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Abstract

Given a function (more generally, a measure) on a locally compact Abelian
group, one can define the Toeplitz operators as certain integral transforms
of functions on the dual group, where the kernel is the Fourier transform
of the original function or measure. In the case of the unit circle, this cor-
responds to forming a matrix out of the Fourier coefficients in a particu-
lar way. We will study the asymptotic eigenvalue distributions of these
Toeplitz operators.
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Chapter 1

The General Problem

If G is a locally compact Abelian group, T its dual group, and f € L}(G),
then the Toeplitz operator generated by f is the linear operator Ty on L?(T)
given by

(Trp) (v /f —T)¢

for ¢ € L2(T). (See Appendix [A] for details of Fourier analysis on locally
compact Abelian groups.)

We are interested in studying the spectrum of this operator. We restrict
our attention to real f, for which Ty is Hermitian. In general, the spectrum
will be continuous. However, if it happens that G is discrete, so that I' is
compact, then T is a Hilbert-Schmidt operator and is therefore a compact
operator. This means that the spectrum will be discrete with 0 as the only
possible limit point. This allows us to study the distribution of eigenvalues
by considering the number of eigenvalues greater than some real number,
or the number in some interval on the real line (which interval should ex-
clude zero to guarantee that it contains finitely many eigenvalues).

If I' is not compact, we form “finite Toeplitz operators” by integrating
over compact subsets of I'. Intuitively, if we can find a sequence of such
compact subsets which expands to fill all of I' in some nice way, the lim-
iting distribution of the corresponding finite Toeplitz operators should tell
us something meaningful about f. The following theorem from [Krieger]
confirms that this is the case:

Theorem 1. Let G be a non-discrete LCA group, I its non-compact dual group,
and m and v Haar measures on G and I', normalized so that the Fourier inversion
theorem holds. Let f € L1(G), and for a Borel set Wcr wzth compact closure,
define the operator Fyy on L2(W) by (Twe)(v) = [iy f( (t)dt. IfT



2 The General Problem

is compactly generated, there exists a sequence {W,} of Borel sets such that if
A](.n), j=1,2,..., are the eigenvalues of Tw,, and [a,b] C R is an interval not
containing zero for which

m(f~({a})) = m(f~({b})) =0,

then )
~ #of A in [a,b] B
Jim e = m(F ([ ).

We will explore generalizations of this theorem. Let 4 € M(G) be a
regular finite complex measure on G. We can define the Toeplitz operators
generated by y in a manner entirely analogous to the above by using the
Fourier-Stieltjes transform fi. Thus, we define

(Tu9)() = [ 7y =)p(x)dr

and

(Tw@)(n) = [ty =)o) dr

n

Note that this contains the previously defined Toeplitz operators as a spe-
cial case, viz. absolutely continuous measures.

To avoid excessive notational clutter, we will refrain from indicating
both the measure and the compact subset of I' used to generate a given
operator (we could call it something like T}, w, if we really wanted to); this
will not present any difficulty as it will always be clear from the context
what the measure is.

It is natural to wonder what sort of distribution limits will hold for the
Toeplitz operators generated by a measure. We already know the answer
for absolutely continuous measures; how will the answer change due to
the addition of a singular part? A possibility that comes to mind, and that
would be desirable to establish, is that the singular part has no effect at all
on the asymptotic eigenvalue distribution. It has been proven in [Krieger]
that the addition of a discrete part will not affect the limiting distribution;
however, the corresponding question for continuous singular measures is
still open. This thesis will attempt to answer it in certain special cases.



Chapter 2

The Unit Circle

In this chapter we will consider the simplest case of a Toeplitz operator,
for which the relevant groups are the unit circle and the integers. In this
case the Toeplitz operator may be represented by a matrix, which allows
powerful tools from linear algebra to be brought to bear on the calculation
of the eigenvalues.

Throughout the chapter, we use T to denote the unit circle, parametrized
by 0 € [—m, ). We use df for ordinary Lebesgue measure, and dm for
normalized Lebesgue measure (i.e. dm = %d@); this is just the standard
normalization for Haar measure (Appendix .

Definition 1. Let f : T — R with f € LY(T). Then the nth Toeplitz matrix
generated by f is the matrix T, with entries

(Tn)i,j = C,‘_]' i,jIO,...,Tl
where ¢, = 5= [" e7M0f(0)d0 = [ e ™ f dm is the nth Fourier coefficient of
f.

Note that since f is real-valued, c_y = ¢k so that T, is Hermitian. In
particular, the spectrum of T}, is real. Also observe that with this notation,
Ty is an (n+ 1) by (n + 1) matrix.

Each T, has an associated quadratic form, which we naturally call the
nth Toeplitz form generated by f and denote by Q,:

Qu(u) =u"Tyu, u el

It is easy to check that

Vs . .
Qu(u) = / ) lug + upe? + -+ uneme\zf(G) dm.
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Thus, one way to view the Toeplitz form is as follows: Given a complex vec-
tor, it returns the integrated square length of the corresponding trigonomet-
ric polynomial, where the integral is with respect to the weighting function
f. In other words, it returns the square of the L?(1) norm, where y = fdm.

Since Yp_ |ux|> = ffn lug + ure® + - - - + u,e™|2 dm, we see that for
essentially bounded f the eigenvalues of T, all lie between the essential
minimum and maximum of f.

The above definitions can be generalized slightly. Let u be a finite
signed measure on T. Then we can define its Fourier coefficients by ¢, =
f o e_inedy and proceed as before with the definitions of T;; and Qy; in this

T
case

7T 1 .
Qn(u) :/n|u0—|—u1619++uneln9|dy.

This chapter will be devoted to a proof of the next theorem, which
shows that as far as the asymptotic eigenvalue distribution of T}, is con-
cerned, this generalization is very slight indeed.

Theorem 2. Let u be a finite signed measure on T, and define the Toeplitz op-

erators T, as above. Let Ag”), .. .,)\,(1'21 denote the eigenvalues of T,. Let h be

the derivative of u with respect to m. Then if [a,b] C R with 0 ¢ [a,b] and
m(h=1({a})) = m(h~1({b})) = 0, we have

) #of/\,((") in [a,b]_ .
tim PP O 071 (a,1)

where m denotes Lebesgue measure on T.

Although stated for closed intervals [a, b], the theorem applies equally
well to intervals of the form (a,b), [a,b), (a,b], (—o0,a), (—o0,a], (a,00),and
[a,00), provided that they exclude 0 and that any boundary point x satisfies
m(h-1({x})) = 0.

Several features of this theorem deserve comment. First, it says that the
singular part of u has no effect on the asymptotic eigenvalue distribution
of T,—something that is not at all obvious. Second, since the left-hand side
is the fraction of the eigenvalues that are in [4,b] and the right-hand side
is the fraction of T that is mapped into [a,b] by h, the theorem can be in-
tuitively understood as saying that (in the limit) the eigenvalues generated
by u spend the same amount of time in any given interval as & does.

We will use the following outline, due to [Grenander and Szegd], [Hoff-
man], and [Krieger], in proving this theorem. The first three steps will ap-
ply to a finite positive measure y with derivative &1 with respect to Lebesgue



measure (assuming, in steps 1 and 3, that p is not concentrated on any fi-
nite set); the next three will specialize to the case of positive absolutely con-
tinuous measures with bounded derivative; finally, we shall show how to
extend to any finite absolutely continuous measure, and then to any finite
signed measure.

1. The minimum value of Q, subject to the constraint u#,, = 1 (or equiv-
alently, ug = 1) is DIZ = where D,, denotes the determinant of the nth

Toeplitz matrix.

2. Szeg®’s Theorem: If Ay is the space of continuous ¢ : T — C whose
negative Fourier coefficients vanish and for which f gd0 = 0, then

inf |1—g|2dy—exp{/ loghdm}
8€AD

3. Since the trigonometric polynomials are dense in A, and since the
minimum values of Q,, subject to the constraint mentioned above,
form a decreasing sequence, Szeg6’s theorem implies

D, /” }
= loghd .
D, exp{ . oghdm

4. We now specialize to the absolutely continuous case, replacing h with
f to indicate this new restriction By an elementary theorem on se-
(D) "1 converges to

lim

n—oo

the same hnut Taklng the logarithm of both sides, and using the fact
that the determinant of a matrix is the product of its eigenvalues, we
have

log /\gn) -+ log )‘n+1

lim o —/ log f dm.

n—o00

5. Using Vitali’s theorem and the fact that the eigenvalues of I + cT), are
1+ C/\]((n), it follows that for any polynomial p(A),

li =
”E}; n—+1 -7

(n) (n) Ui
p(Ay7) + -+ p(A ) /p(f(9>)dm_

Because of Weierstrass’ theorem, the above will then hold if p is al-
lowed to be any continuous function.
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6. Since the indicator function of an interval may be approximated well
by continuous functions, we can infer the theorem in the case of ab-
solutely continuous measures with bounded derivatives.

7. Using several results from [Krieger], we can extend to arbitrary ab-
solutely continuous measures, and then show that the addition of a
singular part does not affect the limiting distribution.

We now give details for each part in turn.

2.1 Minimum Value of Q,

2.1.1 Orthogonal Polynomials on the Unit Circle

Using the formula for Gram-Schmidt orthogonalization (see Appendix[B) ,
we can find a family of polynomials ¢, (z) that are orthogonal with respect
to the inner product

)= [ g du

To do this, we just use the facts that 1, z, ..., z" form a basis for polynomi-
als of degree n or less, and that (z/,z") = ffn efe=mbdy = ¢;_,.. (We
assume here that the monomials are independent in L (). This fails to
be the case iff j is concentrated on a finite set, in which case L” (y) is finite-
dimensional; otherwise, any monomial can only be equal to a lower-degree
polynomial on a finite set, which is not almost everywhere. For example,
if 4 has any absolutely continuous part we need not worry.) Thus, an or-
thonormal basis for the same space is given by

Co C-1 -2 Con
1 C1 Co cC1 ... C_pyt1
(Pn(z) - . . n > ].
anan
Chn—1 Cn—2 Cp-3 C-1
1 z z? z"



Minimum Value of Q,,

where
Co C_1 C_o ... C_n
(o] Co C_1 e Cop1
D, = : : n>0
Cn-1 Cpn—2 Cyp-3 ... C1
Cn Cn—1 Cp—2 ... Co

Note that the leading coefficient of ¢, is DIS—: forn > 1.

