegative integers will be called a (q-dimensional) vector, and fi, - - -, f, will be
called its components. The vector

x0=(0,+++,0)
will be called the zero vector, and the vectors
x1=(1,-+,0),

xq=(0,~ . ,1)
will be called unit vectors. If

f=(f 5 fa)
and

g=(81," ", &)
the vector

f+g=(fi+gy, ", fa+8&)

will be called the sum of f and g.
Let p =1 be an integer. A sequence

y=1"""5¥)

of (q-dimensional) vectors will be called a (p-by-q) matrix, and y4, - - -, y, will be called
its rows.
Let /=1 be an integer. A sequence

z=(z1, ", 21)

of vectors will be called a chain, and z,, - - -, z; will be called its rows, if each vector z,
(1=k =1)is (1) the zero vector, (2) one of the unit vectors, or (3) the sum of two of the
vectors zy, * * +, Zx-1 that precede it in the sequence (these two vectors need not be
distinct). The zero and unit vectors will be called basic vectors; the others will be called
auxiliary vectors. The number of basic vectors will be denoted by m; the number of
auxiliary vectors will be denoted by »n and called the length of the chain.

Let N=1 be an integer. We shall say that a vector is (N +1)-ary if all its
components are in the set {0, 1, - - -, N}, and that a matrix is (N + 1)-ary if all its vectors
are (N +1)-ary.
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We shall say that a chain z computes a matrix y if each vector y;(1 =i =p) appears
as one of the vectors z, (1=k=I). If y is a matrix, L(y) will denote the minimum
possible length of a chain computing y, and L(p, q, N) will denote the maximum of L(y)
over all p-by-q (N + 1)-ary matrices y.

2. The lower bound. In this section we shall prove the lower bound

H 1
L(p,qg,N)=vlogN+ (OglogH

+ .
logH ~\ logH ) o)
2.1. The easy case. Consider first the case

H loglog H
(log H)*

In this case the first term, v log N, is absorbed by the U-factor of the second term,

H (loglogH)_ H + (HloglogH)

viogN =

log H log H a log H (log H)?
Thus it will suffice to show
H log log H'
Lp,g, N)= U( >+ O(w).
(P, g, N) log H log H (W)
If
=
w= logH’
the desired bound is trivial; hence we shall assume
w= H
TlogH’
If
H
Lpp,g N =——,
(p,q, N) log H
we are done; hence we shall assume
H
L(p,g N =——.
(p,q, N) log H
It follows that we may also assume
l=m+n
=q+1+L(p,q,N)
ol
log H
Let us consider a chain and assign to each vector in it a number called its depth. The
basic vectors are assigned the depth 0. For d =1,2, - - -, if a vector is the sum of two

preceding vectors that both have depth at most d —1, but is not the sum of two
preceding vectors that both have depth at most d —2, then it is assigned the depth d. By
induction, this assigns depths uniquely to all the vectors in the chain.
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Let us impose upon the set of all vectors a definite total order, which will be called
the standard order.

We shall say that a chain is standard if its rows are all distinct, rows of lower depth
precede those of higher depth, and rows of equal depth appear in the standard order.

LEMMA 2.1-1. If a matrix is computed by a chain z, then it is also computed by a
standard chain z' of no greater length.

Proof. Given a chain z, consider the set of all vectors appearing in z. Remove from
this set all the basic vectors and arrange them in the standard order to form a chain,
Then remove from the set all the vectors that are the sum of two vectors currently in the
chain, arrange them in the standard order, and append them to the end of the chain.
Repeat this process until no more vectors can be removed. When the process
terminates, the set must be empty, for if it contains any vectors, at the very least the one
that appears earliest in z can be removed. The process thus yields a chain z' which is
standard by construction, which contains every vector that appears in z (so that, in
particular, it computes every matrix computed by z), and which contains no other
vectors (so that, in particular, it has no greater length than z). 0O

By virtue of this lemma, we may henceforth restrict our attention to standard
chains, and all chains will be assumed to be standard even if this is not explicitly
mentioned.

We shall say that a matrix is standard if its rows are distinct and appear in the
standard order. Henceforth we shall restrict our attention to standard matrices, and all
matrices will be assumed to be standard even if this is not explicitly mentioned.

