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Abstract

Consider a region () in the plane and a point zp in Q). If a particle which
travels randomly, by Brownian motion, is released from zp, then it will
eventually cross the boundary of () somewhere. We define the harmonic
measure distribution function, or h-function hq, in the following way. For
each r > 0, let hq(r) be the probability that the point on the boundary
where the particle first exits the region is at a distance at most r from z.
We would like to know, given a function f, whether there is some region ()
such that f is the h-function of that region.

We investigate this question using convergence properties of domains
and of h-functions. We show that any well-behaved sequence of regions
must have a convergent subsequence. This, together with previous re-
sults, implies that any function f that can be written as the limit of the
h-functions hq, of a sufficiently well-behaved sequence {(),} of regions is
the h-function of some region.

We also make some progress towards finding sequences {(2,} of re-
gions whose h-functions converge to some predetermined function f, and
which are sufficiently well-behaved for our results to apply. Thus, we make
some progress towards showing that certain functions f are in fact the h-
function of some region.
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Chapter 1

Introduction

1.1 Previous work

In 1989, D. A. Brannan and W. K. Hayman published a paper [3] summa-
rizing the current state of some problems in complex analysis, and listing
some new ones.

One problem, proposed by Ken Stephenson, was as follows. Given a
region in the complex plane, it is possible to construct a certain function
g from that region based on the spatial distribution of its boundary. Two
questions immediately arise. First, what functions can be constructed as
the g-function of some region? Second, what can be determined about a
region based on its g-function?

In [16], [19], and [20], Byron Walden, Lesley Ward, and Marie Snipes
investigated these questions for the h-functions of regions. The h-functions
are similar to the g-functions; see Definition 3, below. They have found
some answers. For example, in [19], it was established that any function
which violated a certain lower bound could only arise as the h-function
of a multiply connected region, never as the h-function of a simply con-
nected region. As another example, in [16], it was established that any step
function which meets certain simple conditions is the h-function of some
region.

In this paper, we investigate the following question in more detail.

Question. For what functions f does there exist a region () such that
f=hqa?

We work towards finding sufficient conditions for a function f to be
equal to the h-function of some simply connected, bounded region ) at
points of continuity of f.
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1.2 Definitions

First, we will define some notation and a few basic ideas from complex
analysis. We let C denote the complex plane, U denote the open upper
half-plane, and ID denote the open unit disc centered at 0. We let B(z, )
denote the open disk centered at zg with radius r. In particular, B(0,1) = D.

We define a domain in the complex plane to be a connected open subset
of the complex plane. We use an overline to denote the closure of a domain.
For example, D and B(0, 1) both denote the closed unit disk.

Also, for some domains, we will need a special map, the Riemann map,
defined as follows.

Definition 1 Given a simply connected domain ), where () is contained within
but not equal to the complex plane, and a point zy € (), the Riemann map of ()
is the one-to-one, analytic map ® which maps the unit disk ID onto (), normalized
such that ®(0) = zo and ®'(0) is real and positive.

The famous Riemann Mapping Theorem [2, p. 230] states that the Rie-
mann map, as defined above, exists and is unique for every simply con-
nected domain () and every point zg € (), except when () = C.

Next, we define the functions we will investigate and some specific do-
mains we will need.

Definition 2 The harmonic measure of a subset E of the boundary of a domain
Q) in the complex plane, measured from a point zq in C), is the probability that a
particle traveling by Brownian motion, released from zy, first reaches the boundary
of Q) somewhere in E. It is denoted by w(zo, E, ().

For example, by symmetry, if E is an arc in the boundary of the unit
disk D, and zp = 0, then w(zp, E, D) is the length of E divided by 2.

In the plane, if the boundary has nonzero capacity—for example, if it
contains any continuum—then, as shown in [8, Theorem 6], it is guaranteed
that the particle will hit the boundary eventually.

In higher dimensions, this is not true. For example, by [8, p. 906], in all
higher dimensions there is a nonzero probability that a Brownian particle
released from outside a unit sphere never enters that unit sphere.

As Kakutani showed in [8, Theorem 1], harmonic measure can also be
calculated using the solution u to this specific instance of Dirichlet problem:

Au(z) = 0, ze€(Q,
u(z) = 1, z€E, (1.1)
0, ze€dO\E.

=
—~

N
N—

I
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Then w(zp, E, Q) = u(zp).

Definition 3 The harmonic measure distribution function is denoted hq (r; zp),
and is defined by -
ha(r;20) = w(zo, B(zg, r) N0QY, Q).

If it is clear from context, this may be rewritten as hq(r) or even h(r).

For convenience, we often refer to the harmonic measure distribution
function of a region as its h-function. This is the h-function investigated by
Ward and Walden in [19] and [20]. Stephenson’s g-function, which inspired
this problem, is defined similarly, as

ga(r;z0) = w(zo, B(zo,r) N0Q, QAN B(zo,1)).

We will work with two important classes of domains, circle domains
and blocked circle domains. See Fig. 1.1 for examples.

Definition 4 A circle domain is a connected domain D such that for some pos-
itive number v, D C B(0,r) and 0D consists of 0B(0,r) together with a finite
number of closed arcs of circles centered at 0.

We define the term arc length as follows.

Definition 5 The arc length of an arc of a circle, such as the boundary arcs of
circle domains, is defined to be the angle subtended at the center of the circle by the
endpoints of that arc.

So, for example, if r > 0, the arc length of the arc from r to ir in 0B(0, r) is
1t/2, regardless of the value of r. The arc length is not the actual length of
an arc; that can be obtained by multiplying the arc length by the radius of
the circle containing the arc.

Definition 6 A blocked circle domain is a simply connected domain D such
that for some r, D C B(0,r), and 0D consists of dB(0, 1), a finite number of closed
arcs of circles centered at 0, and a finite number of line segments, called gates,
which lie on rays from 0 and whose endpoints lie on adjacent arcs.

The ends of the arcs which protrude past both of the adjoining gates are
referred to as spikes.
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A circle domain A blocked circle domain

a spike™N

a gate

Figure 1.1: A circle domain and a blocked circle domain.

1.3 Snipes’ theorems

In [16], Marie Snipes proved two important theorems. The first, Theorem 2
in [16], is as follows.

Theorem 1 (Snipes) Let () and O),, n > 1, be simply connected domains con-
taining the point 0, with harmonic measure distribution functions h and hy, re-
spectively. Suppose that the normalized Riemann mappings @ : ID — Q, &, :
D — Q,, with ®(0) = ®,(0) = 0and ®'(0) > 0, ®,,'(0) > 0, have continuous
extensions to the closed unit disk D, and that ®,, — & uniformly on D. Then
hy, — h pointwise at all points of continuity of h.

If a sequence of simply connected domains converges as described in
Theorem 1, that is, their Riemann maps converge uniformly on the closed
unit disk, we say that those domains converge in the sense of Fréchet.

Note the following corollary.

Corollary 2 If any subsequence of the sequence {Q),} of simply connected do-
mains converges in the sense of Fréchet to some domain (), and the harmonic
measure distribution functions hq, (r) converge pointwise to some function f(r)
at points of continuity of f, then f(r) = hq(r) at all points of continuity of hq
and f.

Consider the following partial converse to Theorem 1.
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Conjecture 1 For any sufficiently well-behaved sequence {Q),} of simply con-
nected domains such that hq, — h pointwise at all points of continuity of h, some
subsequence of {Q),, } converges in the sense of Fréchet.

We prove a version of Conjecture 1 in Chapter 3. This means that,
given any function f(r) for which there exists a sufficiently well-behaved
sequence {(), } of simply connected domains, such that

£(r) = lim o, (1)

at all points of continuity of f, there must be some simply connected do-
main Q) such that f(r) = hq(r) at all points of continuity of both f and
hq.

This would answer the question we investigate, of which functions
arise as h-functions, for all functions f which met the condition above.

Note that the preceding analysis shows that f(r) = hq(r) only at points
of continuity of hq and f. The following theorem lets us know where the
points of continuity of hq are.

Theorem 3 If h and f are monotonic functions and f(r) = h(r) at all points of
continuity of h and f, then f(r) = h(r) at all points of continuity of f.

Proof Suppose that 7 is not a point of continuity of h. Assume that h is
monotonically increasing. (The case where / is monotonically decreasing
is similar, and is irrelevant to our problem.) Then h* = lim,_.,- h(x) and
h~ = lim,_,,+ h(x) both exist, by [15, Theorem 4.29]. Furthermore, by [15,
Theorem 4.30], & and f have at most countably many discontinuities. So in
any interval (y,z) in the real line, h and f must have some common point
of continuity s.

Fix 6 > 0. Then there is some point s € (r,r + §) such that s is a point of
continuity of # and f. Now, by monotonicity and continuity,

F(s) =h(s) > h".

Similarly, there is some t € (r,r —J) such that f(t) = h(t) < h~. But
h* —h~ > 0 since r is a point of discontinuity of  and & is monotonic. Let
¢ = (h" —h™)/2. Then for every 6 > 0, there is some x, where x = s or
s = t, with |x — r| < d such that |f(x) — f(r)| > &.

Therefore, r is a point of discontinuity of f. Hence, every point of con-
tinuity of f is a point of continuity of /, and so f(r) = h(r) at every point
of continuity of f. m

Theorem 3 allows us to rewrite Corollary 2 as follows, removing the last
h o) (7’) .
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Corollary 4 If any subsequence of the sequence {C),, } of domains converges in the
sense of Fréchet to some domain Q), and the h-functions hq, (r) converge pointwise
to some function f(r) at points of continuity of f, then f(r) = hq(r) at all points
of continuity of f(r).

In [16, Theorem 3], Marie Snipes also proved the following theorem
about step functions and circle domains.

Theorem 5 (Snipes) Let f(r) be a right-continuous step function, increasing
from 0 to 1, with its discontinuities at r1,12, ... ,Tpe1, With0 <711 <1p < --- <
rni1. Then there exists a circle domain X with n arcs whose harmonic measure
distribution function hx(r) is equal to f(r). The radii of the n arcs and of the
boundary circle in X are given by r1,1, ... ,r, and by r, 1 respectively.

1.4 Statement of results and outline of thesis

In this chapter, we have defined our terms and summarized some previ-
ous results, in particular Snipes” convergence theorem and Snipes’ circle
domain theorem.

In Chapter 2, we give counterexamples to the full converse of Snipes’
convergence theorem, state a weaker converse for simply connected do-
mains, and show an example which suggests that the weaker converse
might not hold for multiply connected domains. This weaker converse is
the following theorem. Note that it is a version of Conjecture 1 in which we
specify some necessary conditions on the sequences of domains {Q),} for
which it holds.

Theorem 6 Suppose that {Q),} is a sequence of simply connected, uniformly
bounded domains containing 0, and that their normalized Riemann maps ®,, are
equicontinuous. Suppose further that for some p > 0, B(0,p) C Q,, for all n.
Then there is some subsequence {®,, } of the Riemann maps that converges
uniformly to a function ® that is itself the Riemann map of some domain Q).

In Chapter 3, we prove Theorem 6. Also, we rewrite Corollary 4, to use
the conditions of Theorem 6 rather than the condition that the sequence
{0, } of domains converges.

In Chapter 4, we fix a function f, and use Theorem 5 to construct a
sequence of domains X,, whose h-functions approach f. We then find con-
ditions on X, and f that ensure that f is equal to the h-function of some
simply connected domain, using Theorem 6 and a sequence {(2,} of well-
behaved, simply connected domains similar to { X}, }. These conditions are
summarized in the following theorem.



Statement of results and outline of thesis

7

Theorem 7 Let f be a function that is 0 on (0, i), strictly increasing on [y, M],
and equal to 1 on (M, o). Using Theorem 5, construct a sequence { X, } of circle
domains, where X, has n + 1 boundary arcs including the outermost circle, whose
h-functions approach f. Let , ; be half the arc length of the jth boundary arc in
X, Assume that for every E > 0O there exists an Ng > 0, and for every ¢ > 0
there exists a d; > 0, such that Ng, E, §¢, and € satisfy the following conditions.

(a) If n > N, then nip, . > E.
(b) If [ryx — rujl < Oe, then min(y,j, Pri) — Pui < eforall j <i <k.

Then f is equal to the h-function of some simply connected domain () at all points

of continuity of f.