2.1.2 Minimizing the Toeplitz Form

We are now in a position to find the minimum value of

7T . .
Qu(u) =/n\uo+ule’9+---+unel”9|2dy

subject to the constraint u, = 1. Let ¢(z) = 2" + u, 12" 1 + - - - + 11z + up.
Because the ¢’s form a basis, we can write

8(2) = aoo(z) + - - - + ann(2).

Because ¢, is the only one of ¢y, . .., ¢, that has a z" term, and since the z"

Dy
I

coefficient was previously found to be 4/ DIS* , we can see that a, =
Now by orthogonality we have

s . . D
/7I lug 4+ ure® + - une™?du = (g,8) = |ag> + - - -+ |an|? > |an)* = D—”l
ne

This shows that for u, = 1, Q,(u) > DD L_; mOreover, this minimum can

actually be attained by setting ¢(z) = z" + Up 12" P+ Fuzuy =
Dy
D, Pn (2).
It is easy to see that the same minimum applies if the constraintis ug = 1
instead, since

1™ + -+ ure’® + ol = [ihe™™ + -+ Te " + 10|

— ‘Tn+ . _{_uilel(n*l)g _’_7061710"

It is the latter constraint which we shall make use of later.
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Side Note for the Curious

We could also have minimized Q, subject to the constraint 1y = 1 using
the following technique: Let dy, ..., d, be the constant terms of ¢y, ..., ¢y.
Then the constraint ug = 1 becomes agdg + -+ +a,d, = 1,ora-d = 1
where we view a = (ay,...,a,) and d = (do,...,d,) as vectors in C"*1,
We are then trying to minimize ||a|| with this constraint. Clearly this is

accomplished by choosing a to be in the same direction as d,ie a= ﬁ

and (g,8) = [la|l* = 75
Since we have found two ways of minimizing the quadratic form, we
have the following theorem:

Theorem 3. Let {c, }o_ ., be any list of complex numbers such that ¢, = c_,,.
Then if D,, denotes the determinant of the nth Toeplitz matrix generated by the c,
(ie. the matrix T with T;; = Cioj, i, j=0,..., n), and D,, denotes \/ﬁ times
the determinant of the upper right minor of the nth Toeplitz matrix (i.e. the one
formed by crossing out the left column and the bottom row), then

D, 1
I)n——l |150’2 + - 4‘|ljn|2.

This follows from simply observing that Dy is the constant term in ¢y in
the discussion above. For example, this proves that for any co, c1,c2,c3 € C,

o €1 &
c1 c €
¢ €1 € 1, 2 1 2 1 a &
== 1|7+ al + :
co €1 € C3 CO‘ ‘ c ’ ‘ o & co €1 ¢z |Co
€1 C €1 €& c1 € c €1 C €1
¢ ¢ o G P %0e o o
C3 C2 (C1 Cp
2
1 1 € C3
+ — — - cp €1 C2
co ¢ & € L -
0 _2 _3 cp €1 (2| |€1 €0 @
cC1 Cp C1 C o G
2 €1 ¢ ( 6 o1 o

C3 C2 C1 (g

where it is understood that the squares of determinants actually refer to the
squares of their absolute values.
The reader is challenged to prove this directly!
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2.2 Szegod’s Theorem

Definition 2. Let A denote the set of continuous functions f : T — C such that
T,
/ emafdmzo n=1,23,...
—7T

and Ag={f € A| [7_fdm =0}

Each f € A defines an analytic function f inside the unit disk, by the
Poisson integral:
112 ;
2rcos@+r2

o

See [Duren] for details. Note that f (0) = f f dm; in particular, Ap corre-
sponds to those functions which are analytic inside the unit disc and van-
ish at the origin. This correspondence between f and f allows us to see, for
example, that A and Ay are both algebras over C.

Theorem 4. The set TP of trigonometric polynomials of the form
n .
P(0) = Y ae™®
k=0

is a uniformly dense subset of A.

Proof. 1t is clear that TP C A. Now every f € A, being continuous, is the
uniform limit of the Cesaro means of its Fourier series; but these Cesaro
means are in TP, so TP is dense in A. ]

Remark. We can use exactly the same reasoning to see that the set TPy C TP,
consisting of all trigonometric polynomials in TP for which the constant
term vanishes, is uniformly dense in Ay.

Theorem 5. The real parts of functions in A are uniformly dense in the real-
valued continuous functions on T.

Proof. A includes all trigonometric polynomials of the form

n .
P(6) = Y axe™,
k=0
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so Re A include all trigonometric polynomials of the form

n
Q)= Y ae™, =0
k=—n
that is, all real-valued trigonometric polynomials. Such polynomials are
dense in the real-valued continuous functions on T, since any continuous
f T — Ris the uniform limit of the Cesaro means of its Fourier series,
and the Cesaro means are real-valued trigonometric polynomials. (Alter-
natively, the real-valued trigonometric polynomials are easily shown to be
a separating subalgebra of C(T) which vanishes nowhere, so they are dense
by the Stone-Weierstrass theorem.) O

Corollary 1. If u is a finite real measure on T such that [ fdu = 0 forall f € A,
then y is a constant multiple of Lebesgue measure.

Proof. Letdyuy = dy — Adm where A = [ du. Then y is a finite real measure
with the property that [fdu; = [fduy—A[fdm = 0—0 = 0 for all
f € Ap. Thus p; is “orthogonal” to every f € Ag; by Theorem 11 must be
orthogonal to every continuous f : T — R and must therefore be the zero
measure. Hence dy = A dm. O

Theorem 6. Let y be a finite positive measure on T and let F be the projection of
the constant function 1 onto the closed subspace of L?(u) spanned by Ag. Let ps
be the singular part of . Then 1 — F vanishes almost everywhere with respect to

Hs-

Proof. Let S be the closed subspace of L?(1) spanned by Ag. Then 1 — F is
orthogonal to S. Let f, be a sequence of functions in Ay converging to F.
Now for any fixed f € A, f(1 — f,) isin Ag C S and therefore orthogonal
to 1 — F. By the continuity of inner products, this implies that f(1 — F) is
also orthogonal to 1 — F, i.e.

/f\l—F]zdy =0, fe€ A

By Corollary this implies that |1 — F|2du is a constant multiple of Lebesgue
measure; in particular, |1 — F|2dyu is absolutely continuous.

Now suppose u = p, + s where y, is absolutely continuous and y; is
singular. Let B be a set on which y; is concentrated and for which m(B) = 0.
Let A C B. Then [,|1 — F|?>dyu = 0by the absolute continuity of |1 — F|*dp.
But we also have [,|1—F|?du = [,|1 = F[*dus+ [,|1 — F]*dus = [,]1—
F|?du,. Hence [,|1 — F|*dus = 0 for any subset A C B. This implies that
1 — F vanishes almost everywhere with respect to y. ]
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Corollary 2. If y is a positive measure on T with absolutely continuous part yg,,
then

1nf /|1—f\2 = 1nf /|1—f\2dya

Proof. As above, we let F be the orthogonal projection of 1 onto the closed
subspace of L?(j) spanned by Ag. Then the infimum on the left above is
just [|1 — F|*du. Now for any f € Ay,

[FQ=Fydu= [f=Fydu— [f(0~Fdp = [f(1-Fydu=0

so 1 — F is also orthogonal to Ag in L?(y,). Hence F is also the orthogonal
projection of 1 onto the closed span of Ag in L2(p,), which implies that

mf/u FPdug = /|1—F|2dyu /|1—F\2dy /]1—F|2dys
~ [l—FPdu = inf [11- fPap.
= FPau = inf []1—fPan
[

Theorem 7. Let h : T — R be a nonnegative integrable function. Then

£ [heRef dm = /1 hdm\ .
f1€nAo el dm = exp{ og m}

The right-hand side is to be interpreted as 0 if log h is not integrable.

Proof. First we treat the case where log /1 is integrable. Let Iy denote the set
of integrable g : T — R with [gdm = 0. Note that {Re f | f € Ao} C
since for f € Ay, [Re fdm =Re [fdm = 0. Now for any g € Iy we have
by convexity

exp {/1oghdm} = exp {/(logh +3) dm}
< /exp (logh + g} dm = /hegdm.
Thus,

exp {/loghdm} < inf [heédm.

g€l
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IfweletA = floghdm and G = A —logh, then G € Ip and

/hecdm = /e)‘dm = exp {/loghdm} .

exp {/loghdm} = inf [heSdm
g€l

Thus, we have

and this infimum is actually attained at G.
Next we show that

inf /hegdm = inf [ heRefdm.
g€l fEAO

Because {Re f | f € Ao} C Iy, we clearly have

inf / he$do < inf [ heRefde.
g€l f€Ao

Now let g € Iy, let g* and ¢~ be its positive and negative parts, and define
a sequence of functions g, as follows:

fst) gt <

g (x) = {n if gt (1) > n
) i) <k,

gn (%) = {kn if ¢ (x) > kn

where k;, is chosen such that f gndm = 0. (We can choose such a k;, be-
cause on the compact set T, the integral of g, is a uniformly continuous
function of the truncation parameter k, which is 0 for k, = 0 and ap-
proaches [¢~dm = [g¢"dm as k, — oo; by the intermediate value the-
orem we can choose a k;, for which this integral attains the intermedi-
ate value [g;f dm.) Then g, is bounded, g} " g¢*, and g, / ¢ . By
Lebesgue’s Monotone Convergence Theorem, [ he$n dm — | he$" dm. By
Lebesgue’s Dominated Convergence Theorem, [he 8" dm — [he™8 dm.
Hence [he$" dm — [he$ dm and

inf [heSdm =  inf / heSdm.
g€l g€l
g bounded
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Now any integrable g is the pointwise almost everywhere limit of a se-
quence of continuous functions (since continuous functions are dense in
L!, and L' convergence implies convergence in measure which implies
a.e. convergence of a subsequence); for ¢ bounded, since Re A is dense
in the continuous functions, g is the pointwise almost everywhere limit
of a bounded sequence of functions f, € Re A. By Lebesgue’s Dominated
Convergence Theorem, [he/* — [hef so

inf [he®fdm = inf  [heSdm = inf [hesdm
feAp g€l g€l
g bounded

This proves the theorem in the case where logh is integrable. If logh
is not integrable, we must have [loghdm = —oo since h is integrable and
logh < h. Now for any € > 0, log(h + €) is integrable because it's bounded
below by log e and above by log(h(1 +¢€)) = logh +log(1 +e€) for h > 1
and log(1 + ¢€) for h < 1. Then

fehy

exp {/log(h +e€) dm} = inf [(h+e)eR/dm.