LEMMA 2.1-2. There are at least

25U (w log H)

matrices.
Proof. There are (N +1)? rows that can appear in a matrix, and thus

( )
;")

ways to choose p distinct rows to form a matrix. Using the bound

(g)zA(A_l)...(A—B+1)/B(B—1)~--1—_>-(A/B)B

we obtain
N +1)%
(( ))i(N+1)’"’/p"
p
= 2HU(p log p)
=2"U(w log H)

matrices. [0
LEMMA 2.1-3. For some value of n = L(p, q, N), there are at least

25U (w log H)

chains.
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Proof. Each matrix is computed by some chain of length at most L(p, q, N). Each of
these chains computes at most
(§=r
p

=U(plogl)
=U(w log H)

matrices, so there are at least
29U (w log H)/ U (w log H) =2"U (w log H)
chains of length at most L(p, q, N). Each chain has one of at most
L(p,q,N)=U(log H)

possible lengths, so for some length n = L(p, g, N), there are at least
27U(w log H)/U(log H) =2"U(w log H)

chains. 0O

With each chain z we shall associate an object, which will be called a code,
constructed as follows, Each basic vector in z is x; for some j such that 0=j=gq. Let #
be the subset of {0, 1, - - +, q} that contains the m values of j corresponding to the basic
vectors in z. Each auxiliary vector z; in z is z,, +z,, for some a; and b, such that
1=ar=b=k—-1.Let A beasubsetof {1, :-,I}x{1,---,[}that contains n ordered
pairs (ax, by ), one corresponding to each auxiliary vector in z. The ordered pair (#, &)
will be the code associated with z.

LEMMA 2.1-4. A chain is uniquely determined by its code.

Proof. Let (M, N') be a code. From /#, determine the set of basic vectors; arrange
these in the standard order to form a chain. Remove from " the pairs (a, b) for which b
is less than or equal to the number of vectors currently in the chain. For each such pair,
compute the vector z, + z;; arrange these vectors in the standard order and append
them to the end of the chain. Repeat this process until no more pairs can be removed.
Clearly only the resulting chain can have the code (#, /). O

LEMMA 2.1-5. For any value of n = L(p, q, N), there are at most

(H?/n)"U(n)U(w)

chains.
Proof. For any m and n, there are at most

(210
m /\n
codes, since the two factors bound the number of ways of choosing # and W,
respectively. Using the bounds
A
=24
(3)

and

(g) <A®/B!=(Ae/B)®
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(where e =2.718 - - - is the base of natural logarithms), we obtain

()= o

m
=(I*/n)"U(n)U(q)
=(*/n)"Un)U(w).
There are
q+1=U(logq)
=U(log w)
possible values of m, and for each value of n =L(p, q, N),
I=0(H)
=HU(1).
Thus, for any value of n = L(p, q, N), there are at most
U(log w)H*U(1)*/n)"U (n)U (w) = (H*/n)"U (n) U (w)

codes.

Each chain is associated with some code, and at most one chain is associated with
each code. Thus the bound just derived applies to chains as well as codes. [

We can now complete the proof. By Lemmas 2.1-3 and -5, there is a value of
n=L(p, q, N) such that

(H?/n)"U(n)U(w)z2"U (w log H)
or, by taking logarithms,
2nlogH —nlogn+0On)=H+O(w log H).
Ignoring the n log n term for the moment, this implies
2nlogH+O(n)=zH +O(w log H)

or

(2n log H) U(——l——) gHU(

w log H)
log H ’

H
This yields

H 1 w log H)
=
"=2logH U(log H) U( H

or, by taking logarithms,

log n =log H + O(log log H) + O(W—bg—ﬂ).

H
Multiplication by » yields

nlogn=nlogH+O(n loglogH)+O(M)

H

H loglog H

= nlog H + ( ) .
nlogH+O log H +O0(w)



236 NICHOLAS PIPPENGER

With this bound on the » log n term, the original inequality implies

H log logH)
= —_— )+
nlogH+0(n)__H+O( log H O(w log H)
or
1 log log H)
—\= —= )4+ .
(n logH)U(lOgH),HU( log H O(w log H)
Thus

L(p,q,N)=n

H log log H)
= +
=logH U( gl )T OW)

which is the desired lower bound.
2.2. The hard case. Consider now the case

H loglog H

=
viogN= (og H)

Since H = vw log (N + 1), we have

< (log H)
TloglogH'

If

= +
L(p,g,N)=zvlogN log H

we are done; hence we shall assume

= + .
L(p,q,N)=vlogN log H

It follows that we may also assume
l=m+n
=q+1+L(p,q,N)
= O(H).
For any vector f and any 1=j =g, let us define
D()== % fi+h= % fi

Thus D(f, j) measures the extent to which the jth component of f exceeds all the other
components combined.
We shall say that a vector f is a j-vector if

D(f,pH=1.