Roughly speaking, Condition (a) implies that the arcs of {X,} cannot
be too short. The arc lengths of boundary arcs in X, can decrease to zero
as n increases, but they must decrease slowly. For example, the condition
would be satisfied if ¢,y = 1/+/n for all k, but would not be satisfied if
Y = 1/n? for all k.

Condition (b) implies that there cannot be short arcs of X, between
nearby long arcs of X;,.

In Chapter 5, we discuss possible future work.

In Appendix A, we prove that harmonic measure is a conformal invari-
ant, is additive, and is monotonic. In Appendix B, we calculate harmonic
measure in several specific domains, and in Appendix C, we investigate
circle domains and present some estimates of their harmonic measure.






Chapter 2

Counterexamples

2.1 Counterexample to the full converse

The statement of the full converse of Snipes’ convergence theorem (Theo-
rem 1) is as follows. If, for a set of domains (), with harmonic measure
distribution functions h, such that h, — h pointwise for some function #,
then (), — Q) in some sense.

If we restrict ourselves to sequences of simply connected domains, then
we can have ), — Q) in the sense of Fréchet, as used in Theorem 1. If we
want to look at multiply connected domains, we need some other definition
of convergence, such as Carathéodory convergence, defined later in this
chapter (Definition 7).

The converse is false, as shown in the next theorem.

Theorem 8 There exists a sequence {()y, } of simply connected domains, with har-
monic measure distribution functions hy, such that h, = hy, for all n and m, but
{Q),} does not converge.

Proof Define the sequence {(),,}?’ ; as follows. Fork =1,2,3,.. ., let
Oy = {a+bi ‘ b > —1},

QZkH:C\{a‘aGR,\a\Zl}.

In both cases, let the basepoint be 0. Then by [19, Example 2], h,, = h,, for
all n and m.

However, {Q),} has two subsequences {Qy} and {Qy1} which, by
any reasonable definition of convergence, clearly converge to different do-
mains. Hence {(),} cannot converge. m
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2.2 A conjectured weaker converse

The full converse is thus false. Is some sort of partial converse true? We
conjecture that the converse is true if we replace sequences with subse-
quences.

Conjecture 2 If the harmonic measure distribution functions hq, of some se-
quence of domains {Q),, } converge to some function f, then there is a subsequence
Oy, such that ), converges to some region ().

Note that this conjecture generalizes Conjecture 1 from simply con-
nected domains to multiply connected domains.

As we will show in Chapter 3, the converse holds for all sequences
{Q,} of domains that are simply connected, uniformly bounded, all con-
tain some neighborhood of the basepoint, and whose complements are uni-
formly locally connected. (See Theorem 6 in Section 1.4.)

As we will show in Section 2.3, however, if the converse holds for ar-
bitrary multiply connected domains, then either we must use an unusual
definition of convergence, or at least one sequence of domains must con-
verge to a domain with the wrong h-function.

From Theorem 1, we know that for a certain (very strong) kind of con-
vergence of domains, namely Fréchet convergence of simply connected do-
mains, if there is a convergent subsequence {(),, }, then it must converge
to a domain () with the h-function we expect. That is, hq = lim, .« hq,. It
is unknown whether a sequence of domains {(),,} that converges in some
other sense (e.g. the sense of Carathéodory) must converge to something
with the appropriate h-function.

2.3 A cautionary example, using circle domains

In Chapter 3, we prove Conjecture 2 for the special case where the domains
), are simply connected and satisfy a few other conditions. For simply
connected domains, we can use Fréchet convergence, as used in Theorem 1.

It is tempting to try to prove Conjecture 2 for the more general case of
multiply connected domains, using some other definition of convergence,
such as Carathéodory convergence, defined below. However, it is possible
to construct a sequence of domains which, if they converge in the sense
of Carathéodory, must converge to something with the wrong h-function.
This implies one of three possibilities.
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e Either Carathéodory convergence is the wrong type of convergence
to use, but Conjecture 2 is true if we use some other definition of
convergence,

e or Conjecture 2 is true, but some subsequences converge to domains
with the wrong h-function,

e or Conjecture 2 simply does not hold in general for multiply con-
nected domains.

Our example is constructed as follows. We take the definition of Cara-
théodory convergence from [11, p. 13].

Definition 7 (Pommerenke) A sequence of domains (), converges in the sense
of kernel convergence (or the sense of Carathéodory) to a domain Q) with re-
spect to some wy € Q) if

1. either QO = {wop}, or QO # C, wy € Q, and for every w € Q), there is some
neighborhood B(w, ) of w and some integer M such that B(w,r) C Q) for
alln > M, and

2. for each w € Q) there is some sequence {wy} such that w, € 0Q), and
Wy — WAas n — oo,

Note that a neighborhood, in this section, is what we elsewhere refer to as
a disk.
Recall that sufficiently well-behaved step functions always arise as the
harmonic measure distribution functions of a class of planar domains.
Define the piecewise-linear function f as follows.

0, r<l,
f(r)=4 (r—=1)/6, 1<r<7,
1, 7 <r.

Then f is a piecewise-linear function that starts out at 0, increases from 0
to 1 linearly, and then remains at 1 over the rest of the real line. Define the
step functions h, to approximate f as follows.

Q, r{l, ‘
ha(r) =13 1, 6Ll 41<r<6l41,jez,0<j<n,
1, 7<r.

So {h,} is a sequence of step functions that approaches f in the limit. See
Fig. 2.1.
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Furthermore, h;, is a right-continuous step function that increases mono-
tonically from 0 to 1 in a finite number of steps, so we can use Theorem 5.

Figure 2.1: The function f used in Section 2.3, and an approximating step
function h,,.

Forn =1,2,3,..., let (), be a circle domain, with all arcs centered on
the positive real axis, such that hq () = h,(r). Since for each h,,, there is a
jump at 1+ 6j/n, all of the boundary arcs in (), must have positive length.
Also, for each n, O, C B(0,7).

Clearly, hq,(r) — f(r) asn — oo, for each v > 0.

Assume some subsequence {(),, } converges to some region () in the
sense of Carathéodory. I claim that hq(r) # f().

Let [w| > 7. Then for all ), w ¢ Q. Sow ¢ Q.

Suppose that w is a positive real number with 1 < w < 7. Let B(w, ¢)
be the neighborhood of w with radius e. Fix an integer M. For any subse-
quence {Q,, }, there is some 1y > M with n; > 6/¢e. Then there is some j
such that1+6j/n, € B(w, ). Since 6j/ny & Oy, B(w,€) ¢ Oy,. Thus, there
is no neighborhood B(w, ¢) and integer M such that if ny > M, B(w,¢) C
y,. Thus, by the definition of Carathéodory convergence, w ¢ ().

Thus, Q C B(0,7)\ [1,7]. See Fig. 2.2.

Then

ha(r)

w(0,000N B(0,7),Q)
w(0,000N B(0,7), Q2N B(0,7))
w (0,[1,7],B(0,r)\ [1,7])

AV
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OO
-3

Figure 2.2: The subsequence of domains (),,, which give rise to the step
functions h,,, and converge to a hypothetical domain ) which must be
contained in the domain B (0,7) \ [1,7].

by Lemma 36 in Appendix A.

By [19, Equation (5)], w (0, [1,7], B(0,7)\ [1,7]) =1 — arctan V1/r. But
on the interval (1,3), f(r) < 1 — % arctan/1/r. Thus, hQ( ) # f(r) on the
interval (1,3).

Therefore, one of the three possibilities listed above must be true.






Chapter 3

Convergent subsequences of
Riemann maps

3.1 Conditions on the Riemann maps and our goal

In this chapter, we will prove that any sequence of domains {Q2,} which
satisfies certain conditions must contain a subsequence {(),, } which con-
verges to some limiting domain Q).

We will need several conditions on {(), }. First, we will require that all
domains be simply connected. Thus, we define convergence of domains in
the sense of Fréchet, that is, uniform convergence of Riemann maps on the
closed unit disk D. This will conveniently allow us to use Corollary 4, to
show that the limit of the h-functions {hq, } is itself an h-function.

In this chapter, we assume that all Riemann maps & are normalized
such that ®(0) = 0 and ®'(0) > 0.

Another condition we will need is that the sequence of complements to
the domains in our original sequence be uniformly locally connected.

Definition 8 A closed set A is locally connected if, for every e > 0, there exists
a 6 > 0 such that any two points b,c € A with |b —c| < & can be joined by a
continuum B C A of diameter at most «.

A sequence of closed sets { A}, is uniformly locally connected if, for
every € > 0, there exists a 6 > 0 independent of n such that any two points
b,c € A, with |b— c| < & can be joined by continua B,, C A,, of diameter at most
€.

See Fig. 3.1 for examples. Note that any finite collection of locally con-
nected sets is uniformly locally connected.
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v Z |

Figure 3.1: The first three sets in each of two infinite sequences of closed
sets. The sequence represented on the left is uniformly locally connected,
but the sequence represented on the right is not.

We will also, as an intermediate step, need our sequence of Riemann
maps to be equicontinuous on the closed unit disk ID.

Definition 9 A sequence of maps {®,, } on some metric space D is equicontinu-
ous if, for all € > 0, there exists a 6 > 0, depending only on €, such that if x,y € D
and |x —y| < 9, then |®,(x) — P, (y)| < eforall n.

In this chapter, we prove the following theorem, stated as Theorem 6 in
Section 1.4 above.

Theorem 9 Suppose that {Q),, }5,_, is a sequence of domains in the complex plane
such that the following conditions hold.

o (), is simply connected.

o There exists a positive number o > 0 such that for all n, B(0,p) C Q).
o There exists a positive number R > 0 such that for all n, Q),, C B(0, R).
o {C\O,} is uniformly locally connected.

Then the sequence of Riemann maps {®, };°_, of the domains Q) contains a subse-
quence { Dy, } 2, which converges uniformly on 1D to some map ® which is itself
the Riemann map of some domain Q).

The key point is that Theorem 9 produces a domain (), or at least shows
that it exists. If the sequence of domains hq, converge to some function f,
then by Theorem 1, f must be the h-function of the domain (). This allows
us to rewrite Corollary 4 as follows.



Finding a convergent subsequence of equicontinuous Riemann maps 17

Corollary 10 If a sequence of functions {h,} converges pointwise to some func-
tion f at points of continuity of f, and there exist simply connected domains ),
such that

® hu(r) = ho,(r;0),
o {C\Qy,} is uniformly locally connected, and
e there exist numbers p, R > 0 such that for all n, B(0,p) C 0, C B(0,R),

then there exists some domain Q) such that hq(r;0) = f(r) at all points of conti-
nuity of f.

3.2 Finding a convergent subsequence of equicontin-
uous Riemann maps

In this section, we prove that all uniformly bounded, equicontinuous se-
quences of Riemann maps contain convergent subsequences. After prov-
ing this theorem, I discovered that it was a known result, the Arzeld-Ascoli
Theorem.

Notation. Because these results will eventually be applied to the com-
plex plane, we use |a — b|, rather than d(a,b), to denote the distance be-
tween the points a and b in a general metric space.

First, we will show that if a sequence of maps { ¢, } takes a countable set
S into a compact space C, then {¢, } has a convergent subsequence. This
is easier than our goal-namely, to show the same thing on an uncountable
set, D. We follow the treatment given in [13, p. 170] for real numbers.

Theorem 11 Let S = {s1,s2,...} be a countable set, and let ¢, : S — C be a
countable sequence of maps from S into some compact metric space C. Then there
is some subsequence ¢y, such that { gy, (s;) }2, converges for all values of j.

Proof Because C is compact, Theorems 2.41 and 3.2 in [15] imply that the
sequence {¢;(s1) };—; has a convergent subsequence { ¢y, (s1) }3 ;- This de-
fines the sequence { @y, , }3 ;-

We define the sequences {¢n;, };>, recursively as follows. For each
j € Z", we know that the sequence {@n;, (sj+1)}2, has a convergent sub-
sequence. Let this subsequence be {¢y,,(sj+1) };2;, and from this define

{(P”j+1,k }Iio:l'
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Then {@n,,, }t2q C {@ntier- Let @n = @py,. Then ng g > ny, and so
{on > ; is a subsequence of ¢, for all j. Thus,

klglélo Py (5]') = klgl; q)nj/k (S]')
exists for all j. m

Unfortunately, the closed unit disk is uncountable. Fortunately, it has
countable dense subsets. For example, {ge?™}, where g and p are rational
and |g| < 1, is a countable dense subset of D. We would like to show that if
a sequence of continuous functions {¢, } converges on a dense subset D of
a compact space S, then that sequence { ¢, } converges on all of S. We will
need a fairly strong condition: that the sequence {¢,} be equicontinuous.