Consider what happens as € — 0. Since the negative parts of log(h + ¢€)
increase monotonically to the negative part of log() and the integrals of
the positive parts are decreasing, [log(h + €)dm — —oo0 as € — 0, so the
left-hand side approaches 0. The right-hand side is at least

inf [heRfdm + e inf [eRefdm
feAq feA

which clearly approaches

inf lheRefdm
feAy

as € — 0. Thus, the theorem holds for nonintegrable log / as well. O

Theorem 8 (Szegd’s Theorem). Let u be a finite positive measure on T and let h
be the derivative of y with respect to normalized Lebesgue measure m. Then

inf [ 11— f2du = /”1 hd}.
inf =S eXp{  loglidm

Proof. Since g € Ag < 2g € Ag, Theorem [7]implies

gEA(] .

exp{/loghdm} = inf [he*™eSdm.
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For g € Ay, €8 defines, by the Poisson integral, an analytic function whose
value at the origin is 1 (since g defines an analytic function § with §(0) = 0).
Thus, e = 1 — f for some f € Aj. (See Appendix [C| for details). Then
e?Re8 = |1 — f|? for some f € Ap. Thus

> — fI>dm.
exp{/loghdm} _flg/fg/h‘l fl-dm

We obtain the reverse inequality by applying this one to a different /. Let
¢ € Ap and replace h with |1 — g|?; then the last inequality becomes

exp{/log|1—g|2dm} > inf /|1—f—g+fg|2dm21
feAo

since f + ¢ — f¢ € Ap and hence is orthogonal to 1 in L?(m). Thus, log |1 —
g|?isintegrable and [log |1 — g|*> > 0. This allows us to write |1 — g|* = ke?
where p is a real L! function with [pdm = 0 and the constant k > 1. Going
back to our original /1, we see that

1

/\1—g|2hd9:k he? dm > gglfozn/he”dm :exp{/loghdm}.

Taking the infimum over g, we have

inf /|1 — g*hdm > exp {/loghdm}.
8€AD

Putting together the two inequalities, we have
inf /]1 — g|*hdm = exp {/loghdm} .
g€y
By Corollary 2] this infimum is equal to
inf [|1—g¢|*d
Jnf 11—gl du

which completes the proof. ]

2.3 Connecting Szego to Toeplitz

By the remark following theorem [, any ¢ € Ay is the uniform limit of
functions in the subspace

n .
TPy = {Zake’ke | ay € C}
k=1
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so that we may replace the conclusion of Szeg6’s theorem by

. 2 . Tt
gg}%o/u g dy—exp{/nloghdm}.

Now {1 —g | g € TPy} is just the set of trigonometric polynomials with
constant term equal to 1; we showed in section 2.1| that

D
. 2 n
inf / du = .
o, [p|*dp D,
constant termof p =1

degree(p)<n

Since the infimum is taken over a strictly larger set as n increases, DD s
-
monotonically decreasing and

. D .
lim —" = inf /]h|2dy
n—oo [), 1 heTP

constant term of 1 = 1

_ oy = "
—gér%%o/ﬂ g dy—exp{/nloghdm}.

2.4 Ratios to Roots

For any nonnegative real sequence b,, if bZ“ converges to some limit L,
n

then (b, )'/" also converges to L. This is a standard theorem from calculus
[Rudin (1976)]. One can easily see that (b,)! ("**1) converges to L as well.
Applying this to the sequence D,, of Toeplitz determinants, we see that

lim (D,,)" ") = exp {/ loghdm} .

Suppose now that the measure generating our Toeplitz matrices is such that
all the eigenvalues of all the matrices are strictly positive; then we can take
the logarithm of both sides, yielding

loo AU 1. 1100 A ™ .
g DB A
n—oo n+1 -7

For example, suppose f is essentially bounded, say |f| < M a.e. Then for
z] < %, 1+ zf is positive a.e., so the eigenvalues of the Toeplitz form



16 The Unit Circle

%;nemtec;1 by 1+ zf, which are just 1 + z)\gn), o1+ Z/\fli)l, are positive.
us we have

_log(1+2A) 4 log(1+2A0)) 7
nlgr.}o o = /_nlog(l—l—zf)dm
for |z| < ﬁ

2.5 Vitali and Weierstrass

We can restate the conclusion of the previous section in terms of the follow-
ing definition.

Definition 3. Let f : T — R be an essentially bounded function with |f| < M
a.e., and late /\,(c”) denote the eigenvalues of the Toeplitz forms generated by f. We
define S to be the set of functions F : [—M, M| — R such that

o FOY) - PO [
m e
n—oo n+1 —7T

E(f(6)) dm.

Then we have just finished proving that for all z € R with |z| < i,
F.(x) = log(1+zf) € &. Our next objective is to show that this actually
implies that & contains all continuous functions on [—M, M].

Let

log(142zA") + - - +log(1 + 24" n
gn(z) = ogll¥ehy )b +log(lt ey —/ log(1+zf) dm.
T

n+1 _

Then g, is analytic in the open disk |z| < ﬁ in the complex plane (since

none of the arguments of the logarithms can be negative real). Also note
that g, is uniformly bounded in n and z on any subdisk; for example,
on |z| < 5; we have |log(1 —I—ZA]({n))| < log(3/2) and |log(1 +zf)| <
log(3/2) so |gx(z)| < 21og(3/2) on this subdisk. By Vitali’s theorem, since
gn tends to a limit on the intersection of this subdisk with the real line, it
tends uniformly to an analytic function g(z) on any sub-subdisk. Since g is
analytic and equals zero on the intersection of the real line with this sub-
subdisk, it must be identically zero. Thus, ¢, — 0 uniformly on a disk
containing the origin, which implies that any given Taylor coefficient of f,
will approach 0 as n — co. But for k > 1, the kth Taylor coefficient of g, is

(-1 ((A%’”)k o ) I

) - _n(f(f?))kdm>
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which approaches zero as n — oo iff

(£(8))< dm.

AP A I
n—00 n+1 -7

This shows that F(x) = x*is in & for k > 1. Since constant functions are ob-
viously in & as well, we see that & contains all monomials. It is also easy to
see that & is a vector space over R, so that it must contain all polynomials.
By Weierstrass’ theorem, in order to show that it contains all continuous
functions, we need only show that it is uniformly closed.

Let € > 0. Suppose F is in the closure of G, and let ¢ € & such that
|F — g| < § uniformly. Choose N such that

(n) (n)
g(M )+"'+g(An+1) /" €

‘ —— _ng(f((?))dm <3 forn > N.
Then for n > N,

n+1 T

F(f
n + 1 -
n+1 T n+1 F()\(
i1 8(A =1
‘ T - 8(f) s ) 4 / (f)) dm
n+1 T n+1 F A(”) T
L 8 ) p | ( ) gl /
—F(f)|d
< |== B [ () L + [ 180H ~F () dm
<E+E+E—e
3 3 3
Thus,
Zn-l—l F( ) T
lim = F
Jim == = [ F(f(0) dm

That is to say, F € &. This completes the proof that & is uniformly closed
and therefore contains all continuous real functions on [—M, M]. O

2.6 From Continuous Functions to Indicators

We will now demonstrate that indicator functions of intervals are in & as
well. Let I = [a, b] be some interval for which m(f~1({a})) = m(f1({b})) =
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0. (Our analysis will apply equally well to other types of intervals for which
the boundary points satisfy this condition; we use a finite closed interval
for simplicity.) Let x;(x) be the indicator function for this interval. We
approximate xj by continuous functions as follows:

0 ifx<a—4

m(x—a)+1 ifa—L<x<a
gm(x) =<1 ifa<x<b

mb—x)+1 ifb<x<b+1L

L0 ifx>b+1

0 ifx<a

m(x—a) ifa<x<a+i
gn(x) =<1 ifa+l<x<pb-1

mb—x) ifb—L <x<b

0 ifx>b

Note that, depending on the values of a and b, these may only be well-
defined for sufficiently large m; this of course presents no problem. These
approximating functions satisfy

e 0<G<x1<g<1l  VkIeEN
e g, = X1excepton (a— %,a) U (b, b+ %)
e $u = xrexcepton [g,a+ 1)U (b— L1 b]

Now let € > 0. Choose some open set U D {a, b} with m(f~1(U)) < §. (To
be perfectly clear, U contains the points a and b separately but not generally
the interval between them.) Then IM € IN such that Vm > M, g, = x1 =
&m outside U. We have

| smtr@)am= [" qug@)am+ [ (gu(f®) - xi(F6))) dm

Now 0 < gm(f(0)) — x1(f(8)) < 1and is equal to 0 outside f~1(U), so

0= [" (gu(F0) ~ xi(F(6))) dm < e
Similarly, we have

—e < [ @ufFO) ~ x(£(6))) dm <o0.

-7t
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Now since $p < x1 < gm everywhere,

Lt gm) _ S ey _ S am(y")
n-+1 - n-+1 - n-+1

for all n.
By section we have, for sufficiently large 1,

St an(AY)

L p €
and ()
et em(AY) €
n—H</_ﬂ8M(f)dm+§
so that

i T n+1 » (n)
/_ xl(f)dm—eé/_ gM(f)dm_;<2kf118M("k)

n+1
_nEa) S eu) g e _ (™
< B M) RS ) " gy(pyam S < " ) am e
S (A n
kln_il)—/_n)g(f)dm < €.

Thus, indicator functions of intervals are also in G, as long as the endpoints
have negligible preimages. This proves our main theorem (2) for absolutely
continuous positive measures with bounded derivative.

2.7 Extending to Finite Measures

So far we have proved the main theorem in the case of Toeplitz opera-
tors generated by bounded measurable functions. Theorem 6 in [Krieger]
shows that this may be extended to real f € LY(T). (In fact, it is true for
a larger class of functions, which includes every LP(T) for1 < p < c0.) In
terms of measures, this establishes it for absolutely continuous positive fi-
nite measures. We now show that the addition of a singular part will not
affect the limiting distribution.