Clearly, a vector can be j-vector for at most one value of j.
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Let z be a chain and let z,(m + 1 = k =) be an auxiliary j-vector in z. We shall say
that z; is j-immediate if it is equal to 2 times a preceding j-vector. Let

h=[(log H)].

We shall say that z, is j-short if it is not j-immediate but is the sum of two preceding
Jj-vectors, between which fewer than A j-vectors intervene. Finally, we shall say that z; is
j-long if it is neither j-immediate nor j-short.

Let ny, r;, s;, and ¢; denote the numbers of j-vectors, j-immediate vectors, j-short
vectors, and j-long vectors in z. Clearly,

n=r+s;+t.
Let
$=(1+5"%/2=1.618" -
be the golden ratio. Then
¢+ =1.
Let
v=h""=3"=1442....
Then for h =2,
"y =1
For h =2, this is trivial to check. For & = 3, it follows from
t!f“"'z =h""exp (=2h 7 1In h),
v =exp(=h"'Inh),
expx=1/(1—-x),

and
Inh=1.
LEMMA 2.2-1. For any chain z, any vector z; in z, and any 1 =j=gq,
D(zi, j)=2"" "5
and

D(zi, )= 27",

Proof. We shall proceed by induction on n;=r;+s;+4. If n;=0, there are no
auxiliary j-vectors. But if z, is a basic vector or not a j-vector,

D(Zk,j)él,

and the assertions of the lemma are trivial. Suppose then that n; = 1 and that z; is an
auxiliary j-vector. It follows that it must be j-immediate, j-short, or j-long.

If z;, is j-immediate, there exists 1 =b =k —1 such that z, =2z,. The vector z,
appears in a chain with at most r;+s;+¢ —1 j-vectors, of which at most r,—1 are
j-immediate. By inductive hypothesis,

D(zy, )27
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(since 2= ¢), and so
D(Zk,j) =2D(Zb’j)
§2ri¢sj+ti‘

If on the other hand z, is not j-immediate, there exist 1 =a <b =k —1 such that
Zx =z, + zp. The vectors z, and z, both appear in a chain with at most 7;+s;+¢—1
j-vectors, of which at most r; are j-immediate. By inductive hypothesis,

D(zq, )=2"p""
and
D(zp, j)=2"p% i,
If z, is not a j-vector,
D(z,j)=0
and
D(zk, j) = D(za, [)+ D (25, ])
=D(za])
= 2!
=2igp*"h,

If on the other hand z, is a j-vector, then z, appears in a chain with at most 7; +s; +; — 2
j-vectors, of which at most r; are j-immediate. By inductive hypothesis,

D(z,, )27
and so
D(zi.)) = D(za, j) + D (25, J)
= 2’i¢si+'i_2 + 2'i¢si+‘f_1
= 2’i¢si+‘i'

This proves the first assertion of the lemma.

If z, is not j-long, there exist 1 =a = b = k — 1 such that z; = z, + z;. The vectors z,
and z, both appear in a chain with at most 7;+s;+¢ —1 j-vectors, of which at most
r;+s;—1 are not j-long. By inductive hypothesis,

D(zq, ) =277 gt
and
D(z, j) =271yl
(since 2=¢), and so
D(zy, j) = D(za, j) + D(z, )
=227yl
=27y,

If on the other hand z is j-long, there exist 1 =a <b =k — 1 such that z; = z, + z,,
and at least 4 j-vectors intervene between z, and z,. The vectors z, and z, both appear
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in a chain with at most 7; +s; +¢; — 1 j-vectors, of which at most r; +s; are not j-long. By
inductive hypothesis,

D(z,, =27
and
D(zp, j) =27y,
If z, is not a j-vector,
D(z,j)=0
and
D(zy, j) = D(za, ) + D(25, )
=D(za])
=2yt
=27 iy,
If on the other hand z, is a j-vector, then z, appears in a chain with at most

ri+si+t—h—2 j-vectors, of which at most r;+s; are not j-long. By inductive
hypothesis,