Theorem 12 Suppose that S is a compact metric space, and ¢, : S — C is
an equicontinuous sequence of functions on a dense set D C S, that converges
pointwise to the function ¢. (Note that ¢ is defined only on D!) Then {¢,} is
uniformly convergent on S.

Proof Fix ¢ > 0.

For every d € D, there is some N such that |p(d) — ¢,(d)| < &/6 for all
n > N.

Let

Dy ={deD| foralln,m > N, |p,(d) — pu(d)| < e/3}.

Then every d € D is in some Dy.

Since { ¢, } is equicontinuous, there is some 6 > 0 such thatif |[s — | < J,
then |¢,(s) — @u(t)| < €/3 for all n. Also, because D is dense, for every
s € S, thereis some d € D with |s — d| < 4.

Let

Exn= J B(d,9).

deDy

Then by the above remarks, {En} is an open cover of S. Hence it has a
finite subcover {En, }].,. Note that Ey C Eny1. Let M = Ny,.

Then for every s € S, if n,m > M, then there is some d € D such that
|s—d| < dand |¢n(d) — ¢n(d)| < e/3. Thus,

[P0 (8) — @m(s)| < [@u(s) — @u(d)| + |@n(d) — @um(d)| + |@m(d) — pm(s)| < e

Thus, by Theorem 7.8 in [15], { ¢, } is uniformly convergenton S. m
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It follows from [15, Theorem 7.12] that ¢, the limit function of {¢,}, is
continuous.
These two theorems can be summarized as follows.

Theorem 13 Let S and C be two compact metric spaces with C complete, and
assume that there exists a countable dense subset of S. If { ¢, } is an equicontinuous
sequence of functions ¢, : S — C, then there is some subsequence ¢, which
converges uniformly to some continuous function ¢.

In particular, if {®,} is a uniformly bounded, equicontinuous sequence of
Riemann maps, then there is some subsequence {®, } which converges uniformly
to a continuous function ® : D — C.

3.3 Showing that the limit function is a Riemann map

Returning to the special case of the complex plane, recall that we wish to
show that any sufficiently well-behaved sequence of Riemann maps con-
tains a subsequence which converges uniformly to a Riemann map.

We have shown that any uniformly bounded, equicontinuous sequence
{®, } of Riemann maps contains a subsequence which converges uniformly
to some continuous function ® on D. We would like to show that the limit
function ® is a Riemann map. Thus, we must show the following.

e ®isanalyticin ID.

o & is one-to-one.

o ®(0) =0.

e &'(0) > 0.

Note the following theorem from Ahlfors’ book, [2, p. 176].

Theorem 14 Suppose ®,, is analytic in ID, and that the sequence { P, } converges
to @ in D, uniformly on every compact subset of ID. Then ® is analytic in D.
Moreover, @), (z) converges uniformly to ®'(z) on every compact subset of D.

Thus, we know that ® is analytic in ID. Clearly, ®(0) = lim;, o ©,(0) =
0. Also, lim;, . ®},(0) > 0 because ®;,(0) > 0; hence, ®'(0) > 0 and we
need only show that ®'(0) # 0. This will be easier to do once we have
shown that ® is one-to-one.

To show that @ is one-to-one, note another theorem from [2, p. 178].
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Theorem 15 If the functions f,(z) are analytic and nonzero in a region ), and
if fu(z) converges to f(z), uniformly on every compact subset of (3, then f(z) is
either identically zero or never equal to zero in Q).

This has an immediately useful corollary:

Corollary 16 If the functions ®,(z) are analytic and one-to-one on D, and con-
verge uniformly on ID to ®, then ® is either a constant or is one-to-one.

Proof Fix some zp € D, and let G = D — {z¢}. Let f,(z) = ®,(z) — Pn(z0).
Then f,(z) is analytic and nonzero in G. Further, f,(z) converges to ®(z) —
®(zp) uniformly. Then either ®(z) — ®(z9) = 0 for all z, implying P is
constant, or ®(z) # P(zp) for all z. Since zo was arbitrary, this means that
® is one-to-one. m

Recall that we assumed that B(0,p) C ), for all n. This implies that
{®,} does not converge to a constant.

Lemma 17 If for all n, B(0,p) C ®,(ID) and ®,, converges uniformly to to ®,
then ® is not a constant.

Proof Because @, converges uniformly, there exists a N > 0 such that for
allz € D, |®(z) — Pn(z)| < p/4. Thus, forall z,w € D,

[®(z) — P(w)| > |[Pn(z) — Pn(w)| —p/2.
In particular, if ®x(z) = p/2 and Py (w) = —p/2, then
|D(z) —D(w)| >p—p/2=p/2>0.
We know that some such z and w exist, and so @ is not a constant. m
Finally, to show that ®'(0) > 0, we use another theorem from [2, p. 131].

Theorem 18 Suppose f(z) is analytic at O, and f has a zero of order n at 0. If
e > 0 is sufficiently small, then there exists a & > 0 such that if |a| < 0, the
equation f(z) = a has exactly n roots in the disk |z| < .

This has as a corollary the following important result.
Corollary 19 Suppose ® is analytic and one-to-one in ID. Then ®'(0) # 0.

Proof Suppose f(z) = ®(z) — ®(0) has a zero of order n at 0. Let ¢ be
sufficiently small to apply Theorem 18. Assume without loss of generality
that e < 1, and let a = 6/2, where ¢ is given by Theorem 18. Then the
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equation f(z) = a has exactly n roots. Since ® is one-to-one, f is one-to-
one, and so n < 1. Thus, f(z) has a zero of order 1. This implies that
1(0) # 0, by [2, p. 127]. Since &’ = f’, this implies ®'(0) # 0. m

Also, note that by [15, Theorem 7.12], because ®,, — ® uniformly on D
and because ®,, is continuous on DD for all 1, ® has a continuous extension
to D.

We summarize the results of this chapter in the following theorem.

Theorem 20 Suppose that {Q),} is a sequence of simply connected, uniformly
bounded domains containing 0, and that their Riemann maps ®,, are equicontin-
uous on D. Suppose further that for some p > 0, B(0,p) C Qy, for all n.

Then there is some subsequence {®,, } of the Riemann maps that converges
uniformly to a function @ that is itself the Riemann map of some domain (), and
which is continuous on D.

Furthermore, by Corollary 4, if the harmonic measure distribution functions
hq, converge to some function f, then f = hq at all points of continuity of f.

In the remainder of this chapter, we investigate which sets of domains
have equicontinuous Riemann maps, and state some sufficient conditions
from Pommerenke’s book [11].

3.4 Three examples of non-equicontinuous Riemann
maps

We present several examples of sequences of functions on ID which are not
equicontinuous, and which do not contain any subsequences which con-
verge to Riemann maps. Because of these examples, we do not pursue any
less restrictive conditions than equicontinuity.

One example is ¢,(z) = nz. Here the domains (), = ¢,(ID) are not
uniformly bounded.

Another example is ¢,(z) = z". Here, the functions ¢, are not one-to-
one, and so they are not the Riemann maps of any domains.

Consider

__ 2-1/n
ou(z) = Z(n —1)z+n’

This Mobius transformation takes ID to the unit disk centered at —1+1/(2n).
It is one-to-one, uniformly bounded, and analytic; furthermore, ¢, (0) = 0,
and ¢},(0) > 0. Thus, {¢,} is a sequence of uniformly bounded Riemann
maps. So far, it comes very close to satisfying our conditions.
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Now
, 2—-1/n 2-1/n)(n—-1) 2n—1

= i Dztn T (n-1z+tn?  ((n—Dz+n)?
Forany d > 0, let n > 2/6. Using Maple, we compute that
(1/n-1)(2-1/n) (1/2n—-1)(2—-1/n)

m—1)1/n-1)+n m-1)(1/2n—1)+n
’>1/3.

[pn(1/n=1) —u(1/2n =1)| =

B n
 [3n—1

Thus, {¢,} is not equicontinuous.

Note that lim;, . @,(z) = 0 for all z € ID (except for z = —1). Thus, this
sequence of Riemann maps does not converge to a Riemann map.

Note that ¢, maps 0 to itself. Also, note that the boundary of D is
mapped arbitrarily close to 0, because ¢, maps ID to the unit disk centered
at —1 +1/(2n). Thus, the limiting domain, if it is open, cannot contain

¢n(0).

3.5 When are the Riemann maps of a sequence of do-
mains equicontinuous?

This question has fortunately been studied. We have this theorem from
Pommerenke’s book, [11, p. 22].

Theorem 21 Let ®,, map ID conformally onto ), with ®,,(0) = 0. Suppose that
B(0,p) € O3y € B(O,R)

for all n. If {C\Q,, } is uniformly locally connected, then {®,}5’_; is equicontin-
uous on D.

This completes the proof of Theorem 9.

The following lemma and its corollaries give a useful sufficient con-
dition for identifying sequences of domains with path-connected or uni-
formly locally connected complements.

Lemma 22 Let Q) be a domain. Suppose that for some ¢ > 0 thereisa 6 > 0
such that for every {,w € 0Q with |{ — w| < 9, there is a continuum in C\Q)
connecting { and w of diameter at most . Then for every z,w € C\Q with
|z —w| < 0, there is a continuum in C\Q) connecting z and w of diameter at
most 2e.
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Proof Assume without loss of generality that 6 < e. Let z,w € C\Q) with
|z —w| < 6. We wish to find a continuum of diameter at most 2¢ in C\Q)
connecting z and w.

Figure 3.2: If we can connect any two points ¢ and w in Q) by a continuum
of small diameter in C\(), then we can connect any two points z and w in
C\Q by a continuum of small diameter.

Let L be the straight-line contour from z to w, so diam(L) < § < &. Then
if L ¢ C\Q), we are done. Otherwise, let {,w € L N 0Q be such that there
are no points ¢ € L NdQ) with either |z —§| < [z — ] or |[w —¢| < |[w — w].
See Fig. 3.2. Then there is a continuum B of diameter at most € connecting
¢ and w, and lying entirely in C\ Q).

By appending the pieces of L lying between z and ¢, and between w
and w, we get a continuum, lying entirely inside C\(), that connects z and
w. Furthermore, this continuum lies entirely within L U B, and so because
L N B is nonempty, its diameter is at most diam(L) + diam(B) < 2e. Hence
there is a continuum of diameter at most 2¢ in C\ () connecting z and w, as
desired. m

This has two useful corollaries.

Corollary 23 Let Q) be a domain. If for every z, w € 9 there is a continuum in
C\Q connecting z and w, then C\Q is path-connected.

Corollary 24 Let {Q),} be a sequence of domains. If for every € > O there is a
0 > 0 such that, if z,w € 0Q), and |z — w| < 6, there is a continuum in C\Q),
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connecting z and w of diameter at most ¢, then {C\Q,} is a uniformly locally
connected sequence.

Thus, to check to see if the complements {C\Q),} of a sequence {Q),}
of domains are uniformly locally connected, it suffices to check only the
points in 0Q),, rather than all of the points in C\(),.

Thus, we know that for any sequence of simply connected domains €),,,
if 00}, is uniformly locally connected and (), is uniformly bounded, then
there is a subsequence (), with uniformly convergent Riemann maps.



Chapter 4

Showing that some functions
are h-functions

4.1 Previous theorems and the goal of this chapter

Given any function f, the main question we wish to answer is: when is
f the h-function of some domain ()? In this chapter, we look at the more
restrictive question: when is f the h-function of some domain () that may
be written as the limit of a sequence {(),} of domains that satisfy certain
conditions?

We establish some sufficient conditions on f and the sequence {Q,},
which are summarized in Theorem 33 in Section 4.9 below.

Throughout this chapter, we assume that all s-functions are taken from
the base point 0, and that all circle domains and blocked circle domains are
centered at the base point 0.

Suppose there is some sequence {(),,} of domains, with h-functions h,,
such that , — f at all points of continuity of f. We can conclude the
following, based on previous chapters.

1. If ), is simply connected, then by [2, p. 230] there exists a Riemann
map @, : D — Q, such that ®,(0) = 0 and ®/,(0) > 0.