First, suppose v is a finite positive singular measure and z > 0 any
positive real, and consider # = m + zv. It is easy to check that the nth
Toeplitz matrix generated by 7 is the identity plus the matrix generated by
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zv, and hence has eigenvalues 1 + Z/\(n). Now these are all positive (in fact,

at least 1), so we can apply the result of section[2.4]to conclude that

n+1 (n)
lim —— Zlog1+z)t 7/ log 146 = 0.

Now fix any a > 0. For z > <1, log(1 + zt) > Xae0)(t) = 0fort € (0,00)
so that we have

. #of Al(n) in [a,oo) ntl
r}lj}go n+1 n~>oo n—+ Z X [a,00)

) =0.

Since any interval excluding zero is contained in a half-infinite interval ex-
cluding zero,
. #of Al(") in [

lim ——— =0

n—00 n+1
for any interval I with 0 ¢ I. This means that the eigenvalue distribution
of a positive singular measure “goes to zero” in an appropriate sense; even
though a few eigenvalues may remain large or even tend to infinity, rela-
tively fewer and fewer can do so.

In order to apply this, we take advantage of the following theorem from

[Krieger]:

Theorem 9. Let T, T}, T be sequences of (n+ 1) by (n + 1) Hermitian matrices
with T, = T1 + T,. Define

Da(t) = %H{# eigenvalues of T, less than t} for t < 0
" —n%rl{# eigenvalues of T, greater than t} for t > 0

and similarly for D} (t) and D2(t). If there is a function D increasing on (—oo,0)
and (0, 00) with DL (t) — D(t) at every continuity point of D, and if D2(t) — 0
forall t # 0, then Dy, (t) — D(t) at every continuity point of D.

We apply it twice: First, a finite signed singular measure is the differ-
ence of positive singular measures, by the Jordan decomposition; this the-
orem tells us that an arbitrary singular measure also has an eigenvalue dis-
tribution that tends to zero in the above sense. (Explicitly, let D(t) = 0 ev-
erywhere; for any interval I excluding zero, choose a half-interval (—oo, t)
or (t,00) containing I, and apply the theorem to find that

lim # of eigenvalues generated by p, in I

=0
n—oo n+1
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for the singular measure ys.) Finally, let u be any finite signed measure
on T. Then y = p, + ps where i, is absolutely continuous and ; singu-
lar. Since the eigenvalue distribution generated by p, tends to zero, and
the distribution generated by y, follows the main theorem (the derivative
being in L!(T)), we have finished proving the main theorem.






Chapter 3

The g-Torus

In this chapter we present some ideas for extending our results from the
previous chapter to the g-torus TY. The dual group is Z9; this is a special
case of the general fact that the dual group of a product is the product of
the dual groups.

We denote a point on T by ¢ = (¢1,...,¢,) where —m < ¢; < 7 for
i =1,...,q; similarly, a point in Z4 will be represented by k = (ky, ..., k).
The notation k - ¢ will represent k¢ + - - - + k5. We will use dm, to
represent normalized Lebesgue measure on T7.

First, let us see what the Fourier transform on T7 does. Let f : T — C
with f € L1(TY). Then the Fourier coefficients of f are

o= flk) = [ Flp)e P,
= [T e gy g,

Similarly, if u is a finite regular measure on T, its Fourier-Stieltjes trans-
form is

k= ll) = [ e dp(g)

T4
The infinite Toeplitz operator generated by y is the linear operator T, on

L%(Z1) given by
(Tug) () = Y-k ~ g (i)
j

In keeping with our general approach, we plan to approximate the infinite
Toeplitz operator with a sequence of finite Toeplitz operators, formed by
integrating over compact subsets of the dual group. In this case, that means
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summing over a finite number of points in Z7. We will then try to show
that these finite Toeplitz operators have a limiting eigenvalue distribution
analogous to the one-variable case. We will explore two ideas for how to
carry this out.

3.1 First Idea: Bijection from Z7 to Z

In this section we consider a sequence of finite Toeplitz operators gener-
ated by a bijection between Z7 and Z; that is, we use any sequence of sets
E; C E; C ... such that E, contains n points. The motivation behind this
approach is to mimic our proof on the circle: if we can say something about
the limiting ratio of determinants, this will allow us to find the average
logarithm of the eigenvalues, and we can proceed as before.

Since Szeg0’s theorem was crucial to our success on the unit circle, we
are very interested in extending it to the g-torus if possible. We will attempt
to follow the same procedure as before.

Definition 4. Let A denote the set of continuous f : T7 — C such that f(k) = 0
forallk ¢ Z%,and Ag = {f € A| [}, fdmy =0}

As before, the Poisson integrals allows us to identify each f € A with
an analytic function on D1:

f@)= [ P(z,x)7(x) dmy(w)

Here P(z, w) is the Poisson kernel P, (61 — ¢1) ... P, (6; — ¢;) where z; =
2

T 0 con@) 772

dimensional Poisson kernel. See Appendix [C|for more..

Note that f(0) = Jrq f dmg so that Ag corresponds to functions which
vanish at the origin.

Unfortunately it is no longer true that the real parts of functions in Ay
are uniformly dense in C(T7). To see this, consider the 2-dimensional case.
Nothing in Aj can have a real part uniformly close to cos(6 — ¢) because
that would make its (1, —1) Fourier coefficient close to 3 and therefore
nonzero. The problem here is that the trigonometric polynomials in Ag
correspond only to the first quadrant of the dual group Z?2, that is, pairs
of integers which are both positive; the real parts of trigonometric poly-
nomials in Ag will then include terms from the first and third quadrants.
A trigonometric polynomial generated from the second and fourth quad-

rants, such as cos(0 — ¢), will not be approximable.

r]-eief and w; = e%i forj = 1,...,q, and P,(0) = is the one-
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To fix this problem, we could try to expand our definition of Ag. We will
lose the connection with analytic functions which was so useful in the one-
variable case, since[#1]in Appendix|CJsays that boundary values of analytic
functions are precisely those whose Fourier coefficients vanish outside the
first hyperquadrant. However, we may be able to salvage this approach.
Recall that the relevant point at which the analyticity of the Poisson integral
was invoked was in proving that e§ —1 € Ag if g € Ao. If we could find
another way to prove this, we could still get Szeg6’s theorem on the torus.

The problem seemed to be that Ap and its conjugates only covered
some of Z7. Suppose we define A to include all functions f such that
f (ny,.. .,nq) = 0 whenever n; < 0. That is, we only restrict the Fourier
transform with respect to the first component in Z9, so that we are now
sweeping out half of Z7 (and the conjugates of functions in Ay will sweep
out the other half).

Unfortunately we have not been able to determine whether this leads
anywhere. We investigated some special cases, but Maple did not coop-
erate with the integrals involved. As an example of the type of question
being asked, suppose f(8,¢) = ¢/(0=) 4 ¢i(50+3¢) _ 50i(20-79) We want to
know whether

. 1 T ; og)
Ef(—2,2) _ R /77_[/7” P (0-9) 4 ¢i(50+3¢) _5,(26 2¢)€1(29—24))d6d¢

is equal to zero.

Still more unfortunately, the bijection approach is doomed even if Szegd’s
theorem still holds. Recall that in order to connect Szegd’s theorem to
Toeplitz matrices, we had to show that the minimum of the quadratic form

Qn with the restriction up = 1 was Dli *—. We did this by showing that the

minimum with the restriction 1, = 1 was 5, and then proving that these
two constraints gave the same minimum. In higher dimensions these con-
straints are no longer equivalent; in fact, the minimum subject to u, = 11is

still D? *—, but the minimum subject to 119 = 1 generally is not. Recall that

we got from the constraint 1, = 1 to up = 1 by conjugating an expression
(which does not change its absolute value) and then multiplying it by a
complex number of unit length. For that to work in higher dimensions, we
would need the shape of the support of our operator (i.e. the set of points
in Z7 used to generate it) to be such that a reflection through the origin and
a translation would bring it back to its original position. To achieve this
while only adding one point at a time, we must step by the same amount
in the same direction each time we add a point, so that we will only cover
a line instead of all Z9. To sum up, our problem is that we had a bijection
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from Z9 to Z, but we actually needed an isomorphism (which of course

does not exist).

Illustrative Example

Here’s a numerical example to illustrate this:
Consider the measure y on T? with du = 0*cosh(¢)dm(0)dm(¢p) where
we have used 6 and ¢ instead of ¢; and ¢, as our two angle coordinates. We
begin our enumeration of Z?> with the points (0,0), (0,1),(1,0), and (0,2).
First let’'s compute some Fourier coefficients:

o0 = e / / 0%cosh(¢p) dodp =  12.09381
co1 = 4n2 / / e i06%cosh(¢) dodg = —6.04691 = o,
cro = s / / e~ 02cosh(¢) dodp = —7.35216 = c_1,
Cop = R/ / e 2902cosh(p)dodp = 241876 = ¢y _»
=TT J =TT
L™ (™ o —ipp2
€11 = 4—7_[2/ / e Ve '"0°cosh(¢p)dodp =  3.67608 = c_q,
C1= o / / e~ 2962c0sh(§) d0dp = 147043 = 1,
The first four Toeplitz matrices are
To = [coo] =
T, — €0,0 co1| 12.09381
! Co,—1 €00 —6.04691
€0,0 €01 1,0 ] 12.09381 —6.04691
To = |c_-1 Copo C1,-1 —6.04691 12.09381
C_10 C-1.1 C0,0 | —7.35216 3.67608
€0,0 €01 1,0 CO,Z- 12.09381 —6.04691 —7.35216
T.— |C0-1 €00 C1-1 Coa —6.04691 12.09381  3.67608
37 el coin oo Ccoip ~7.35216  3.67608  12.09381
Co-2 Co—1 Ci_2 Coo | 241876 —6.04691 —1.47043

[12.09381]

—6.04691
12.09381

—7.35216]
3.67608
12.09381 |

2.41876
—6.04691
—1.47043
12.09381 |

with determinants Dy = 12.09381, D; = 109.6951, D, = 836.3408, D3 =

7552.19.
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For a polynomial g(y,z) = ug + u1z + ugy + uzz?,

Up
Uy
Up
us

(8.8) = |8 e")g(e e dy = (10 i i 1) T

Now let’s find some orthogonal polynomials. Using our formula for the
Gram-Schmidt process,

1
po(y,z) = i 11| = 0.28755
1
Pi(y,z) = SO 01— 033214z + 016602
120
1 €0 Co1 C10
¥a(y,2) = co-1 Cop c1-1|=  0.36216z 4 0.22017
vD:Dr |

€0,0 €o,1 C1,0 Co,2

_ 1 co,-1 Coo0 C1,-1 Coa | _ 2
P3(y,z) = DiD; e 0 cou1 cop ol T 0.33278y* — 0.022186

1 z y  z?