D (z4, j) =277 0772
and so
D(Zk,j) =D(za’ j)+D(Zb9j)
= 2r’.+s,d/t’.-—h—2+2ri+si¢ti—1
é 2r’+sil!/'i.
This proves the second assertion of the lemma. [

Let z be a standard chain and let z; (m +1 =k =) be an auxiliary vector in z. We
shall say that z, is immediate if it is j-immediate for some 1 =j=g. We shall say that z,
is short if it is j-short for some 1 =j = q. Finally, we shall say that z, is long if it is neither
immediate nor short.

Let r, 5, and ¢ denote the numbers of immediate, short, and long vectors in z.
Clearly,

n=r+s+t.
We shall say that a chain is special if, for each 1 = u = v, it contains a vector z, such
that
D(z, u)=N/2.

LEMMA 2.2-2. For any special chain of length at most L(p, q, N),

H
+t=
STt O(log H)

and

H log log H)

+szol N+O<
r+s=vlog log HY
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Proof. If z is a special chain, it must contain, for each 1 = u = v, a vector z; such that

D(zy, u)=N/2.
Applying the preceding lemma to this vector, we obtain
2¢**" = N/2,
or, by taking logarithms,
ro+(s.+t)logd =logN—1.

Summing this over 1 =u =v and using

we obtain
r+(s+t)logp=vlogN—v

(log H)* )
= + 0| ——=).
vlog N O(log log H

Subtracting this from
r+s+t=n

=L(p,q,N)

_S.vlogN+logH

yields

(s+t)(1—log o) =

H ( (log H)* )
log H loglog H/'
Since 1—log ¢ >0, this proves the first assertion of the lemma.
Again applying the preceding lemma to zx, we obtain
2ru+su¢tu ZN/2,
or, by taking logarithms,
r,+s,+t, logy=log N—1.
Summing over 1= u = v, we obtain
r+s+tlogy=zvlogN—v

(log H)® )

= +
vlogN O(log log H
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Since
t=l
=0(H)
and
logy=h""logh
_ (loglog H)
O( (log H)* )’
this yields
H loglog H)
+s= + O ),
r+szvlogN O( log HY.

which proves the second assertion of the lemma. 0O
We shall say that a matrix is special if, for every 1 =u =, it contains a vector z;
such that

D(zx, u)=N/2.

LEMMA 2.2-3. There are at least

(log H)*
2"U(iogton )
v loglog H
special matrices.
Proof. Let
_|IN+ IJ
k|21

For any 1 =j =g, there are at least (K + 1)? vectors f such that
D(f,/)=N/2,
since if
0=fi=sK for 1=i=sj,
N-K=f,=N,
0=fi=sK for j<i=q,

then there are K + 1 possible values for each component and

D(f,))=N—-gK
N+1
=N -ql‘;r;J
=N/2.

It follows that there are at least

(K + 1)‘"’((1:::1))4) > ((K ; l)q)
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special matrices. Estimating this binomial coefficient as before, we obtain

( ) ap
(K;l )g((K:)_l))
=(K+1)"MU(w log w)

N +1\a
z|— 1
._( Py ) U(w logw)

=(N+1™U(w*log w)
4
_ 2HU( (log H) )

loglog H

special matrices. [
LEMMA 2.2-4. For some value of t, there are at least

loglog H
special chains of length at most L(p, q, N).

Proof. Each special matrix is computed by a special chain of length at most
L(p, q, N). Each of these chains computes at most

(=

=Ul(plogl)
3
_ U( (log H) )
loglog H
matrices, so there are at least

(logH)“) / ((long)_ H ((logH)“)
2HU(loglogH v loglog H =2v loglog H

special chains of length at most L(p, g, N). Each chain has one of at most
L(p,q, N)=O(H)
=U(log H)