2. By Theorem 9, if there exist positive real numbers R and p such that
forall n, B(0,p) C Q, and ), C B(0,R), and if the sequence {C\Q),,}
is uniformly locally connected, then there is some subsequence of the
Riemann maps {®,, } that converges uniformly on D to a function ®
that is the Riemann map of some domain (). (Note that there may be
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several such subsequences, and that they may converge to different
domains. However, this will not affect the remaining conclusions.)

3. By Theorem 1, because ®,, — ® uniformly on D, hy, — hq pointwise
at points of continuity of hq.

4. Therefore, f = hq at points of continuity of hq and of f. By The-
orem 3, if f is monotonic, all points of continuity of f are points of
continuity of hn. Thus, f is equal to the h-function of the domain ()
at all points of continuity of f.

Thus, if f is monotonic and f(r) = lim,_. hq, () at points of conti-
nuity of f, where the sequence {(),} satisfies the conditions given in (1)
and (2) above, then f(r) = hq(r) for some Q) (except perhaps at points of
discontinuity of f.)

We will break the task of finding such a sequence {Q, } into two steps:
finding some sequence {X,} of circle domains such that hx, converges
pointwise to f, and finding a sequence {(),} of blocked circle domains
which satisfy the conditions in (1) and (2) above, such that hx, — hq, con-
verges pointwise to 0.

Note that our program will not construct all possible h-functions. It
will not construct the h-function of a domain () unless () may be writ-
ten as the limit of a sequence {Q),} of domains that satisfy the conditions
in (1) and (2). This means that () must be bounded, simply connected, and
by Lemma 25, must have a locally connected and path-connected comple-
ment.

Thus, our program will fail for many functions f that are, in fact, the
h-functions of some domain Q).

Lemma 25 Suppose that for a simply connected domain Q) with Riemann map ®
there is a sequence {Q)y, } of domains with Riemann maps {®,} that are equicon-
tinuous on the closed unit disk D, and that ®,, — ® uniformly on D.

Then C\Q) is path-connected and locally connected.

Proof By Theorem 20, we know that ® has a continuous extension to D.
So by [11, Theorem 2.1], C\Q is locally connected, and 0Q) is path-
connected. Hence by Corollary 23, C\() is path-connected. m

4.2 Necessary conditions

It is possible to eliminate, a priori, some functions f from consideration.
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Any function f which is not monotonically increasing, is ever negative,
or which is ever greater than 1, cannot arise as the h-function of any do-
main. There are other known conditions on the h-functions of bounded,
simply connected domains with path-connected complements, which are
summarized in this section.

Given a function f which increases monotonically from 0 to 1, we define
the constants y and M as follows:

M=sup{r| f(r) <1}, p=inf{r|f(r)>0}.

If f is the h-function of any domain (), measured from some basepoint z,
then because domains are open, there must be some p > 0 where B(zp, p) C
(); consequently, we must have that 4 > p > 0. Furthermore, if () is a
bounded domain, we must have that M is finite.

It was shown in [19, Equation (5)] that if f arises as the h-function of a
simply connected domain, then

f(r)y>1- %arctan \/E (4.1)

Also, consider this theorem.

Theorem 26 If 0 < hq(r1) = hq(r2) < 1 for some r1 < 1y, then C\Q is not
path-connected.

Proof Since 0 < hq(r1), there is some point z € 9Q) with |z| < r;. Since
ha(r2) < 1, there is some point w € dQ) with |w| > 7.
Since hq(r1) = ha(r2), we have that

w(0,{C €0 |rn <||<rn},Q) = w(0,00NnB(0,r)Q)

— (0,001 B(0,1),Q)
= hq(r2) —ha(r1) = 0.

So in particular, the annulus {§ € 00} ‘ r < || < rz} contains no con-
tinuum of d(). Thus, there is no path connecting z and w, for if there were,
that path would have to go through that annulus. So C\(Q) is not path-
connected. Hence, by assumption, C\() is not connected; hence (2 is not
simply connected. m

Therefore, by Lemma 25, we only wish to consider functions f that are
strictly increasing on some range [y, M|, where 0 < u < M < oo, satisfy the
lower bound in Equation (4.1), and that equal 0 on (0, 1) and 1 on (M, o).
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4.3 A sequence {X,} of domains such that hx, — f.

Recall Theorem 5, restated here.

Theorem 27 (Snipes) Let f(r) be a right-continuous step function, increasing
from 0 to 1, with its discontinuities at r1,13, ... , 1, With0 <711 <1p < --- <
rni1. Then there exists a circle domain X with n arcs whose harmonic measure
distribution function hx(r) is equal to f(r). The radii of the n arcs and of the
boundary circle in X are given by r1,1, ... ,r, and by r,, 1 respectively.

Let {f,} be a sequence of right-continuous step functions, increasing from
0to 1, such thatlim, .« fu(r) = f(r) at points of continuity of f. We can do
this by defining f, as follows. Let floor(x) be the largest integer less than
or equal to x.

Define f,(r) as

0, r<p
fu(r) = f(#ﬂoor(”&i?)—ky), u<r<M
1/ M S r
See Fig. 4.1.
f/
/// fn

Figure 4.1: An arbitrary, strictly increasing function f, and an approximat-
ing step function f,,.

Then f, is a right-continuous step function, and for k = 0,1, ... ,n,
fu(r) = f(r) when r = y + k(M — ) /n. Furthermore, the discontinuities
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of f,(r) occur at the points ¥ = y + k(M — u)/n. Thus, f, is a step function,
with n 4+ 1 discontinuities, such that lim,_.. f»(r) = f(r) at all points of
continuity of f. By Theorem 5, the function f, () arises as the h-function of
some circle domain Xj,.

Unfortunately, the functions f,(r) do not arise as the h-functions of sim-
ply connected domains; they arise as the h-functions of multiply connected
circle domains. We refer to these circle domains as X,;, and for convenience,
assume that all boundary arcs in X,, are centered on the positive real axis.
We intend to modify the circle domains X,, so that they are simply con-
nected and so that their complements are uniformly locally connected.

Notation. We denote the radius of the kth boundary arc in X, by 7,4,
and let the angle subtended by the kth boundary arc in X, be 21, ;. See
Fig. 4.2. Thus, the kth boundary arc in X, is the set of points

{mG89‘|9\§ ¢mk}-

Thus,

n

Xn = B(O,M)\ U {rn,keig ‘ ‘0’ < ¢n,k} .

k=1

44 A well-behaved sequence {(),} that is similar to
{Xn}

We wish to construct a sequence of blocked circle domains {(),,} from the
circle domains { X, } such that {C\(Q),} is uniformly locally connected and
hx, —hq, — 0.

Note that all blocked circle domains are simply connected, and that if
the domains (), have their boundary arcs in the same places as the arcs of
X, then we will automatically have that B(0, ) C 0, C B(0, M). Thus, to
show that f is the h-function of some simply connected domain, we need
only show that

° hX” — hQn — 0, and
e {C\Q,} is uniformly locally connected.

Throughout the rest of this chapter, we will develop constraints on the
arc lengths of arcs in X, and on the positions of the gates in the domains
), such that those conditions will hold.
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X

Figure 4.2: A multiply connected circle domain X, and the blocked cir-
cle domain (), constructed from X, by blocking off sectors between the
boundary arcs. Here 1,  is half the angle subtended at 0 by the kth bound-
ary arc in X,;, and ¢, x is half the angle subtended at 0 by the sector blocked
off by gates between the kth and k + 1th boundary arcs in (2,,.

We construct the blocked circle domains as follows. Let {¢,«};; be
a doubly indexed sequence of nonnegative real numbers, where k < n + 1
and ¢, < min(y, r, Pur41). Let the sequence {Q), } be given by

n
Q, =X\ | {rele | P <7 < ryppr, 6] < gbn,k}.
k=1

That is, from the circle domain X;,, we remove sectors of annuli, bounded
by the circular arcs of X, and by straight line segments (gates) which lie
along rays through 0. These blocked sectors each span an angle of 2¢,, ; <
2min(¢, k, Py k+1); we wish the sectors to be shorter than the neighboring
arcs of the original circle domain. See Fig. 4.2.

Note that 7, — 7 k-1 = (M — u)/n.

We would like to find sufficient conditions on the numbers ¢, ; and
¢k such that {C\ ), } is uniformly locally connected, and such that |hx, —
ha,| = 0.
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4.5 Whenis {C\(),} uniformly locally connected?

First, we prove a theorem that will establish sufficient conditions for {C\Q, }
to be uniformly locally connected, that is, for the conditions of Corollary 24
to hold.

Note that nearby points on boundary arcs of (), can take on three dif-
ferent configurations, as shown in Fig. 4.3. They can be nearby on one side
of the positive real axis (Possibility 1), nearby and across the positive real
axis from each other (Possibility 2), or (if the boundary arcs are very long)
nearby and across the negative real axis from each other (Possibility 3).

LT
Possibility 1
\

Possibility 3 e
Possibility 2

Figure 4.3: The three possibilities for close points z and w on boundary arcs
of (), and the continua connecting them.

Theorem 28 Let 0, = min(tpn,]-, Puj) — MiNj<jck Pr e
Suppose that for all € > 0O there exist numbers d;, 0, with 5 > 8, > 0, such
that the following conditions hold.

(@) If [ryg —7uj| < e then 0, < ¢ and

(b) If usin(mr — ¢, ) < o and ¢, > 7/2, then M — 1, < 5 and for all
i>k m—¢i <e

Then {C\Q)y, } is uniformly locally connected.

See Fig. 4.4 for an illustration of the angle 6,, ; .
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Tn,j Tk

Figure 4.4: The angle 0, ;  is the maximum subtended angle which a path
in C\Q) must traverse if it is to connect a point w on the jth boundary arc to
a point z lying along the same ray through 0 on the kth boundary arc.

Condition (a) ensures that nearby points, arranged as shown in Possi-
bility 1 in Fig. 4.3, will have a connecting path of small diameter. Condi-
tion (b) ensures that nearby points arranged as in Possibility 3 will have a
connecting path of small diameter. Points arranged as in Possibility 2 will
automatically have a small connecting path if they are near each other.
Proof Fix some ¢ > 0, and assume without loss of generality that e < M.
We wish to find some § > 0 such that if z,w ¢ ), and |z — w| < §, then
there is a continuum of diameter at most & contained in C\ (), connecting z
and w. By Corollary 23, we need only look at the case where z, w € 9(),,.

Then there are three cases:

1. Both z and w lie on arcs in X,,.

2. z lies on an arc in X;;, but w does not. (This implies that w lies on a
gate.)

3. Neither z nor w lies on an arc in X,,.

See Fig. 4.5.
Suppose that z and w lie on the arcs of radii 7, and r,, ; with j < k.
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Possibility 1 Possibility 2 Possibility 3

w

Figure 4.5: The three possible arrangements of two boundary points of a
blocked circle domain.

Lete = ¢/3, and let

. e S5ue
d = min (y, Sr, 7 11\%}\4) ,

where E = ¢/2v/2M. So in particular, Conditions (a) and (b) hold for E and
O¢, 0. Thus, for example, if |1, —7,,j| < d, then 6, ;; < E.

We wish to show that if |z — w| < d, then there is a continuum of diam-
eter at most ¢ lying entirely in C\(),, that connects z and w.

Either z and w both lie on the same side of the real axis, or they do not.

If they do, then they are connected by a continuum that lies entirely
in a sector of an annulus of inner radius r, , outer radius r,x, and which
subtends an angle 2a = 6, ;x + 1. We define 7 to be the maximum angle
subtended at 0 between z and w, subject only to the constraints that z and
w lie on arcs of radii r,,; and 7, x and that [z — w| < d. See Fig. 4.6 for an
illustration of 77 and a continuum connecting z and w. Then the continuum
connecting z and w subtends an angle at most 77 + 6, ;x by definition of 7
and 6, ;x. Let this sector of the annulus be A. See Fig. 4.7 for an illustration
of A. Thus, as shown in Fig. 4.6, 77 is an angle in the triangle of side-lengths
Tnjs 'nj, and d. By the law of cosines, d*> = 1} , + r%,j — 21y, Ty COST].

Since d < p < r,;, we must have that 7 < 7/3. Using the Taylor
series expansion for cos(x), we know that 1 — x2/2! + x*/4! > cos x for all
0 < x < v/30. Thus, we can find an upper bound on 7 that depends only
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Tk

Figure 4.6: A continuum in C\(), connecting z and w, and an illustration
of the maximal angular distance # between z and w.

ond and y.