Now, the polynomial

0.28755 0.16602 0.22017 —0.022186
8(.2) = — oy, 2) + — 1y, 2) + —— (v, 2) + ———¢3(v,2),

where A = 0.287552 + 0.166022 + 0.220172 + 0.0221862, has a constant term
uo = 1; we also have by orthonormality

0.28755\% /0.16602\> /0.22017\%> [/ —0.022186\% 1
<g,g>=< > +< > +< > +<> — — — 6.28083.

A A A A A

However, note that g—; = 9.03004 which is clearly not equal to the minimum
length with 1y = 1.
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3.2 Second Approach: Product Measures

Another idea is to consider the special case of product measures, i.e. mea-
sures of the form p = 1 X - - - X pu,; where the p; are measures on T. Then

k) = / e R 1)
T

= </Teik14’1 dyl(cpl)) (/T e ket dllz(cpz)) = (k) - - g (kg).-

Recall that the Toeplitz operator generated by a measure on T is
) = Y k-
j

The range of summation for j depends on how we choose to construct our
finite Toeplitz operators. If we form them by summing over rectangular
regions in Z1, then we will be able to factor the expression for T;,¢. Suppose
then that j is summed over the rectangle [0,7]7, and consider first the case
where the vector g(j) is a tensor product ¢ = g1 ® - - - ® g, so that g(j) =

g1(j1) -~ '8q(jq)~ Then

(Tu8)<k) = Z (ks —j1) -~ 'ﬁq(kq _jq)gl(jl) e '8q<jq)
J1r--s]gq

(Zm (k1 = j1)g1 (7 ) : (Dq 1) m)
1

= <(T;41 (gl))(k1)> ((T%q(jq))(kq)>'

Thus, T, = T, ® -+ ® T,,- In particular, if x1,- -+ ,Xq are eigenvectors
of Ty, -+, Ty ] respectively (recall that Toeplitz operators are Hermitian so
that we are guaranteed a basis of eigenvectors), with corresponding eigen-
values Ay, - -+, Ay, then

Tu(x1® - ®@xq) = (Ty, (x1)) ® -+ @ (T, (xq))
= (Ax1) @ - ® (Agxq) = (M- Ag)x1 ® - @ Xq

so that x; ® - - - @ xq is an eigenvector of T, with eigenvalues A; - - - A;. This
gives us (1 + 1)7 independent eigenvectors for T),; since T, acts on an (n +
1)7-dimensional space, this implies that the eigenvalues of T}, are precisely
the products of the form (A - - - A;) where Ay is an eigenvalue of T,,.



Second Approach: Product Measures 29

Intuitively, if the distributions of the eigenvalues for each one-dimensional
operator are converging, in some sense, to the derivative of the correspond-
ing measure, then the products of those eigenvalues should be converging
to the product of the derivatives, which is just the derivative of the prod-
uct. (An example to clarify this last statement: If y = 3 X po = (p12 +
H1s) X (Paa + pas) = HiaPoa + HiaPas + Haah2s + Hispas Where piy, and pio,
are absolutely continuous and p1; and pps are singular, then piy,pi0s, H1sp24,
and pq5pps are all singular, and the absolutely continuous part of yq X pp is
VluﬂZa)

We will now prove a more precise statement of this, using the two-
dimensional case to illustrate a general concept.

Lemma 1. Let € > 0, let U C R be a finite union of open intervals, and let
be a positive measure on R such that y(R) = 1 and any point x € R\ U has
u({x}) < e. Then R\ U may be partitioned into finitely many closed inter-
vals [xj,y;] (possibly overlapping at the endpoints) with pu([x;,y;]) < 2e. Addi-

{0
Then x; and y; may be chosen such that x;,y; # 0 and u({x;}) = o ({
pyh =o({£}) =0

Proof. R\ U is a union of finitely many closed intervals, so it is sufficient
to give the desired construction on one of them. Suppose I = (—oo, 4] is
one such interval; the construction will be quite analogous for [b, c0) or for
a finite interval. Let x; = sup{x € I | p((—o0, x]) < €}. (To see that this set
is nonempty, consider that

ﬂ (—oo,—n] =0

neZ
—n<a

so thatlim, e p((—00, —n]) = 0.) Thenif x; < awehavee < p((—o0,x1]) <
2¢, because

pl(=e0)) = (G (—oo,xl—iD —tim i ((—oom—]) <

so that p((—o0,x1]) = p((—o0,x1)) + u({x1}) < 2¢, and similarly,

(=00, x1]) = <n°°1 (—w,x1+111]> zgijgoy <<—00,x1+:l]> > e.
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(If x; = a we will still have p((—o0,x1]) < 2e but may have p((—oc0, x1]) <
€.) Using continuity of measures again (and the finiteness of u), € < u((—o0,x]) <
2¢ for x in some interval to the right of x; (again, assuming x; < a); we
may move x; to some point in this interval so as to guarantee u({x1}) =

o ({ o }) = 0. (In so doing, we only need to avoid the countably many
points z for which p({z}) #0oro ({2}) # 0, so this is clearly possible.)
We have now constructed the first of our subintervals. If x; < a we
let xo = sup{x € I | p([x1,x]) < €}; then e < u([x1,x2] < 2¢e by similar
reasoning, and once again we can adjust x; slightly to the right if needed.
We continue this process until some x; is equal to 4; this happens in finitely
many steps because y is a finite positive measure and each interval has
measure at least e. We apply the same construction to each of the finitely
many closed intervals that make up R\ U. O

Theorem 10. Let p11 and i be finite signed measures on T, with derivatives f and

g wrt m, and /\]((n) and 1/,5”) the eigenvalues of their respective Toeplitz operators.

Define mg and mg on Borel subsets E C R by mg(E) = m(f 1(E)) and mg(E) =
m(g~Y(E)). Let & € R such that my({(x,y) | f(x)g(y) = a}) = 0, where m,
denotes normalized Lebesgue measure on T>. Then

# of products A,En)vgn) in [, 00)
lim /
n—oo (n+1)2

=my({(x,y) | f(x)g(y) = a}).

Proof. We give the proof first for & # 0. The case « = 0 is more complicated
and will be discussed at the end of the section.

Our strategy will be as follows: We want to take two copies of R and
divide both into “small” intervals so as to have control over the products
taken from pairs of these intervals; our notion of “small” will depend on m £
and m. Our partition of the first line will determine that of the second. On
the first one, we will construct small intervals around troublesome points
(these being zero and those points x for which m({x}) is greater than some
fixed amount), and apply the construction from the lemma to the remain-
der of the line.

Lete > 0. Letcy, ..., cn be the nonzero points for which m¢({cc}) > 13,
and ¢y = 0 (whether or not m¢({0}) > {3). By the continuity of m,, we can
construct open intervals Ay = (ax, by) fork =0, ..., n such that

® (; € Ay

[ AkUA/:@fOI']#k
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o mg((5,2)) < gormg((5, 7)) < g (whichever is the correct order-
ing of the endpoints, depending on the signs of «, a5, and by)

o mys({ax}) = ms({bx}) = 0.

For the last condition, note that there are only countably many points
we need to avoid, so we can easily construct our intervals with none of
them as endpoints. For convenience, we will also stipulate that |ag| = |bo],
so we may write (ag, by) = (—d,d). By Lemma (1), we can divide R \ Uy Ax
into finitely many intervals [x;,y;] for j = 1,..., M (sometimes overlap-
ping at the endpoints) with m¢([x;,y;]) < ¢ and m¢({x;}) = ms({y;}) =

me(15)) =ms(154) =0

We now define intervals I, Ji, I, J; as follows:

Ih = R
Jo = @
b%,oo) if ap, by >0
e = —00 ﬂ) if a,, b 0
7 1t ag, b <
] 700) if ap, by > 0
k =
—oo, ) if g b <0
oo
; ;‘],oo> ifX]‘,yj >0
]‘ pu— - -
(—oo,;‘j if xj,; < 0
\ _
3 ;‘]_,oo> 1fx],y] >0
b= <—oo ﬁ- ifx;,y;, <0
1y jrYj

where k is understood to refer to the case k > 0. The point of these con-
structions is that x € (ay,by)andy € Jy = xy > a whereas x €
(ay,by) and xy > &« = y € I, so that

(ar, bx) X Je € {(x,y) | x € (ar, bx) and xy > a} C (ag, by) X L.

The analogous statement holds for [x;,y;], fj, and f] Also note that the sets
I \ Je and I; \ J; are all disjoint (excluding k = 0) and that mg({y}) = 0 for
y in the boundary of I, Ji, Ij, or J;.
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We introduce the notation ®,(f,E) = #szflmE for any E C R, and

similarly for ®,(g, E). Then we know from the one-variable case that
lim ®,(f, A) =ms(A)
n—oo

and
lim ®,(g,B) = mg(B)

n—oo
where A is any one of the intervals (a, bx) or [xj,y;] and B is any one of the
It, Jx, 1j, or J;. There are finitely many of the A’s and B’s, so for any § > 0,
we can choose 7 sufficiently large that |®,(f, A) —ms(A)| < ¢ for all of the
A’s and |®;(g, B) — mg(B)| < ¢ for all the B’s. Then

n [a, c0)

# of productS/\S")vl(") i

(n+1)?

< Z # of Af") in (ay, by) # of vl(") in I
T2 n+1 n+1

# of )\fn) in [x,yj] \ [ #of vl(") in [;
+ Z n+1 n+1

j
< (g 0) +8) (10 +8) + 5 g ) +0) me(1) -+
j
< ;mf((ak,bk))mg(lk) + Y ms([xj, yj])mg(I;) + 26 + *(M+N).