possible values of ¢, so for some value of ¢ there are at least

#,((log H)“) / _oH ((log H)“>
2 U(log log H Ullog H)=2"U loglog H

special chains. [

With each special chain z we shall associate an object, which will be called a special
code, constructed as follows. Let /# be the set defined above. Each immediate vector z,
in z is 2z, for some by such that 1=b, =k —1. Let & be a subset of {1, - -, [} that
contains r elements b;, one corresponding to each immediate vector in z. Each short
vector z; in z is a j-vector for some 1 =j = q and is z,, + z;, for some a; and b, such that
1=ar<be=k—1, z,, and z,, are both j-vectors, and the number A of j-vectors inter-
vening between z,, and z,, satisfies0=A, =h —1.Let ¥be asubsetof {0, - - -, h —1} X
{1,- -+, 1} that contains s ordered pairs (A, bx), one corresponding to each short
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vector in z. Each long vector z, in z is z, +2z, for some ax and by such that
l=ar<bi.=k—1.Let T beasubsetof {1,::-,[}x{1,---,}that contains ¢ ordered
pairs (ax, bi), one corresponding to each long vector in z. The ordered quadruple (/, R,
&, I) will be the special code associated with z.

LEMMA 2.2-5. A special chain is uniquely determined by its special code.

Proof. Let (M, R, ¥, T) be a special code. From #, determine the set of basic
vectors, arrange these in the standard order to form a chain. Remove from % all
elements b, from & all pairs (A, b), and from J all pairs (a, b) for which b is less than or
equal to the number of vectors currently in the chain. For each b removed from %,
compute 2z;,. For each (A, b) removed from &, determine j such that z, is a j-vector,
determine a such that z, is a j-vector and exactly A j-vectors intervene between z, and
2, and compute z, +z,. For each (a, b) removed J, compute z, +z,. Arrange the
computed vectors in the standard order and append them to the end of the chain.
Repeat this process until no more elements or pairs can be removed. Clearly, only the
resulting chain can have the special code (#, ®, %, 7). O

LEMMA 2.2-6. For any value of t, there are at most

(H?-/t)'U(t)U(I_{_l?g_l?g_Ii)

log H

special chains of length at most L(p, q, N).
Proofs. For any m, r, s, and ¢, there are at most

(HO)

m J\r/\s/\t

special codes, since the four factors bound the number of ways of choosing ./, R, &, and
T, respectively. Since

q+l= 0(1(01—;)%2{2—),

then
()= = v
m loglog H
Since
I=0(H)

and

m+s+t= O(logH>’

()-G5)
(o)

( le )"‘““_U(HloglogH)
m+s+t logH /'

il

IA
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Since
hl=O(H(log H)?)
and
H
5= O(log H)’
hl s H loglog H)
= = Ul —=""2").
( s ) = (hle/s) U( log H
Since
l=0(H),
l2 2 t 2 t
( t) < (P e/t) = (H/t)U ().
There are
__((ogH) )
q+1= o(log log H
= U(loglog H)

possible values of m, and at most

L(p,q, N)’=O(H?)
=U(log H)

possible combinations of values of r and s. Thus, for any value of ¢, there are at most

(Hz/t)’U(t)U(H log log H)

log H

special codes.

Each special chain is associated with some special code, and at most one special
chain is associated with each special code. Thus the bound just derived applies to special
chains as well as special codes. [

We can now complete the proof. By Lemmas 2.2-4 and -6, there is a value of ¢ such
that

) HloglogH>> u ((logH)“)
(H'/1) U(’)U( ogH )22 Yioglog B/’

since these quantities bound the number of special chains of length at most L(p, q, N).
Taking logarithms, we obtain

2tlog H—1t 1ogt+0(t)gH+o(5—l—‘-’§1‘§£).

log H
Ignoring the ¢ log ¢ term for the moment, this implies

H log log H)

=
2tlogH+O(t)_H+O( e
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or

>HU(log log

o B0 U(jor) = HU(SE)

This yields

= H (log log H)
“2logH log H

or, by taking logarithms,
log t =log H + O(loglog H).
Multiplication by ¢ yields
tlogt=tlog H+O(tloglog H).
With this bound on the ¢ log ¢ term, the original inequality implies

HI
tlog H + O(t log log H)§H+O<__°.§_.l.9_g_.H)

log H
or

(¢ tog U EI8H) - (8108 )

log H log H
Thus

t

v

H (log log H)

log H logH /°

_H + (H log log H)
log H (log H)®

Since for special chains

H log log H)

+szplog N+ (
r+s=vlog o log HY

we obtain

Lp,g, N)=r+s+t

=plog N+

(H loglog H )
log H (log H)*

H (log log H)
log H logH /)’

=plogN +

which is the desired lower bound.