P2+
(1—n2/2+n*/24) > cosy = k-
2rn,jrn,k
27’n,k”n,j + (rn,k - rn,j)z - dz

2rn,jrn,k

> 1-——.

This implies that 72(10/11) < #%(1 — 7t2/108) < %> —y*/12 < (d/u)? since
n <m/3.S0
y < (11/10)d/p.

There are two possibilities for diam(A), labeled /; and I, in Fig. 4.7.
Because A lies entirely on one side of the real axis, it subtends an angle of
at most 1. So the diameter, defined as the maximum distance between two
points in A, clearly connects two corners of the annular sector. They cannot
both be inner corners; thus, either the diameter is the distance between the
two outer corners, or the distance from an inner corner to an outer corner.
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Figure 4.7: The annular sector A containing z, w, and a connecting path in
C\Q),, and the two possibilities, /1 and Iy, for its diameter.

It is possible to estimate both of these distances using 7, j, 7,,x, and 2a =
Ok +1-
i = 2ryxsina <2Ma = M0, ;x + My < ME + (11/10)Md /
< M(e/2V2M) + (11/10)M(5epu /11V2M) / u
= e/V2.
Here we have used the fact that d < Jg, implying that by Condition (a)

0,7k < E. We have also used the fact that d < 5ep/ 11vV2M.
We use the law of cosines again to estimate the other possible value of
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the diameter of A, that is, the length I5:

I, = r%,j + rfl,k — 27,7k €OS(Op ik +17)

\/(rn,j - rn,k)z + 2Tn,jrn,k(l - COS(Qn,j,k + 77))
\/dz +2M>2(1 — cos(8yjx + 1))

<\ JA M6, i+ )

IN

< \Jd+ (ME + (11/10)dM /)2

< \Jer/a+(e/vV2R=e.

On the fourth line, we have used the Taylor series for cos(x). On the fifth
line, we have used the fact that |, — 7, ;| < d < 0p < O, implying that
0,jx < E, and the bound on 7. On the final line, we have used the facts that
d <e/v2andthatd < (e/2)(5u/(11M)).

So in either case, z and w are connected by a continuum of diameter at
most e.

If z and w lie on different sides of the real axis, then since d < y, z and
w must lie on the same side of the imaginary axis. If they lie on the right
hand side, then they can be connected by a continuum in C\(),, of diameter
at most |z — w| < d < e/+/2. (See Fig. 4.3. This is Possibility 2.)

Otherwise, z and w lie on the left hand side of the imaginary axis, and
so we know that ¢, ; and ¢, x must be at least 7t/2. Therefore,

psin(m — ) <d <0, psin(m—1p,;) <d < f.

SoM —ryx < 6gand M —r, ; < O, by Condition (b). Furthermore, for all
i >k, m—¢; < E, also by Condition (b). So z and w can be connected by a
continuum that lies entirely in a sector B of an annulus of inner radius r,, j,
outer radius M, and that subtends an angle 2E. (See Fig. 4.8.)

We can estimate the diameter of B in exactly the same way we estimated
the diameter of A. We arrive at the conclusion that diam(B) < e. (Note that
this continuum will also connect all points in the gates above z and w.)

Therefore, for any two points z and w on arcs in 9X,,, if |z — w| < d, then
z and w are connected by a continuum of diameter less than e.

Recall that e = ¢/3, and that we seek a J such that if z,w € 9Q), with
|z —w| < 6, then z and w lie on a continuum of diameter less than ¢ in
C\ Q.
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Figure 4.8: A continuum connecting two nearby boundary points of ),
that lie to the left of the imaginary axis.

Letd =d/3.S06 =d/3 < e/V2 = ¢/3V/2. Then if z and w lie on arcs
in 90X, and |z — w| < 30, then z and w are connected by a continuum of
diameter less than ¢/3 in C\Q),,.

Consider any two points z and w in 0Q), with |z — w| < J. Then if z, w
lie on arcs of 0X,,, they can be connected by a continuum of diameter at
most £/3. Suppose, then, that z and w lie in 9Q), and that w lies on a gate,
and z lies on either an arc or a gate.

If both z and w lie on the same gate, they can be connected by a straight-
line continuum of length less than § < e.

If z and w lie on the pair of gates connecting two adjacent arcs, they may
be connected by a continuum of small diameter if they both lie to the right
of the imaginary axis. This continuum is very similar to the one connecting
the points on arcs in Fig. 4.3, Possibility 2.

If z and w lie to the left of the imaginary axis, on a pair of gates con-
necting two adjacent arcs, let { and w be points at the ends of the gates, as
shown in Fig. 4.9. Then |{ — w| < |z — w| < J. Hence there is a contin-
uum connecting ¢ and w of diameter less than ¢, as shown in Fig. 4.9. This
continuum also connects z and w.

Finally, consider the case where z lies on either an arc, or a gate that is
farther from 0 than the gate on which w lies. Let { = z if z lies on an arc,
and let { be an endpoint of the straight-line segment containing z, if z lies
on a line segment. Similarly, let w be an endpoint of the line containing w.
Choose ¢ and w such that |z| > |{| > |w]| > |w|. See Fig. 4.10.
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Figure 4.9: Two points z and w on gates to the left of the imaginary axis,
two nearby points { and w on arcs, and a continuum of small diameter
connecting ¢ and w, and therefore z and w.

w

w€ z

Figure 4.10: Two points in 0(), and nearby points on boundary arcs.

Then |z - | < |z—w| < dand |w — w| < |w —z| < J,and so |{ — w]| <
36. Hence, there is a continuum of diameter less than €/3 connecting ¢ and
w; hence, this continuum can be extended by straight-line segments to a
continuum of diameter less than ¢/3 +¢/3 + ¢/3 = € connecting z and w.

Thus, for any ¢ > 0, thereis a § > 0 such thatif [z —w| < dand z,w €
0Q),, then there is a continuum of diameter at most € contained entirely in
C\Q), connecting z and w. Hence, by Corollary 24, {C\(),} is uniformly
locally connected. m
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4.6 When does hx, —hg, — 0?

We wish to find conditions such that hx, — hq, — 0. We follow the de-
velopment originally given in [16], but adapted to fit our (more general)
situation.

We will use the following lemma, cited in [6, Theorem H.8].

Lemma 29 Let D be a Jordan domain and let zo € D. Let b > xp = Re(zp)
and suppose F C {z € D | Re(z) > b} is a finite union of arcs. Assume that for
Xo < x < b, there exists I, C D N {Re(z) = x} such that I separates z from F
and 0(x), the length of I, is measurable. Then

8 bdy
< = — it I
w(zo,F,D) < nexp( n/xo 6(x)>

See Fig. 4.11 for an example.

Roughly speaking, the probability that a Brownian particle released
from z( reaches F before it hits the side of the channel increases with the
width of the channel and decreases exponentially with the length of the
channel.

T

|
020 0( | I F
: v

X0 x b

Figure 4.11: An illustration of Lemma 29: F is the right-hand edge of the
rectangular domain D. If D is long and thin, the harmonic measure of F
from zg is small.

We wish to find sufficient conditions for hx, to approach hq,. To this
end, we first prove the following theorem.

Theorem 30 Consider the domain R shown in Fig. 4.12. Let Ay and Ay be the
curved arcs, and let 11, I be the straight-line segments (gates). Let x be the angle
subtended by the shorter of the two spikes lying outside the region given by the
straight-line segments, and let v be the radius of the inner arc Ay, r + w be the
radius of the outer arc Ay. Then ifw < rand x < 1t/4,

1 .
w(z0,l Ul R) < fe*msm@?mw. (4.2)
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(If x > m/4, we can replace x in the above equation by 1t/4.) Furthermore,
the quantity on the right-hand side of Equation (4.2) is also an upper bound on
the probability that a particle starting out on Iy or I in C\ (A U Ay) escapes the
channel.

Figure 4.12: The domain R in Theorem 30: R is the domain exterior to two
circular arcs A; and Ajp, forming a channel, and two short lines, /; and I,
blocking that channel.

Proof Suppose we rotate R as shown in Fig. 4.13. To reach /1, a Brownian
particle starting at zp must go through the end of the channel g. Hence
w(zo,l1,Rp) < maxgeg w(q,11,Ry). Also, to escape from the channel in
C\(A; U Ay), a a particle starting on [; must either reach g, or reach I, and
then escape through the other end of the channel.

Let I, be the vertical line segment, a distance x from the nearest point in
g, connecting two points on the arcs. Let y(x) = rsin x — x be the distance
from I, to the line through zp and [;.

Then 0(x), the length of I, can be computed by applying the Pythagorean
theorem to triangles with vertices at zy, the endpoints of I, and points on
the line through zo and /1, a distance y(x) from the endpoints of I. Thus,

0(x) = /(r + W) — y(x)2 — /12— y(0)2.

So for any € g, Lemma 29 implies that

w(C, 1, R) < §exp —7T o ax .
T 0 IRy - -y
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w
y
T
Y
20

Figure 4.13: The end of the channel, rotated to let us use Lemma 29.

Using the facts that y(x) = rsin x — x (which implies that dy = —dx), r >
w, and for all Y > 0, x > siny > sin x cos ), we can derive a bound on
w({C, 11, R) in terms of r, w, and x:

rsin x dx

0 VI —yx2— /P —y(x)?
_ /“i“" VI —y2+ P
o (=)= Y

1 rsinx
h 2rw+w2/0 \/(r+w)2—y2+\/r2—y2dy

1 rsinx
> /42 _ 4,2
- 3rw/0 2yt -yt dy

= L[ + cos x sin ]>L2cos sin

rsin2x
3w

f% log <g w(¢, ll,R)>

Y

In the second line, we have made the change of variables from x to y =
rsin xy — x. Note that this does not change the limits of integration.
Therefore, we may conclude that

8 rsin2y
I1,R) < = — .
w(C,11,R) < nexp < T 30 )
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The same construction puts the same bound on w(zg, [, R), and so

16 rsin2x
< — — .
w(zo,l1 U, R) < = exp ( 7T v )

The same construction puts the same bound on the probability of a
Brownian particle reaching ¢ from any point in /;, provided that it first
leaves the channel through g. Because the particle can also escape the chan-
nel through the other end, we double this to get an upper bound on the
probability of escaping the channel. Thus, the probability of escaping the

channel is also at most
16 oxo [ —7 rsin2y
7 &P 3w ’

We now consider hx, and hq,.

Theorem 31 Let x, = min(Py,, Pn 1) — Pui and let x, = ming<x<p, Xn k-
That is, X, x is the subtended angle of the shorter of the spikes at the ends of the kth
channel; x, is the shortest subtended angle of any spike in (3,,. If n is large enough
that (M — u)/n < y, then forall r € [u, M],

32 psin2x, k
_ < = T
(1)~ o, ()] < 2 exp (-2 )

Proof Let E = 90X, N B(0,r), and F = 0X,\E. Then E is a collection of
boundary arcs centered on 0.

Let
rn,k sin 2Xn,k )
3M—pu)/n)’

Since a given channel in ), ; has width (M — pi)/n, by Theorem 30, p,, x is
an upper bound on the probability of escaping from the kth channel, given
that the particle reaches a radial segment in that channel.

There are four relevant subsets of the gates in (),;:

pus = (16/m)exp (-

e [, the gates connecting two arcs in E;
e Ir, the gates connecting two arcs in F;

e [, the part of the gates connecting the outermost arc in E to the inner-
most arc in F that lies within 7 of 0;
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Figure 4.14: ), and the subsets of dQ), used in Theorem 31 to show that
|hx, (1) — hq, ()| is small.

e I, the other parts of those gates.

See Fig. 4.14.

Then 0Q), = EUF UI, Ulf Ulg Ulp, and by definition of the h-function,
hx,(r) = w(0,E, X,),and hq, (r) = w(0, EUIE UL, Q).

For a subset A of 9X,, let P(Ig, A) be the probability that a Brownian
particle in X, that is initially released from O first hits dX, in A, and first
crosses 0Q), in Ig. Define P(Ig, A), P(l,, A), and P(lf, A) similarly.

So
(U(O,A,Xn) :w(OIA/QH)+ Z P(l]/A)
j=e,f,EF
Also, note that
P(l],aXn) - w(or l]l QT’Z)I
and so

w(O, Z], Qn) — P(l],A) = P(l]', aXn\A)

Recall that the probability of escaping from the kth channel, given that
the particle crosses a radial segment in that channel, is at most p,, . There-
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fore, P(Ir,E) + P(Ig, F) is at most the maximal probability of escaping a
channel from I or IF; thus, it must be at most max; py, k.