Similarly,
# of products )\E”)vl(") in [a, )
(n + 1)2

#ofA m(a,b) #of v 1n]
_Z< n—|—1k k)( nl—i—l k)
0 ()in LY -
+; (# fAln+1[x],y]]> <#of1/l(n) o ]j>
; ((ax, b)) = 8) (mg(Ji) = 0) = 0%) + ) ((ms([x;, yj]) = 8) (mg (J;) —8) — &%)
]

> Zk:mf((ﬂk, bi))mg (Ji) + me([xj'yj])mg (Jj) — 20.
j
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(Here the subtraction of 4 in the fourth line is necessary because of the
possibility that, for example, m((ax, bx) and mg(Jx) are both less than ¢.)
Now we take & small enough that 25 + 6*(M + N) < %, then we have, for
sufficiently large n,

Y me((aw, be))mg (Jk) + Y me([xj, y;))myg (J;) — Z
k j

# of products )\En)l/,(n) i
<
= (n+1)2

< ;mf((ak,bk))mg (Ik) + me([x]/y]])mg (j]) + Z
)

n [a, o0)

But it is also clear that
;mf((ak/ bie) ymg (Ji) + me([xjryj])mg (Jj)

< ma ({(x,y) | f(x)g(y

so certainly

Yy ) () + Lyl ()~ z
]

<ma ({(x,y) | f(x)g(y) = a})

€
<Y my((a, be))mg (Ir) +me (x5, yi])mg (1 )+ZL
k j

The upper and lower bounds differ by
=+ Lompl(ag b))mg (1 ) + Eome([xj, ] ymg (T\ )
k j
< §+ngg(lk\]k) +ngg (TN ;)

€ € €
*+ +Z oM (e \ k) +Z cmg (I\ J)) < tetetg=c¢
700
since mg(IR) = 1and I\ Ji, I; \ J; for k # 0 are all disjoint. This shows that,
for sufficiently large n,

# of products Agn)vl(”)

(n+1)2

in [, 00)
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and

ma ({(x,y) | f(x)g(y) = a})

are both contained in the same interval of size at most ¢, and hence are
within € of each other. Thus,

(n),,(n)

lim # of products A;"'v," in [w, 00)

e 172 =m2 ({(xy) | f(x)g(y) = a}).

This finishes the proof for the case @ # 0. Now suppose &« = 0. The condi-
tion my({(x,y) | f(x)g(y) = «}) = 0 implies that at least one of n,({0})
and m¢({0}) is zero; WLOG, we assume m,({0}) = 0. We proceed as be-
fore, except that the third condition in the construction of the Aj intervals
becomes trivial. The rest of the proof follows as before. O

To extend to higher dimensions, we can use induction and a very slight
adaptation of the last theorem. For example, suppose we have measures
U1, M2, 3 with derivatives f, g, h. Although the theorem was stated for pairs
of measures on T, the same construction works if one of the pair is actually

a measure on T2. Suppose A,En), 1/]5"), and 17,5") are the eigenvalues of 1, yp,

and ps3, C,En) the eigenvalues of uy x 3, and i = gh is the derivative of
p2 X uz. Then we have

](”)VIE”);,]I(”) in [(X, OO) . # of productS /\](cn) gl(n) in [“/ OO)

# of products A
lim = lim

s (n+1)° s (n+1)3
=ms({(x,y) | x € T,y € T? f(x)$(y) > a})
=ms({(x,y,2) | x,y,z € T, f(x)g(y)h(z) > a}).

One might wonder how proving our theorem for product measures will
help prove itin general. If we specialize to absolutely continuous measures,
functions of the form

f(@r- ) = ;flk(fl’l) o fa(¢q)

are uniformly dense in C(T7) by the Stone-Weierstrass theorem. This in
turn implies that they are dense in L!. This provides some hope of ex-
tending to other absolutely continuous measures. For general measures,
sums of product measures are no longer dense in total variation, but per-
haps some kind of weaker convergence still holds. It is an open question,
and easily another entire thesis in itself, what conditions on a sequence of
measures will guarantee the convergence of the eigenvalue distributions of
their Toeplitz operators.



Appendix A

Fourier Transforms on Locally
Compact Abelian Groups

A.1 Introduction to LCA Groups

Definition 5. A topological group G is a group equipped with a Hausdorf{f topol-
ogy such that (x,y) — xy~!is a continuous function on G x G. If G is an
Abelian group and its topology is locally compact, G is a locally compact Abelian
(LCA) group.

An equivalent definition of topological group is that the functions x
x~1and x — xy are continuous on G.

LCA groups provide the framework for the abstract study of Fourier
analysis. With a locally compact Hausdorff topology, many nice theorems
from measure theory (e.g. the Riesz representation theorem and the Radon-
Nikodym theorem) can be brought to bear. With an Abelian group struc-
ture, we have a notion of translation, which allows us to talk about convo-
lutions; as we will see, we are also guaranteed the existence of a transla-
tion invariant measure, which makes many computations run smoothly. In
short, we have all the basic ingredients we need to do Fourier analysis.

We now present without proof some basic facts about LCA groups,
taken from [Rudin (1990)]. We follow the convention of writing Abelian
group operations as addition.
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A.2 Haar Measure and Convolution

Theorem 11. For any LCA group G, there exists a positive reqular measure m on
G which is not identically zero and is translation invariant, i.e.

m(E+x) = m(E)

forall x € G and every Borel set E C G. This measure is unique up to a multi-
plicative constant.

A positive regular translation invariant measure on a group is called
a Haar measure; this theorem allows us to speak of the Haar measure on
a group, up to normalization. The normalization is usually taken such
that m(G) = 1 for compact groups and m is counting measure for discrete
groups; for finite groups, either one may be used.

Unless otherwise notated, all integration will be done with respect to
Haar measure; dx, dy, etc. will represent Haar measure, and L? spaces will
be with respect to Haar measure. Note that on the real line, Haar measure
corresponds to Lebesgue measure.

Theorem 12. Let f(y) = f(y — x). Then ||f||, = || f||, for any f € LP(G),
1< p<oo.

Theorem 13. The mapping x — fy is a uniformly continuous map of G into
Co(G) and into LP(G) for 1 < p < oo.

Definition 6. For any two Borel functions f and g on G such that

/|fx— y)| dy < oo, (A1)

we define the convolution

(Fe8)) = [ fx =gl

The condition (A.1)) allows the use of Fubini’s theorem, which is indis-
pensable in proving theorems about convolutions.

Theorem 14. o If (A1) holds for some x € G, then (f * g)(x) = (g* f)(x).

o If f € LY(G) and g € L®(G), then f g is bounded and uniformly contin-
uous.

e Iff,0 € C(G), f*xg € CG).
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oIf%—f—% =11<p<oo felLP(G)andg € LI(G), then fxg €
Co(G).

e If f,g € LY(G), then holds for almost all x € G, f * g € L}(G), and
1f* gl < Il g

e Iff,g h € LY(G), then (f xg) xh = f* (g*h).

The last three properties may be summarized by saying that convolu-
tion is a multiplication on L!(G) which turns it into a (commutative) Ba-
nach algebra. If G is discrete, L' (G) has a unit, namely the “delta function”
defined by ¢(0) = 1 and e(x) = 0 for x # 0. If G is not discrete, we shall see
later that L'(G) does not have a unit; however, it does have approximate
units, in the sense given by the following theorem.

Theorem 15. Given f € L'(G) and € > 0, there exists a neighborhood V of 0 in
G such that for any nonnegative Borel function u which vanishes outside V and
for which [, u(x)dx =1,

If = fuli <e.

A.3 The Dual Group and the Fourier Transform

Definition 7. Let G be an LCA group. Then the dual group of G is the multiplica-
tive group I of continuous characters of G, i.e. continuous functions y : G — C
such that |7y(x)| = 1 for all x and

Yx+y) =v()ry)  forallxy G
Definition 8. For f € L'(G), the function f on T defined by

fin) = [ G f(x) s

is called the Fourier transform of f. The set of such f will be denoted A(T).

Theorem 16. Let I' be given the weak topology induced by the Fourier transforms
of all the functions in LY(G). Then T is an LCA group whose dual is homeomor-
phically isomorphic to G.

The latter half of this theorem is usually thought of as saying that “the
dual of the dual is the original group.” To reflect this duality, the notation
(x,) is often used instead of y(x); the idea is that the groups are on equal
footing, with an element from either defining a function on the other.
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Theorem 17. o A(T) is a separating self-adjoint subalgebra of Co(T), and
therefore is dense in Co(T').

o fxg=fs

o A(T) is invariant under translation or under multiplication by (x,y) for a
fixed x € G.

o |Ifllo < |Ifll1 so that the Fourier transform is a continuous map of L'(G)
into Co(T).

o For f € LNG)and vy €T, (f *7)(x) = (x, 1) f (7).

Theorem 18. If G is discrete, I is compact; if G is compact, I is discrete.

A.4 Fourier-Stieltjes Transforms

Let M(G) denote the set of complex regular measures on G.
Definition 9. Let y, A € M(G). We define a measure y « A on G by
(0 M)(E) = (u x V({(x,y) € Gx G| x+y € E}).
We call y * A the convolution of y and A.
Theorem 19. 1. If u, A € M(G), then px A € M(G).
2. Foruy A, ve M(G), uxA=Asxpand (uxA)*v=pux(Ax*v).
3. s Al < - AL

This theorem says that M(G) is a commutative Banach algebra with
convolution as the multiplication.

Definition 10. For u € M(G), the function fi on T defined by

i) = [ (=7 du(x)

is called the Fourier-Stieltjes transform of u (sometimes called by either name
alone). The set of all ji will be denoted B(T').

Theorem 20. e Each ji € B(T) is bounded and uniformly continuous.

—

° ;4*/\:;2)1.
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e B(T) is invariant under translation, complex conjugation, or multiplication
by (x, ) for fixed x € G.

We may identify L!(G) with the subset of M(G) consisting of absolutely
continuous measures. We also introduce the sets M.(G) C M(G) of con-
tinuous measures (ones whose values are zero on every countable set) and
M;(G) C M(G) of discrete measures (ones that are concentrated on count-
able sets). The following theorem describes the place of these sets in the
algebraic structure of M(G).