3. The upper bound. We shall prove

H U((log log H)1/2
log H log H

L(p,q, N)=vlogN + )+O(w).
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We shall begin with the preliminary upper bound

H U((log logH)”2
log H log H

which we shall deduce from a theorem on graphs.

Let y be a p-by-q (N +1)-ary matrix. Let C(y) denote the minimum possible
number of edges in a directed graph in which

(1) there are p distinguished vertices called inputs and q other distinguished
vertices called outputs;

(2) there is no directed path from an input to another input, from an output to
another output, or from an output to an input; and

(3) forall1=i=p and 1= =q, the number of directed paths from the ith input to
the jth output is equal the jth component of the ith row of y.

Let C(p, g, N) denote the maximum of C(y) over all p-by-q (N + 1)-ary matrices
y. In [6] it was shown that

L(p, g N)= )+ O(v log N) + O(w),

C(p,q,N)= H ((1°gl°gH)U2

+ N)+ .
log H log H ) O(vlog N)+O(w)

Thus the preliminary upper bound will follow if we prove L(y) = C(y), which implies
L(p,q, N)=C(p,q, N).

Consider a graph with at most C(y) edges that meets the conditions enumerated
above. We may assume that this graph has no cycles, since the deletion of all edges
involved in cycles would not affect the number of paths from an input to an output
unless that number were originally infinite. From this graph we can obtain another in
which the degree (the number of edges directed from) each vertex is 0, 1 or 2, which has
at most C(y) vertices with degree 1 or 2, and which also meets the conditions
enumerated above; this is done by replacing each vertex with degree d =3 by d -1
vertices with degree 2. We can then associate with each vertex a vector which, for
1 =j =q, has as its jth component the number of paths from the vertex to the jth output.
It is easy to verify that these vectors can be arranged to form a chain of length at most
C(y) that computes y. Thus L(y) = C(y), which completes the proof of the preliminary
upper bound.

3.1. The easy case. Consider first the case

Hloglog H

=
viogN = (log H)2

In this case

_H loglogH>1/2)
DIOgN—_logHO(( log H ’

and the desired lower bound follows from
H ((log log H)1/2
log H log H

which has already been proved.
At this point we have proved the case N =1, since in this case v log N =0. In
particular,

L(p,q, N)= )+0(u log N)+ O(w),

Lc,d 1)=

cd ( (log log (cd)

1/2
log (cd) log (cd) ) )+O(C)+0(d).
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3.2. The hard case. Consider now the case

H loglog H
logNz—————,
v 708 (log H)?

which, as before, implies
_ (log H)”
“loglogH’

Let y be a p-by-q (N +1)-ary matrix. For 1=i=p and 1=j=gq, let ¢;; denote the
jth component of the ith row of y, so that

yi = i§IZ§q i iX;.
Let
qlog (N +1)\1/2
=[(==) ]
- [(p log (N + 1))1/2".
q
Then
st=zlog (N +1),
SO
2"-1=N.
On the other hand
sté{(q log ;N+ 1))1/2+ 1}{(1; log (qN+ 1))1/2+ 1}
Ctog (v +1)+ (LOEAED) 2 (plog D)2
p q
S0
past=H +(p+q)H"*+pq

—H+ O(EIZZ;E,’—E—?)-
Similarly,

vst=v log N+ O(H?),

ps=O(H'"?),

qt=O0(H"?).
We shall consider two cases, according to whether p=q or p <gq.

If p = g, we shall compute yq, - - -, y, from x;, - - -, x, in three steps as follows.

(1) For 1=j=gq and 1=b ={, compute

' _ As(b-=1)
Xit(j-1)+b —Zs Xj.
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This defines x, for 1= g=gt. For 1 =/ =p and 1 =j = g, write ¢;; as a ¢t-digit number in
base 2°.