Then, because the probability of getting to I U at all is at most max p;, x,
and the probability of escaping the channel from any point in Ig U I is also
at most max; p,, r, we may deduce the following inequality:

|hx, (r) —hq,(r)] = |w(0,E,X,)—w(0,EUIEUL, Q)|
= |P(Ig,E) + P(Ig, E) + P(l,, E) + P(lf, E) + w(0, E, Q)
—OJ(O, E/Qn) —w(O, lEr ) (0/ er Qn)‘
= |P(Ir, E) — [w(0,Ig, Q) — P(Ig, E)]
+P(If, E) — [w(0, L, Q) — P(l, E)]|
= |P(Ip, E) + P(ly, E) — P(Ig, F) — P(l, F)|
[P(Ir, E) + P(Ig, F)] + [P(lf, E) 4+ P(le, F)]
kaaxpn,k.

However,

Tk SIN2X 1 k pusin2x;,
nk = (16/7) ex (—nn”) < (16/m) ex <—n7r>

So, as desired, we have that

Therefore, if nsin 2y, gets arbitrarily large, then

lim hq, = hm hxn f

n—oo

at points of continuity of f, as desired.

4.7 Rephrasing our prior conditions as conditions on
X}

To ensure that iy, — hq, and that ), — () for some {n;};” ; and some (2,
we have shown that it suffices that for all E > 0 there is some Ng > 0, and
for all € > 0 there are ¢, 6, > 0 with §, < J; that satisfy the following three
conditions.
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e Ifn > Ng,nsin2y, > E.
o If ) —71yj| <O thenf, ;x <e.

o If usin(m — i) < 6, and ¢, > /2, then M — 1, < 6, and for all
i>k,m—¢;i <e.

If we choose {x} to be a sequence that approaches zero but for which
nxn gets arbitrarily large, such as x, = v/1/n, the following conditions on
X, suffice.

e If n > Ng, then ny, , > E.
o If |r,; — 7y j| < 6 thenmin(ip,j, Pux) — Pui < eforallj <i<k
o If usin(m — ¢, ) < and ¢, > 7w/2, then M — 1y, < 6.

We have eliminated half of the last condition by combining it with the sec-
ond. That is, since very long arcs must be very near the outer edge, we can
consider the boundary circle of X, to be the n + 1th boundary arc of X,
and define ¢, , 1 = 71. Then the second condition will imply the missing
half of the third.

4.8 Rephrasing some of the conditions on {X,,} as con-
ditions on f

Recall that we required that f be strictly increasing. We use the following
theorem to eliminate the third conditions on X,,.

Theorem 32 If f is a strictly increasing function on [p, M], and 0 < f(u) <
f(M) <1, and X, is the circle domain defined in Section 4.3, then for all 0 < &€ <
1 there exists a & such that if 1 — P, < 6, then M — 1, < .

Proof Fixe > 0,and let 6 = 7w — 7t f (M — ¢).
Suppose that 7 — 9, < 8. Let E = {z € 9X,, | M — |z| > 1,5 }. Then

w(0,E, X)) =1 = f(rux)

by definition of X,.

But the probability that a Brownian particle reaches E is clearly at most
the probability that it first reaches the circle |z| = 7, in the “gap” at the end
of the arc. That probability is in turn bounded by the harmonic measure of
that “gap” in B(0, 7, ). See Fig. 4.15.
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Figure 4.15: A bound on the harmonic measure of E: the harmonic measure
of E, the bold set in the left-hand domain, is at most the harmonic measure
of the bold set in the middle domain, which in turn is at most the harmonic
measure of the bold set in the right-hand domain.

Thus,
w(0,E, X;) <2(m— )/ (2m) <6/m=1— f(M —e).

Sol— f(ryx) <1— f(M—e¢). Since f is strictly increasing, this implies
that M — 7, < ¢, as desired. m

This allows us to eliminate the third condition on X, by replacing it
with the condition that f be monotonically increasing.

4.9 Summary

In this chapter, we have proven the following theorem.

Theorem 33 Let f be a function that is 0 on [0, i), strictly increasing on [u, M,
and equal to 1 on (M, c0). Using Theorem 5, construct circle domains X, each
with n + 1 boundary arcs, including the outermost circle, whose h-functions ap-
proach f pointwise at points of continuity of f. Let 1y ; be half the arc length of the
jth boundary arc in X,,. Assume that for every E > 0 there exists some Ng > 0,
and that for every e > 0 there exists some §; > 0 which satisfy the following
conditions.
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o Ifn > N, then nip,, > E.
o If |1k — rn,]'| < O, then min(lpn,j, Yuk) — Pni < eforallj <i<k.

Then f is equal to the h-function of some simply connected domain () at all points

of continuity of f.






Chapter 5

Future Work

There are several possible avenues of future work.

First, in Chapter 4, we showed that a function f must be the h-function
of some simply connected domain (), provided that f met some conditions,
and that a sequence of circle domains { X, }, whose h-functions converged
to f, met some other conditions. We would like to be able to rephrase the
conditions on X, as conditions on f.

Second, in Chapter 2, we showed that the full converse of Theorem 1 is
false, and we showed that the obvious partial converse for multiply con-
nected domains does not hold. We would like to find out when some ver-
sion of that partial converse holds. Also, we would like to find out whether
Theorem 1 holds for multiply connected domains.

Finally, in Appendix C, we investigated the behavior of circle domains.
We would like to show that circle domains with arcs centered on nearby
points, with similar h-functions, must have arcs of similar lengths. We
would also like to be able to determine whether arcs get longer or shorter
when they move apart.






Appendix A

General theorems about
harmonic measure

Recall Equation (1.1). Let u be a solution to the Dirichlet problem on Q:

Au(z) = 0, ze)
u(z) = 1, ze€E
u(z) = 0, ze€dN\E.

Then w(zy, E, Q)) = u(zp).

We will use this equation to prove a number of theorems about har-
monic measure. All of these theorems are probably already known; how-
ever, we have found it more convenient to prove them here than to cite
proofs written elsewhere.

First, we show that harmonic measure is a conformal invariant.

Theorem 34 If S(z) is a conformal mapping on Q), zg € Q), and E C 9Q), then
w(zo, E, Q) = w(S5(z0),S(E), S(Q))).

Proof Let u be harmonic in Q) with u(z) = 1if z € E and u(z) = 0 if
z € 0O\E. So u(zp) = w(zo, E, Q). Let v(S(z)) = u(z). Then v is harmonic
in S(Q) because S is conformal, v(z) = 1ifz € S(E) and v(z) = 0if z €
S(0Q\E).

Note that since S is continuous, S(E) C 9S(Q)) and dS(Q)\S(E) =
S(0OQ\E); hence v(5(z0)) = w(S(z0),S(E),S(Q)) by Equation (1.1). But
v(S(z0)) = u(z0) = w(zo, E, Q)). This proves the theorem. m

Next, we establish a form of additivity of harmonic measure.
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Theorem 35 If E and F are disjoint subsets of 0Q), and zo € QQ, then

w(zo, EUF, Q) = w(z,E, Q) + w(zo, F, Q).

See Fig. A.1.

Figure A.1: A domain ) and two disjoint subsets E and F of its boundary.
The harmonic measure of the union of E and F is the sum of the individual

harmonic measures.

Proof Let f(z) and g(z) solve the Dirichlet problems

Af(z)
f(2)

and

= OI
L,
= 0,

4

7

Il
oo

4

z e ()
z € E;
z € 0O\E;

z e ()
z e F;
z € 0O\F.

By Equation (1.1), this implies that f(z9) = w(zo, E, Q) and g(z9) = w(zo, F, Q).
Then h(z) = f(z) + g(z) is also harmonic, and solves

Ah(z) =
h(z) =
h(z) =

0, ze)y
1, ze EUF;
0, z€dO\(EUF).
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Thus, again by Equation (1.1),

(A)(ZO,E U F/Q) = ]’l(ZO) = f(ZO) +g(20) = (IJ(ZO, E,Q) +w(ZO/F/Q)‘

Finally, we establish the monotonicity of harmonic measure.

Lemma 36 Let ) and Q) be two domains with QO C Q. Let F C oQY, and
assume that FN Q) = @. Let E = 0Q\F, E' = oY\ F. Then

w(zo, E', Q) < w(zo, E, Q)
forall zg € Q), with equality holding only if F or E\E' is a set of measure 0.

See Fig. A.2.
Proof Let u be harmonicon 3, u = 1 on E, u = 0 on F, and so by Equa-
tion (1.1), w(zo, E, Q) = u(zp). Define " similarly on )'.

Then v = u — 1 is harmonic on (), and has boundary values of 0 on F
and ENE’,and of 1 — u’/ on E\E'. If F is not a set of measure 0, then v’ < 1
on E\E'. Therefore, if E\E’ is not a set of measure 0, then for all z € Q,
0 < v(z). Otherwise, v = 0 in (). Thus,

0 < 0(zp) = w(z0, E, Q) — w(zo, E', Q)

with equality holding only if F or E'\E is a set of measure 0, as desired.m

As a special case of the above lemma, consider the case when ()'\Q) is
nothing but boundary, and when this added boundary lies entirely in E’,
as shown in Fig. A.2. This special case implies, for example, that in a circle
domain, if the length of a single arc is increased, then the harmonic measure
of that arc also increases.
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El

o QO

Figure A.2: As in Lemma 36, making a domain larger can decrease the
harmonic measure of boundary components. The general case is shown
on top; a special case, particularly applicable to circle domains, is shown
below.



Appendix B

Harmonic measure of some
specific domains

B.1 Harmonic measure of an interval in the upper half
plane

Theorem 37 The harmonic measure of an interval [a, b] in the upper half plane U
from a point z is the angle of sight arg(zo — b) — arg(zo — a), normalized. Thus,

zo — b) —arg(zo — a)

w(zo,[a,b],U) = arg( -

In particular,

1 b—
w(i,[a,b],U) = p arctan (1 " baa>

20
,\
I\
N
| \
\
I \
| AN
| \
\
! \
| \
I \
| \

r\arg(zo —a) \(xarg(zo —b)
a b

Figure B.1: The upper half-plane: the domain in Section B.1.
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and
_ 2arctan(b)

i,[-b,b],U) =

w(i,[~b,b), U) = 25

Also, the harmonic measure distribution function in U, measured from the point
1,18

h(r) = 2arctang_[ r2—1)

forr>1.

Proof If f(z) is a bounded function that is harmonic on U, and takes on
values of 0 on 0U\ [4, b] and 1 on [a, ], then f(z) = w(z, [a,b], U).

Now, if we take the branch cuts to be straight down from a and b, the
function f(z) = (1/m)arg(z — b) — (1/m) arg(z — a) is harmonic in the up-
per half plane.

We evaluate the boundary values of f as follows. If z > 0, argz = 0. If
z < 0,argz = 7t. Thisimplies that f(z) =0on (b,), f(z) =/t -1/ =
Oon (—o0,a),and f(z) =n/m—0=1on(a,b).

Thus,

w (20, [0,b], U) = f(z0) = %(arg(zo — b) —arg(zo — a)).

Since for r > 1 the region of dU within a radius r of i is the interval

V2 —1,V/1? = 1],
hy(ri) = w <i, [—\/ r2—1,4/r%2— 1} ,U) = %arctan r2 —1.

Once we know this fact, by using Theorem 34, we can compute har-
monic measure in many other domains.

B.2 Harmonic measure of the disk

B.2.1 Conformal mappings of the disk

Theorem 38 If S(z) = %2, and |a| > |b|, then S maps the unit disk D to
itself conformally.
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ety

Figure B.2: The unit disk: the domain in Section B.2.

Here a star (x + iy)* indicates the complex conjugate x — iy.
Proof By [?, p. 322], S is conformal on the disk, because bz +a = 0 only
when |z| = |a/b| > 1. Also, because S is a Mobius transformation, we
know that S will map lines and circles to lines and circles, and will map
only boundary points to boundary points. If z = ¢, (that is, z is on the
boundary of the unit disk), then

a*eif) +b*
bei? + g
a*eiG/Z _|_b*efi9/2
bei®/2 § ge—i6/2
(11671'9/2 + beiG/Z)*
(ae~ 72 1+ bei®/2) °

S(z) =

Since |a| > |b], this is not J. Hence, since |z| = |z, [S(z)| = 1 forall |z| = 1.
So S maps the boundary of the unit disk into itself. By [?, p. 323], S must
map the boundary of the unit disk onto itself.
Since S(z) is a Mobius transformation, we know that ID is mapped ei-
ther to itself or to C\ID. S(0) = %. Since |a| > |b], S(0) is inside the unit
disk; hence S(z) maps the unit disk to itself. m

Theorem 39 The Mobius transformation S(z) = % takes the unit disk to U.