Theorem 21. M;(G) is a closed subalgebra of M(G); M.(G) and L'(G) are
closed ideals in M(G).

A.5 The Inversion Theorem

Theorem 22. Let B(G) denote the set of all functions f on G which can be repre-
sented in the form

f) = [ () ()
for some measure y € M(T).
1. If f € L"(G) N B(G), then f € L}(T).

2. For a fixed Haar measure on G, the Haar measure on I can be normalized
such that

f) = [ Fo) )y
for every f € L}(G) N B(G).

Note that we previously introduced conventions for the normalization
of compact and discrete groups; it turns out that these normalizations sat-
isfy the above condition.

A function of the form

n
flx) =} ai(x, 7))
j=1
is called a trigonometric polynomial on G. This terminology is borrowed

from the cases where G is the unit circle or the real line.

Theorem 23. If G is compact, the trigonometric polynomials on G are a dense
subalgebra of C(G).

It follows from this that the trigonometric polynomials are dense in
LP(G) for 1 < p < w0 if G is compact.
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A.6 The Plancherel Transform

Theorem 24. The Fourier transform, restricted to (L' N L2)(G), is an isometry
(with respect to L* norms) onto a dense linear subspace of L*(T).

This theorem implies that the Fourier transform has a unique extension
to an isometry from L?(G) to L?(T); this isometry is called the Plancherel
transform and is also denoted by f — f.

Theorem 25. A(T') consists precisely of convolutions Fy x Fy where Fy,F, €
L2(T).

A.7 Consequences of the Duality Theorem

We have seen that I' is an LCA group whose dual is homemorphically iso-
morphic to G (i.e., its dual is G). This has several consequences for the
theory of Fourier transforms.

Theorem 26. o Ifu € M(G)and ji =0 forall v € T, then p = 0.

e If G is not discrete, L'(G) has no unit. Hence L'(G) = M(G) if and only
if G is discrete.

e Ifu € M(G) and i € LY(T), then 3f € LY(G) such that du(x) =
f(x)dx, and

f) = [ )Gy dr.

The first of these statement implies that /i uniquely determines y; the
last says that only absolutely continuous measures have Fourier transforms
in LY(T).

A.8 Characterization of B(T)

We introduce a norm on B(T') by letting ||i|| = ||u]|-
Theorem 27. For a function ¢ : I — C, the following are equivalent:

e ¢ € B(T)and ||¢| < A.

e ¢ is continuous, and
n
1Y it (ri)] < Allfllos
i=1

for every trigonometric polynomial f(x) = Y ci(x, i)
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Corollary 3. If ¢, € B(T) and ||¢,|| < A forn =1,2,3,...,¢ € C(T'), and
¢(7) = limyco $u(7), then ¢ € B(T) and [|p[| < A.

A9 Examples

Having defined the Fourier transform in a very general setting, we should
relate it to the familiar notion of Fourier transform.

One of the familiar settings for Fourier analysis is that of periodic func-
tions, say, functions on the reals modulo 277. We identify R/ (27tZ) with
the unit circle T, i.e. the multiplicative group of complex numbers with
unit length. It can be shown that the continuous characters on T are all of
the form () = ¢ for some n € Z. Hence, the dual group of T is Z. The
Fourier transform then becomes

~

= [y dm = [ (o) do.

fon) = [ e goyam =5 [ (o)

Here we have used dm for Haar measure on the circle, which is % times
Lebesgue measure dfl. We see that the familiar formula for the Fourier coef-
ficients of a periodic function agrees with our general definition of Fourier
transform. The inverse transform is given by

flx) =} flm)e™.
n=—oo
Another familiar example of Fourier analysis deals with non-periodic
functions on the real line. It turns out that the continuous characters of R
are all of the form ¢** for k € RR; by the identification k < ¢**, we see that
R is its own dual group. (The standard topology for R is the same as the
topology it inherits as a dual group.) Then our Fourier transform becomes

fx) = [ e dx = [ e () dx

It turns out that the normalization factor referred to in the inversion theo-

rem is %, so that the inverse transform is given by

F) =5 [ foeax

Of course, by choosing a different Haar measure for the “time domain” R,

the factor of ;- may appear in the transform instead of the inverse trans-

form, or a —1- may appear in both, etc.

V2m
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Finally, consider the Fourier transform of a function on the integers, i.e.
a sequence. It can be shown that the continuous characters on Z are all of
the form y(n) = ¢™*. Thus, the dual group of Z is the unit circle T. Of
course, we already knew this because of the duality theorem. Then

Fle) = [ pnan = 3 e ()

since integration over the integers is just summation. The inverse transform
is
1 /71 —ina A( imx)d
n) = -— e e Q.
fln) = o [ e
Note that the transform and inverse transform on Z are just the inverse
transform and transform on T, respectively.



Appendix B

Formal Determinants and the
Gram-Schmidt Formula

B.1 Introduction

If V is any inner product space over a field F and ¥, ..., 7, € V are inde-
pendent, then it is well known that the Gram-Schmidt process guarantees
the existence and uniqueness of ey, . ..,¢, € V such that

e (€j,¢) = dj where (,) is the inner product on V
e span(e,...,e) = span(dy,...,0) fork =0,...,n

What is less well known is an explicit formula for €, . . ., €,, namely

(o, Do) ¥, 7o) (Tx, Do)
1 < 0, 1> < 1, 1> < ks 1>
O = —=—e : : : (B.1)
v/Di—1Dg Lo L
<UO/Uk 1> ( 1/Uk71> < k/vk71>
0o 51 Z_fk
(Do, Do)  (U1,70) (T, Do)
(Do, U1) (U1, 71) (T, U1)
where Dy = : #0

(Do, Tx—1)
<501 T_jk>

(U1, Tk_1)
<Z_jl/ T_jk>

(Un, Uk-1)
(Tx, )

is the Gram determinant for k = 0,1,...,n, and D_; = 1. This is what we

will prove.
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B.2 Formal Determinants

The term “formal determinant” refers to a “determinant” in which one of
the rows consists of vectors instead of scalars. This is a notational conve-
nience; it is defined by a cofactor expansion along the row of vectors, so

aolo 610[1 e aO,n
ai,0 a1 Ce a1,
ap-10 A4p-11 --- An—1n
o 7 .. Uy
ao,1 ap2 ... aon ao,0 ap2 ... ao,n
S| 911 a2 ... A, L | 410 a2 ... A1,
vo| . . . . + U1 . . .
ap-11 Ap-11 --- An—1n ap-10 4p-12 -+ An—1n
a0,0 ap1 .- agn—1
S| 410 S I -1
+ Un ) .
ap-10 Ap-11 --- An—1n-1

The most familiar example of a formal determinant is the three-dimensional
cross product:

) i j ok
AXB= ai dp 4as
by by b3

The basic feature of formal determinants is that their inner product with
another vector becomes a true determinant:

110,() 510,1 e llo/n 110,0 110,1 e aorn
a1,0 a1 e a1,n a1,0 a1,1 e A1,
{ Lo =] ' :
an-1,0 n-11 --- Op—1n ap-1,0 Ap-11  --- Ap—1m
50 51 e 5,1 <Z70, w) <T71, w) e <7_jn/ w>

This may be easily verified by expanding both sides in cofactors along
the bottom row.
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In the case where ¥, . .., U, are orthonormal, the inner product of two
formal determinants with the same row of vectors has a nice form:

apo 4ol ... Aon boo  bo1 ... bon
aio a1 . a1 n bl,O b1,1 . bl,n
< . . . i . . . >
an-10 An—-11 --- An—1n bn—l,O bn—l,l ce bn—l,n

60 51 . e Z_jn 60 51 e ’Z_jn
ao'b() a()'bl ao-bn,l
al'bo a1~b1 a1'bn_1

an-1-bp an-1-b1 ... an1-by1

where ay = (axp, ..., k) and by = (b ..., by, ) are the rows of the formal
determinant viewed as vectors in F"*1. (We use boldface instead of arrow
and - instead of (,) to emphasize that this is in general a different space
from V.) This may be proved, for example, by noting that both sides of the
equation are linear in each of the ay’s and by’s and verifying it in the case
where all the a)’s and by s are unit coordinate vectors.

B.3 Gram-Schmidt Formula

We now can easily verify (B.I). First we note that the independence of the
Ur’s implies that D, > 0, so that the ¢’s are well-defined [Greub]. We
will define the vectors ¢ as in and show that they satisfy the desired
properties. For j < k, we have

(To, Do)
(Do, U1) (71,
v/ Dx_1Di (7}, &) = : : : =0
(Do, Tk—1) (U1, 0k-1) --- (Ok, Tp-1)
(Go,T;)  (0,7;) ... (Ok7))

LS
Qo
—~

L L_\Q}l
SLS
~

=
-
—
=
<
=
-

because two rows in the determinant are identical. Because ¢; is a linear
combination of dy, ..., dj, it follows that (¢j,&) = 0. Now because ¢ is a
linear combination of 7y, ..., ¥k, and since the €’s are orthogonal, we have
span(ey, ..., €) = span(¥y, . .., Jx). Now if we expand &, the coefficient of
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U will be 4/ Dlg;] ,sowe have ¢, = 4/ Dlg” Ur + Wy where @y, is orthogonal to

k
&. Then (&, &) = \/ 35 (8, Tk) = \/ 5 <\/ﬁ1)k) =1
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HP Spaces on Polydiscs

In this appendix I will mention some of the more relevant facts from the
theory of HP spaces, first in the one-variable case and then in the more
general setting of polydiscs. For details and proofs the reader is referred to
[Duren] and [Rudin (1969)].

C.1 HP” Spaces in One Variable

Definition 11. Let D denote the open unit disk in the complex plane. For an
analytic function f : D — C, we let

Mu(r, f) = max ]f(reie)\.

—n<f<m

T . 1/p
My(r, f) = {Zln/n]f(rele)\pde} 0<p<oo

Note that for 1 < p < oo, M(r,f) = ||fr||, where f, : T — C is de-
fined by f,() = f(re"”) and |||, is the L” norm with respect to normalized
Lebesgue measure on T. We can analogously define the quantities M, (r, u)
for a harmonic function u : D — R.