—_ ' s(b—-1)
€= Z ei,t(j—1)+b2 »
1sb=t

where 0= e;,(;—1)+» =2° — 1. This is possible since 0 = ¢;; = N =2* — 1; it defines e; , for
1=i=p and 1 =g =qt. Now write each e;, as an s-digit number in base 2:

r ” a—-1
€ig= > eS(i—1)+a,32 s
l1sass

where 0=e/;-1)+qe=1. This is possible since 0=e;, =2°—1; it defines ef, for
l1=f=psand l=sg=q
(2) For 1=f=ps, compute

(3) For 1=i=p, compute
yi= ¥ 2°yiichea
lsass
It is easy to verify that this computes y; correctly:

yi= x 2a—1y;u—1)+a

1sass

a-1 ” '
=Y 2 Y esi-ragXe
i=ass 1=sg=qt

-1 -1
= 3y 2° Y Y esi-vrari-n+s2’ X
1sass 1sb=stl1=sjsq

_ ’ s(b=1)
= Y Y eig-n+s2
1sb=st1sj=q

X
= Z €, jXj.
1=j=q

Let us now count the number of additions required to perform these steps.
Consider x:;—1)+s For b =1, it is x;; for 2= b =¢, it can be computed from x};_1)+s_1
using s additions:

Xt(j-1)+b = 2sxﬁ(i—1)+b—1 .
Thus step (1) requires at most
q(t—1)s=uvst
=vlog N+O(H?)
additions. Since 0=ef,=1for 1=f=ps and 1 =g = ¢t step (2) requires at most

pqst ( (log log (pgst)
log (pgst) log (pgst)

_H ((log IogH)”2
log H logH

L(ps, qt,1)=

)1/2) +O0(ps)+ O(qt)

)+O(H1/2)
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additions, by taking ¢ = ps and d = gt in the case N = 1. Finally, consider the sum

Vsi-n+r= % 2°7Yii-1)+a

rsass

For r=s, it is yg; for 1=r=s—1, it can be computed from y};_1)s,+1 using two
additions:
Y;,(i—l)-w = y;(i—l)+r + 2y§'(i—1)+r+1-
Since y; = ygi-1)+1, step (3) requires at most
2p(s—1)=2ps
= O(H1/2)

additions. Summing these contributions completes the proof of the upper bound for
P=q.

If p <gq, we shall compute y;, - - -, y, from x1, * - -, x, in three steps as follows.

(1) For 1=j=q and 1=b =¢, compute

xi(,»_m,, = 2b"1x,~.

This defines x; for 1 =g =qt. For 1 =i =p and 1 =j = q, write ¢, as an s-digit number in
base 2':

— ’ t(a—1)
eij = > Cs(i-1)+a,i2 ,
1=as=s

where 0 = e}(-1)+a; =2° — 1. This is possible since 0= ¢;; = N =2 — 1; it defines e, for
1=f=ps and 1 =j=q. Now write each ey, as a t-digit number in base 2:

' ” b-1
eri= Y efuj-n+b2
1sb=t

where 0= e},j—1)+» = 1. Thisis possible since 0 S ef; =2’ — 1;itdefines e/, for 1 = f = ps
and 1sg=gqt.
(2) For 1=f=ps, compute
Yi= Y efeXe
1=g=qt
(3) For 1=i=p, compute
yi= ¥ 2°Pyii-vsa

1=ass

It is again easy to verify that this computes y; correctly:

yi= % 2“"Vylicnea

1=sass

t(a—1) ” !
= Yy 2" Y esi-1+aeXe
1=ass 1=g=qt

t(a—1) n b—1
= Yy 2 Y Y esi-vtari-D+b2 X
1=as=s 1sbstl=jsq

t(a—1) ’
= Yy 2" Y esi-D+aiX
1sass 1=j=q

= Y eX;

1sj=q
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Let us again count the number of additions required to perform these steps.
Consider x}(j-1y+» For b =1, it is x;, for 2= b =¢, it can be computed from xi(j—1)+b-1
using one addition:

x:(i—1)+b = 2x;(j—1)+b—1-
Thus step (1) requires at most
q(t—1)=qt
= OH"?)
"

additions. Since 0=ef, =1 for 1 =f=gs and 1 = g =q¢, step (2) requires at most

H _//loglog H\'/2
Lips, qs, 1)_—<_-logHU(( 1gogir ) )+O(H”2)

additions, as in the case p = q. Finally, consider the sum

ta~r)
y;'(i—1)+r= Z 2" ry;(i—1)+a-
rsass
For r=s, it is yy; for 1=r=s—1, it can be computed from y;_1).,.; using t+1
additions:

Yotmtr = Vsi-1r + 2V 5 Dars1.
Since y; = yu-1)+1, step (3) requires at most
p(s—1)(t+1)=vst +ps
=vlog N+O(H"?

additions. Summing these contributions completes the proof of the upper bound.
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