58 Harmonic measure of some specific domains

Proof If z = €%, then

1—e®

S

ei0/2 _ 4if
2 ei9/2 _ e—i@/z
2i e—10/2 { i0/2
= tan(0/2)

and so S maps the boundary of the unit disk to the real line.
Since S is a Mobius transformation, we need only check where a single
point inside the disk goes. S(0) = i, and so S maps the disk B(0,1) to U. m

B.2.2 Harmonic measure from 0

Theorem 40 The harmonic measure in the disk from 0 of an arc of the boundary
from ' to e is (§ — ¢) /27, provided 27t > 6 — ¢ > 0.

Proof Consider the connected arc I in the boundary of ID from ¢ to e,
with 271 > 0 — ¢ > 0. First, using the conformal mapping g(z) = ze~(0+9)/2,
note that

aJ(O, I/]D) = w(g(O),g(I),g(D)) = W(O/g(I)IID)'

Now, g(I) is the arc from ¢/(?=0)/2 to ¢/(6=9)/2_ Define ¢ = (6 — ¢) /4, so that
¢(I) is the arc from e~2¥ to e?¥.

We apply the Mobius transform S given in Theorem 39. S(e2¥) =
+tan, and so

w(0,¢(I),D) = w(5(0),5(g(I)),S(D))
= w(i,

[~
0—¢

27

tany, tan ¢, U) = 2?1;7

Thus, again we have that the harmonic measure is equal to the normal-
ized angle of sight. m
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B.2.3 Harmonic measure from a real z inside the disk

Theorem 41 For an arbitrary real point zg inside D and an arc I from €' to ¥,
if0 < ¢ —¢ <, then
1 , , , ,
w(zp,I,D) = - [arg (ellp/z — zoe’l"”/z) —arg (elq’/z — zoe’“”/z)} .

Proof Consider the Mobius transformation S(z) = f__zzooz. By Theorem 38, S
maps the unit disk to itself.
Given an arc I from ¢'? to ¢'¥, we can calculate

w(zo,1, D) = w(S(z9), S(I),S(D)) = w(0,S(I), D).

Now, S(I) is the closed interval in the real line from S(e'?) to S(e'¥). Thus,

o101 = 2 o (5 (¢)) - arg (3(4))

s () - -z
1 — zpel¥

elV/2 _ 7opi/2
e W/2 _ 7,0i¥/2
(972 — Zoefi¢/2)2
e~ 1972 — zgei¥/2|2”

Now,

and so arg (S (¢'¥)) = 2arg (e'¥/? — zpe='¥/2). Thus,

1 . ) . )
w(zg, I, D) = p [arg <e”/’/2 — zoe_“/’/z) —arg <el4’/2 — zoe_“”/z)}
1 — 1—22
= %arctan tan <lp2¢> 0 ()
2 cos( 57
THz = 2202 8)

Note that the correct branch of the arctangent is the one from 0 to 77, not the
ore usual branch from —7 to 7.

We can make this equation a bit clearer by letting 6 = w, and 6y =

w; thus, 6) is the location of the midpoint of the arc we measure, and 6 is

half the arc length. Thus,

1 1-23
w(zo,I,D) = p arctan (tanQ %0 )

2 cos 6y
1+ ) 220 cos @
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In the special case that §) = 0, and so we measure an arc centered on
the real axis, this simplifies further to

1 1-— 2(2)
— arctan | tan 6 3 .
T 1+ z§ — 2zpsect

In the special case that 6 = 6y, that is, I runs from 0 to 26, it simplifies to

1 1
— arctan <tan 0 + 20 > .
T 1—2z

Note that this is not the normalized angle of sight, in general. For ex-
ample, if zg = %, ¢ = —7,and P = 7, then the angle of sight is 77, which
normalizes to %, but

3/1 +z% — 2zpsec 7

1 T 1-23 1 2
w(zo,1,D) = p arctan (tan (—) ) = Earctan (—\@) =3
which is not 3.

B.2.4 An alternative calculation, using the Poisson kernel

Consider a harmonic function u on ID with prescribed boundary values
u (€") = £(6). This is the classic Dirichlet problem, and by [9, p. 135], it has
as a solution

) 1 2 1— 7,2
o) — _—
" <re ) 27 o f6) 1—2rcos(0 —6y) +r? 9.

Define the Poisson kernel

1— 2

BO) == cos(0) + 12’

so that
) 1 27
u(re®) = o ), F(0)P(8 — 69)d6.

This gives us harmonic measure in the disk: we let the basepoint zy =
re'® and let f(0) = xi, the characteristic function which is 1 if e € Tand 0
otherwise. Then u(zg) = w(zo, I, D), for any arc I. Let 6y = 0, and let I be
thearcfrom¢toy, 0 <y —¢p < 2.
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Let w(8) be the expression for w(zo, [0,6],1D) calculated above, where
z¢ is a real positive point in ID and [0, 6] is the arc of dD from 0 to 6. Thus,

w(f) = L arctan (tan (5) HZO).

1—20
Note that
d 1 1 1 + ZO 2 9
—wd) = — sec” —
2 21— 2
40 1+ (tan (&) }Zg) =0
1 1-23
27T (1 — zg)2 cos? § + (1 + zp)? sin? §

1 1—23
271+ 23 — 2zgcos b’

and so the Poisson kernel is just 27t times the derivative of the harmonic
measure function found above. Thus, the alternative calculation of har-
monic measure, done by solving the Dirichlet problem, must yield

1 1

27 P
wlen D) = u(zo) = 5 [ i@ 00 = 5 [P (010 = wiy) —w(g)

B.2.5 Harmonic measure from a real z; outside the disk

Consider the Mobius transformation S(z) = 1/z.
Given an arc I from ¢'? to e'?, 0 < ¢ — ¢ < 27, note that

w(z0,1,C\D) = w(S(z), S(I), S(C\ID)) = w (Zlo,S(I),lD) .

Now, S(I) is the arc from e~ to e, and so

w(zo, I, U\D) = %arctan tan (l/);cl))

B.3 Harmonic measure of the straight edge of a semi-
circle

Let Q) be U N B(0,r), the half-disk in the upper half-plane. Consider the
map f(z) = — (2r/(r + z) — 1)%. This maps Q) conformally onto U.
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So

w(z,[0,1],Q) = w(—( 2r —1)2,[—1,0},1U>

r+z
_ ;(m [(r?;zlﬂarg (2
- Lo |- (152) ][]

(arg(—1) +2arg (r —z) —2arg (r + z)
—arg (4rz) +2arg (r + z))

= %(n+2arg(1’—2) —arg(z)).

If z = a +ie, then

w(z,[0,7,Q) = 1+ % (2arg [r —a — ie] — arg[a + ie])

1
= 1-— (2 arctan [6} + arctan {ﬂ) .
T r—a a

0 r

Figure B.3: A semicircle: the domain in Section B.3.
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020

Figure B.4: The plane minus a slit: the domain in Section B.4.

B.4 The plane minus a long slit

Let Q) = C\[0, 00). Then, using the conformal map f(z) = /z, with branch
cut along the positive reals, we compute that

ha(r;-1) =w(-1,[0,(r—-1)],Q) = w(i,[-vVr—1,vVr—1],U) = %arctan vr—1

forr > 1. Forr <1, hq(r;-1) = 0.
B.5 The half-plane minus a short slit

@20

ai

Figure B.5: The half-plane minus a short slit: the domain in Section B.5.

Let O = U\[0,1]. Letzg € (), and let E = [ai, i].
First, note that f(z) = V1 + z2 maps Q) to U conformally.
Then:

w(z0,E, Q) = w(f(z0), f(E),U)
= w< 1+zo, \/1—a2 V1- } >

= i(arg(ﬂ m>—arg<\/@+ 1—a2>>.
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If zy = bi for some real b > 1, then

! (al‘g(\/l—bZ—\/1—a2)—arg(\/1—b2+\/1—a2))

7T

= %(arg(i\/bz—l—\/l—ﬂ) —arg(i\/b2—1+\/1—a2>>

1 ‘ b2 —1 ‘ b2 —1
= — — arctan —F= — arctan S E—
T 1—a42 1—a?

b2 -1
1—a2

w(zo, E, Q)

= ——arctan
7T

B.6 The disk minus a slit

Figure B.6: The disk minus a slit: the domain in Section B.6.

Consider the domain D = B(0, R)\[d, R]. Let

(i i\ 2R(R+d)
k(z)_<z+R_2R> R—d
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Then k(R) =0, k(d) =i,and k(D) = U\[0,i]. Letd < r < R. Then

w(0,[d,7],D) = w(k(0),k(ld,r]), U\[0, i])

(L () A o)

r+R 2R R—d
= —arctan 5
M) -1
—d
2
_ aman\/@—d)z—((fﬁz— ) (R +4)
- 4Rd
Rz (5 225 +1) (R+d)?
= T arctan ARd
4R? 4R
) | R (755 - #5%) (R+d)?
= arctan 1Rd
2 1 R r+ R
= —arct -1-= — R+4d)?
narca“\/ d((r+R)2 (r+R)2>( +4)
R+d |r
= arctan<R+r d_1>






Appendix C

Further investigation of circle
domains

Circle domains are very interesting. In Chapter 4, we used them to con-
struct some h-functions, and in Chapter 2, we used them to show that there
is something wrong with Conjecture 2, the partial converse to Theorem 1
for multiply connected domains.

Therefore, we would like to investigate them further. We would like
to be able to show, for example, that any sequence of circle domains with
identical h-functions must satisfy Conjecture 2.

Throughout this section, let D and D’ be circle domains with k closed
boundary arcs a, and a/, centered at r,e® and r,e'. Further suppose that
D and D’ have the same h-function.

Let the angles subtended by the arcs be 2y, and 2¢,; thus,

a, = {ei"’rneie’“ lp| < gbn}.

C.1 Carathéodory convergence

If we have a sequence of circle domains, under what conditions do they
converge in the sense of Carathéodory?

Theorem 42 Suppose we have a sequence of circle domains {Q), } and some circle
domain Q). Suppose further that Q) has k + 1 boundary arcs a,,, (including the
outermost circle ay 1 at 1 = 1), each centered at e with arc length 24y,
and that each )y, similarly has k + 1 arcs ay, ,,, each centered at rn,mei"”ﬂ" with arc
length 2y . If tum — T, O — Om, and Py m — Py, then O — O in the
sense of Carathéodory.
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See Fig. C.1.

00
QOO®
OO0

Figure C.1: Circle domains converging in the sense of Carathéodory.

Proof Recall Definition 7 in Section 2.3, the definition of Carathéodory con-
vergence. Let B(w, p) be the neighborhood of w with radius p.

We address the two conditions in Definition 7 one at a time.

(1) Fixw € Q. Let

1l
P =5 inflz-wl

Since ) is open, p > 0. There is some M such that, for all n > M and
1<m<k+1,|rum—rml <p/V2, max(ru, fnm)|Wnm — m| < p/2v2, and
max (¥, 'nm) Onm — O < p/(2V/2).

Then for each 7, ,e'? € 0Q), with n > M, because of the bound on
|On,m — 0| and |[Pnm — Y|, there is some e such that max(ry, rnm)le| <

p/V/2 and r,e'?+€) € 9Q). Then
2 2
P P
(=) + (=) =p

Fum€'? — 1t @F)
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Thus by the triangle inequality,

Fume® —w| > |rye’ T — W‘ — |rume? — 19| > p,

and so 7, e ¢ N(w,p). So N(w,p) C Q, forall n > M.

(2) Letw = r,e'? € 9Q). Define w,, as follows: Let ¢n = min,e,, , |argz —
¢|. (Note that ¢, may be 0!) Then ¢, < |6, — Oum| + |00 — Y m|. Let
Wy = Ty e P such that w, € 9Q),. Then, since 7, — T, Pum — P,
and 6, — Oy, wy — w.

Thus, (), — () in the sense of Carathéodory. m

C.2 Containment results and the two-arc case

So, if we have a sequence of circle domains with identical h-functions,
showing Carathéodory convergence is equivalent to showing that the lengths
and midpoints of the arcs converge.