Definition 12. For 0 < p < co, H? is the set of all analytic f : D — C for which
M, (r, f) is bounded as v — 1. Similarly, h? is the set of all harmonic u : D — R
for which M, (r, u) is bounded as r — 1.

The notation is in honor of Hardy, who was the first to study these
spaces systematically.
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As is well known, for a continuous function u on T, the Poisson integral
formula

u(z) = u(re) = 1 /7r 1-r u(e')dt
N 21 Jox 1 —2rcos(6) + 12

gives a function u : D — R that is continuous on D, harmonic on D, and
has a specified set of boundary values. For a measure p on T with bounded
total variation, we can define the Poisson-Stieltjes integral

u(z) = u(re) = /7T 1-r d
B ~ Jox1—2rcos(8) +r2 K

which is again harmonic on D (although not necessarily continuous on D).

Theorem 28. The following three classes of functions from D to R are identical:
e Poisson-Stieltjes integrals;
e differences of two positive harmonic functions;
o hl.

Theorem 29. Let u(z) be a Poisson-Stieltjes integral. If the symmetric derivative

4. #((6o—t,60+1))
Dp(f) = lim 2t

exists at a point 0y, then the radial limit lim,_q u(reieo) exists and has the value
2tDu(6y).

Corollary 4. Each function u € h', and thus every f € H', has a radial limit
almost everywhere.

We will frequently use f(e) to denote the almost everywhere existing
radial limit of an H! function f : D — C.

Corollary 5. If u is the Poisson integral of a function ¢ € L'(T), then u(re'®) —
¢(0) almost everywhere.

Theorem 30 (Hardy’s convexity theorem). Let f(z) be analytic in D, and let
0 < p < oo.Then

o M,(r, f) is a nondecreasing function of r;

o log My (7, f) is a convex function of log .
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This theorem implies (among many other things) that we could equiv-
alently define H” as the space of functions for which M,(r, f) has a finite
limit as ¥ — 1. This limit is called the H” norm of f.

We already know that radial limits exist almost everywhere for 1! and
H' functions. Much more is true, as the follow theorem indicates.

Theorem 31. If f € H for 0 < p < oo, then the radial limit f (") exists almost
everywhere, and f(e') € LP(T).

Now that we know that an H” function has an L” boundary function,
the natural question is whether the H? norm equals the L” norm of the
boundary. The following theorem answers this in the affirmative for p < cc.

Theorem 32. If f € HP with0 < p < oo, then

7T

lim [ |f(re®)? d6 = /7r F(e)]P do

r—1 —7T —7T

and
Vs

lim [ |f(re") — f(e)|P dO = 0.
r—1 —7T
Of particular importance to our study of Szegt’s theorem is the role of
the Poisson integral in the interaction between functions on D and their
boundary values. The next theorem explores this further.

Theorem 33. For 1 < p < oo, an analytic function f : D — C is the Poisson
integral of an LP function ¢ : T — C ifand only if f € HP.

It is now convenient to introduce the notation H” to denote the set of
boundary functions f (e”) of functions f € HF. (As with L?, H? is actually a
space of equivalence classes, since the boundary values are only defined al-
most everywhere.) We know from the previous theorem that H” C LF(T),
and it is evidently a linear subspace of L”(T). It turns out that H? is topo-
logically closed as well.

Theorem 34. For 1 < p < oo, HP is the L¥ closure of the set of polynomials in
e'd.

It can be shown that H®™ is closed as well.

Corollary 6. H? is a Banach space for 1 < p < oo.

The following theorem provides a simple characterization of H?.
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Theorem 35. For 1 < p < oo, HP is exactly the set of LF functions whose
negative Fourier coefficients vanish. Moreover, if f(z) = Y 5 anz" € H?, then
Cy = ay for n > 0, where c,, is the nth Fourier coefficient of the boundary function

f(e?).

Note that among other things, this theorem implies that different func-
tions in H? have different boundary functions, so that there is a one-to-one
correspondence between H? and ‘H?. The nature of this correspondence is
further illuminated by the following theorem.

Theorem 36. If f € LP(T) and P[f] is the Poisson integral of f, then P[f] has f
as its radial limit almost everywhere.

We can now give an exact description of the correspondence between
H? and H?. Given a function f € H?, we know from Theorem 31| that the
radial limit f(e') exists almost everywhere; this defines (a.e.) a function
f : T — C which, by definition, is in ”. On the other hand, suppose
we are given a function f : T — C which is in LP(T) and whose negative
Fourier coefficients vanish. Theorem 35| tells us that there exists a unique
f € HP that has f as its radial limit a.e. Then by Theorem (33, f must be
the Poisson integral of some ¢ € LP(T), and by Theorem ¢ = fae To
sum up, given f € H? we can find the corresponding f € H? by taking the
radial limits of f; given f € H? we can find the corresponding f € H” by
taking the Poisson integral of f.

Because of this duality, most books do not explicitly mention H? at all;
it is considered to be identical with HP. Thus, H? is often spoken of as a
subspace of LP(T), by identification with H? C LF(T).

Although H? spaces are interesting in themselves, the following theo-
rem is what connects them to our study of Toeplitz operators.

Theorem 37. Let g € C(T) with [ gd6 = 0. Then 8 —1 € C(T) and [(e8 —
1)d9 = 0.

Proof. Note that g € 'H®. Let G : D — C be the Poisson integral of g, so
G € H® by Theorem Then ¢® —1 € H® and is the Poisson integral
of e8 — 1 (since its radial limit is ¢ — 1 a.e. and H? functions are Poisson
integrals of their radial limits). Now

by elementary properties of the Poisson integral. O
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C.2 HPY Spaces and Poisson Integrals on Polydiscs

A polydisc is a Cartesian product of several discs in the complex plane; in
particular, C" D D" = {(z1,...,z4) | zi € Dfori =1,...,n}. We will focus
on D" since any other polydisc is equivalent to it by a simple change of
variables.

For n > 1, T" is only a small part of the boundary of D" (it is, after all,
only n-dimensional); however, for our purposes it is the important part.
We will use D" to denote the closure of the product of D’s, not the product
of the closures (so it includes the “unimportant” part of the boundary).

A continuous function f : V. — C on some open set V C C" is said to
be holomorphic if it is holomorphic in each variable separately. It is said
to be n-harmonic if it is harmonic in each variable separately. Note that
holomorphic functions are n-harmonic.

For a function f : D" — C, we define f, : T" — C by f,(w) = f(rw).
We use m,, to denote normalized Lebesgue measure on T"; LV spaces will
be with respect to m, unless otherwise noted.

The definition of the Hardy spaces is analogous to the one-variable case.

Definition 13. For 0 < p < co, HP(D") is the set of holomorphic f : D" — C
for which

|, 10w P, (w)

is bounded for 0 < r < 1, where w € T". The corresponding set of n-harmonic
functions is denoted by h¥ (T").

Much of the theory of H? spaces and Poisson integrals in one variable
carries over very straightforwardly to polydiscs. In what follows we re-
count the most relevant results.

Definition 14. Ifz € D", w € T", zj = rjeigf, w; = ¢'%, the Poisson kernel
P(z,w) is the product

P(z,w) =Py (61 —¢p1) ... P, (00 — )

where P, (0) - 15 the one-variable Poisson kernel.

_ 1—12
T 1-2rcos(0)+
Note that we have

/n P(z, w)dim,(w) = 1
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by a simple application of Fubini’s theorem, and that
P(z,w) = Z r‘lkl‘ ... r‘nk”‘eik'(e_"’)
kezn

by multiplying the absolutely convergent series expansions in each variable
individually. Here we use the notation k = (ky,...,k,) € Z" and k- (6 —

4’) - k1(91 _‘Pl) +o +kn(9n _(Pn)-

Definition 15. For a complex Borel measure y on T", the Poisson integral is

Pldp](z) = |

P(z,w)du(w)  forz € D".
Tn

For f € LY(T™), we let P[f] denote P[f dm,].

Replacing P(z, w) with its (uniformly convergent) series expansion and
integrating termwise yields

~ k knl| ik
Pldu)(z) = Y p(k)rl!. . plrleico
kezn
where

i) = [ du(w)
are the Fourier coefficients of y. (Here W* denotes w7 . .. @,"".)

Theorem 38. If u : D" — C is continuous and is n-harmonic in D", then
u(z) = Plu](z) forz € D".

Theorem 39. 1. If f € L®(T") and z € D" then |P[f](z)| < ||f||e- Equal-
ity for any z € D" implies that f is constant a.e. on T".

2. If f € C(T") then P|f] extends to a continuous function on D"

3.If1 < p < oo, f € LP(T"), and u = P[f], then ||u,||, < |[/fll, and
lur — fllp — 0asr — 1.

4. Ifu = Pldy] then |lu,]}y < ]|
5. Ifu € hY(T"), there is a unique measure p on T" such that u = P[dy].

Theorem 40. P[dy]| is holomorphic in D" iff fi(k) = 0 for all k outside Z',.
(Here Z'}. denotes the set of ordered n-tuples of nonnegative integers.)
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The next theorem will concern the polydisc algebras A(D"), which are
defined as in the one-variable case.

Definition 16. A(D") is the set of continuous functions from D" to C whose
restriction to D™ is holomorphic.

Theorem 41. A function g € C(T") is the restriction of a member of A(D") iff
$(k) = O outside Z',.

For a function u on D", we define a function u* on a subset of T" by

u*(w) = }1_1)1} u(rw)

at every w for which the limit exists.

Theorem 42. If y is a measure on T" with derivative f € L'(T") with respect to
dmy,, and u = P[du], then u*(w) = f(w) for almost all (wrt dm,) w € T".

Having developed this theory of functions on polydiscs, we can prove
an analogy to Theorem [37|for polydiscs.

Theorem 43. Let g € C(T") with §(k) = 0 outside Z" and [, gdm, = 0.
Then e8 —1 € C(T") with e3(k) = 0 outside Z" and |[,(e —1)dm, = 0.

Proof. By Theorem 41| g is the restriction of a function G € A(D"). Then
G(z) = P[g](z) for all z € D" by Theorem 38} In particular,

G(0) :/ gdm, = 0.
Tn

Now €€ is clearly also in A(D"); it is therefore also the Poisson integral of
its boundary, and

O:EG(O)—lz/ (e8 —1)dm,

as claimed. O
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