The condition that the sequence of domains has identical h-functions
implies that each domain has arcs at the same radii.

Now, we would like to show that sequences of circle domains with
identical h-functions satisfy Conjecture 2. Any sequence of circle domains
with a fixed number of arcs must have a subsequence with convergent
midpoints, because the locations of the midpoints form a compact space
[0,27] x [0,271] % ... x [0,277]. We wish to show that this subsequence must
have convergent arc lengths.

So far, we have been able to prove this only in the special case where
the domains have only two arcs. We do this by constructing a bound on the
change in arc lengths that is dependent on the difference in midpoints. That
is, given two two-arc domains with the arcs at the same radii, we show that
the difference in arc lengths is no more than the difference in midpoints.
We can do this simply by showing that neither domain can be a subset of
the other.

Theorem 43 Suppose we have a nonempty set S of the boundary arcs of D such
that 0}, = 0, ifa, ¢ S, and 6}, = 0, + 6 ifa, € S. Let S’ = {a}, | an € S}. Then
forsomea; € S,a; ¢ a;. and a;. Z aj.

Proof Suppose not. Then for each n, either a,, C a), or a;, C a,. (See Fig. C.2.)
Let

E=|Ja, E=|J4a, F=0D-E F=0D-F.

a,Ca, a,Ca,
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D D’

Figure C.2: The two domains in Theorem 43. If all rotated arcs in D’ are
either subsets of or contain the original arcs in D, then all arcs in D’ are
subsets of or contain the arcs in D.

Then since the h-functions of D and D’ are identical, w(0, E, D) = w(0,E’, D’).
Let Dy have boundary E and F’. Then D C Dy, and so

w(0,E, D) < w(0, E, D).

But by Lemma 36,
w(0,E,Dy) < w(0,E’, D).

This is a contradiction; hence a; ¢ a}. Similarly, a;- Zaj.m

If k = 2, so there are two boundary arcs, rotate D’ by —4. Clearly, ro-
tating a1 by 6 produces exactly the same transformation of the lengths of
the arcs as rotating a, by —d. Thus, by Theorem 43, |1 — }| < 2|J| and
| — 5| < 2|d]. So, this means that for a sequence of two-arc circle do-
mains D,,, with identical h-functions, convergence of arc midpoints implies
convergence of arc lengths.

C.3 A two-arc circle domain with closely spaced arcs

As a digression, we investigate the following question.

If you rotate an arc of the circle domain, while keeping the h-function
tixed, do the boundary arcs get shorter or longer?

To investigate this, we examine two-arc circle domains in the limit where
the arcs are very close together.
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Suppose D is a circle domain with an arc 4 at r and an arc b at 7 + ¢,
where we take ¢ to be very small..

Suppose the arc a is centered along the line argz = 0 and b is centered
along argz = f with 0 < 6 < 71, and that they have arc lengths 2¢, and 2y,
respectively.

If we allow € < 0, then we may assume ¥, > .

Suppose we rotate b by an angle § < 77 — 6 while keeping the h-function
constant, producing a circle domain D’ with arcs a’ and V', with arc lengths
2y, and 2¢,.

Now, if 0 < ¢, + ¢pp and 6 4+ < ¢, + ¢}, then D and D’ are each very
similar to a circle domain with only one arc. (This arc runs from —, to ¥,
or § 4+ ¢, in D, and from —;, to ¢, or 6 + 5 + ¢} in D’.) Then the arc length
of the approximating single arc must be nearly unchanged, since we must
keep the harmonic measure of the outer circle constant. Note that, from
Theorem 43, we know that |¢;, — ;| < d and [y, — ¢| < J, and so

0+30 <o+ = 046 < (Yo —0)+ (Y — 8) < Py + ¥y

So we can, in fact, force 6 + ¢ < ¢}, + ¢, merely by choosing ¢ small enough
with respect to D, without knowing anything about D’.

We can break down this problem into several cases, based on the initial
arrangement of the arcs and their final distribution; that is, whether they
start out overlapping, whether they start out with the arc b entirely behind
the arc a, and so forth. We have analyzed only two of the cases, as shown
in Fig. C.3.

Figure C.3: Two possible arrangements of nearby close arcs.
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C.3.1 The arcs overlap, but neither covers the other

Suppose 0 + ¢, > ¢, and ¢, + 60 > 1. This is the arrangement of arcs
shown on the right of Fig. C.3.

Generate D’ using a 6 < (1, + 9y, — 0).

Since b ¢ b’, we have that the arc 2 U b must gain on the positive-6 side.
Hence it must shrink on the other side. So

Vo — P = 0+, — ¢ > 0.
But § > ¢, — ¢, and so ¢, > ..
Thus, as we rotate the arcs farther apart, they both shrink.
C.3.2 acoversb
Suppose that 1, > 6 + 1p;,. This is the arrangement of arcs shown on the left
of Fig. C.3.
Behavior of 2

If ¢, + 6+ 6 > ¢}, and so the arcs in D’ are arranged as shown on the right
of Fig. C.3, then a must shrink. (This is true even if ¢, + ¢, < 0+ ; consider
w(0,a' UV, D").)

If ¢, + 6 + 6 < ¢}, and so the arrangement of arcs does not change, then
P, ~ P,. We therefore cannot determine whether a grows or shrinks.

Behavior of b

Suppose 0 + ¢, = ;. Then let v = ¢, — ¢}, (From above, we know that 7
is positive or, at least, not very negative.)

From earlier results, we know ¢ < 4.

If 0 + 6 < ¢, + ¢}, then note that

Yo+ O0+0+9, =0 +0+¢, =P, — ¢, =56—7>0,

and so the arc b must also shrink.

C.3.3 How closely does this approximate the behavior of the real
arcs?

We wish to show that we can force two closely spaced arcs to behave like a
single arc by making them be sufficiently close together. That is, we would
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»)}

D

Figure C.4: A circle domain with two closely spaced arcs and a similar
domain with a single arc.

like to show that the h-functions of the two domains in Fig. C.4 are very
similar.

Theorem 44 Let D be a circle domain with an arc a of arc length 2i,, centered
on the positive real axis at radius r, and an arc b of arc length 2y, centered at
(r+e)e’®. Assume 8 < 1, + .

Let D be a circle domain with an arc c, of arc length

2ipc = g +max(0 + ¢y, Pa),

centered at re!(Ye~maxWatv=0)) D and D are shown in Fig. C.4.
Then
) 12./570
’CL)(O,C, D) — (U(O,a U b, D)| < ;m,

wherep' = (1—(r+¢€))/(1+ (r+¢)) and

, 2r +¢

T (r+€)2+2r(r+¢€)cos(0+ ¢p)

This means that unless b reaches all the way to the negative-real axis, we
can make w(0,¢, D) arbitrarily close to w(0,a Ub, D) by forcing & small
enough.

Proof Let D' = D N D. Let u be harmonic on D with boundary values of 1
on a Ub and 0 else, and let il be harmonic on D with boundary values of 1
on ¢ and 0 elsewhere.
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Then
w(0,¢,D) — w(0,aUb, D) = (i) — u(i).

Consider f(z) = (2ir)/(z+7) —i. Let Q = f(D), Q = f(D). Then a
and ¢ map to straight lines, and b maps to a curved arc.

Now, consider O = QN Q. Then (& — u) o £~ is harmonic on )’ with
boundary values of 0 on f(a) and f(9D), and boundary values of 1 —uo f~1
on f(c\a),and io f~! —1on f(b).

Now, let 6 = max,¢ () [ Im f(z)|. Note that

5 = 1mf((r+s)el‘(9+%>))

2ir _
(r +e)el@+¥) 7

2ir((r 4 e)e 0+1) 4 7) .
((r + &)e 1 OFe) 1) ((r + )el0+¥e) + 1)
2ir(r 4 €)e1O+¥e) 4 22

(r 4+ €)e 1O+e) ((r + &)e!@+¥e) 4 7) +r((r 4 €)e!OTP) +7)
B 2ir(r +¢e)e 1 O0Fe) 4 2jy2 ‘

= |Im

m (r+e)2 +r(r +€)e 1O 4 r(r + ¢)ei®+e) 442 :
2ir(r + €)(cos(0 + ) —isin(0 + 1)) + 2ir? _
= |Im : . —
(r+e)2+r(r+e)e 0t 4 r(r +e)el@+) 4 42 ‘
2ir(r +€)(cos(0 + ¢p) — isin(0 + yy)) +2ir> |
(r+¢€)%2+2r(r+e¢) cos(0 + ¢y,) + 12 _l'
2r(r + &) cos(6 + ) + 212
(r+e)2+2r(r+e)cos(8 +yp) + 12
2r(r + €) cos (60 + 1) + 2r? (r + €)% 4+ 2r(r + &) cos(0 + ¢y,) + 12
(r+e)2+2r(r+¢)cos(@+ ) +12  (r+¢€)%+2r(r +€) cos(6 + ) + 12
2 (r+e)?
(r+¢)2+2r(r+¢)cos(6 + ) + 12

= |Im

Fixsomez = x —iy € f(b). Then0 <y <4, and

_ 2sin(6 +¢y) < y< 2siny,
2+2cos(0+1y) — T 24+2cosyp,

Suppose we let p = |f(1) — f(r)] = (1 —r)/(1+ 7). Thenforall z € ¢
and w € dD, |f(z) — f(w)| > p.
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Let D’ be the disk of radius p with the interval from 0 to p deleted. Let
v be harmonic in D’ with boundary values of 1 on [0, p] and 0 on 0ID. Then

o fY(z) > v(—iy).
Let k(z) = i(1—z/p)/(1+2z/p). Thenk : D' — U\ [0,i]. Let g(z) =
V1422 Then g(U \ [0,i]) = U and g([0,7]) = [-1,1].
Now,
v(-iy) = w(=iy,[0,p], D) = w(k(-iy),[0,i, U\ [0,i])
= w(gok(*i]/)/ [*1/ 1],U)

1 ) 1 .
= —arg[gok(—iy) — 1] - —arg[gok(~iy) +1].
But we have that, for A = +1,

. 1 Y 2 .y 2
ar ok(—iy) — A] = ar - <1—1> —<1+1> —A
glgok(—iy) — A] g 1—zg\/ P o

_pz +iyo |—2iy
—A
P?+y*\ P

i 2
— arg \E<1+iy) 2y—A@xﬂ(1+y2>
i o)\ p o
[ [y s y [y y? 1
— arg 2[+A<1+2>+2i\f+14i<1+2>]—
L Ve ¢ pyVp % 4m

= arg

_avetan |2W/OVY/p+AQ Y07 | T
2y/p+ AL +y*/p?) an

Because arctan(a) — arctan(b) = arctan ((b —a) /(1 + ba)), this implies that
v [u v U R
1 zp\ﬂ+l+92] rp\/; 1 pz]

v(—1i = —arctan
= L\/g+1+f,§ 2,/i-1-%

— — arctan
T

[ —2(y/0)\ ¥/ 01492 /0> 29/ 0)\ ¥ e+ 1+ 0
= ——arctan “2V/y/p+142/p? 2/y/p+1+2/p?
- T 1+ —2(y/p)\/y/p+1+v2/p% 2(y/p)\/y/ p+1+2/ p
L _2\/VTP+1'W2/,02 2\/yTP+1+y2/p2
= —larctan 4%(1 +y2/p2)(1—y/p)
7T _(1+y2/p2>2_(2 y/p)2_|_(1+y2/P2)2_(2(y/p)\/:m)2
L [2/y/p
narc an _1y/p]
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The correct branch of the arctangent here is that between —7t and 0. This
implies that v(—iy) > 1 — 12Vy/p

T l-y/p”
Since 21\_/5/7; is monotonically increasing in y, this means that v(—iy) >
_ 1/l
m1-6/p"
Hencel —# <1—minv(—iy) < %(2 0/p)/(1—=46/p).
Similarly, if

o' = (2re+ &%)/ (1* + (r +€)* + 2r(r +¢) cos(0 + ¢))
andp' = (1—(r+e))/(1+ (r+e)), thenu—1> —1(2,/5/p")/(1-8/p").

SO
I 2 5/ ‘0/ 2\/5 f) IZ\I(S/ f)l

1-0/p"1=6/p) m1-06/p"

This can be seen by applying f' = (2i(r +¢))/(z+r+¢) —i.
This proves the theorem. m
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