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Abstract

Spectral Analysis of Complex Dynamical Systems

By
Casey Johnson

Claremont Graduate University: 2020

The spectrum of any differential equation or a system of differential equations is related to
several important properties about the problem and its subsequent solution. So much information
is held within the spectrum of a problem that there is an entire field devoted to it; spectral analysis.
In this thesis, we perform spectral analysis on two separate complex dynamical systems.

The vibrations along a continuous string or a string with beads on it are the governed by the
continuous or discrete wave equation. We derive a small-vibrations model for multi-connected
continuous strings that lie in a plane. We show that lateral vibrations of such strings can be de-
coupled from their in-plane vibrations. We then study the eigenvalue problem originating from
the lateral vibrations. We show that, unlike the well-known one string vibrations case, the eigen-
values in a multi-string vibrating system do not have to be simple. Moreover we prove that the
multiplicities of the eigenvalues depend on the symmetry of the model and on the total number of
the connected strings [50]. We also apply Nevanlinna functions theory to characterize the spectra
and to solve the inverse problem for a discrete multi-string system in a more general setting than it
was done in [71],[73], [22], [69]-[72]. We also represent multi-string vibrating systems using a cou-
pling of non-densely defined symmetric operators acting in the infinite dimensional Hilbert space.
This coupling is defined by a special set of boundary operators acting in finite dimensional Krein
space (the space with indefinite inner product). The main results of this research are published in
[50].

The Hypothalamic Pituitary Adrenal (HPA) axis responds to physical and mental challenge to
maintain homeostasis in part by controlling the body’s cortisol level. Dysregulation of the HPA
axis is implicated in numerous stress-related diseases. For a structured model of the HPA axis that
includes the glucocorticoid receptor but does not take into account the system response delay, we

tirst perform rigorous stability analysis of all multi-parametric steady states and secondly,



by construction of a Lyapunov functional, we prove nonlinear asymptotic stability for some of
multi-parametric steady states. We then take into account the additional effects of the time delay
parameter on the stability of the HPA axis system. Finally we prove the existence of periodic

solutions for the HPA axis system. The main results of this research are published in [51].
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Chapter 1

Modeling of string vibrations and

Sturm-Liouville problems

1.1 Introduction

According to Jacques Hadamard, a well-posed problem has three properties:
1. (Existence) A solution to the problem exists.
2. (Uniqueness) The problem has only one solution.

3. (Stability) The solution depends in a continuous fashion on the data associated with the

problem.

Unfortunately, almost all inverse problems in physics or biology are ill-posed. However, the prob-
lems of existence and uniqueness can often be addressed by considering a generalized solution
and then placing constraints on it. Stability is often lacking in inverse problems.

Stability is a property of solutions that describes the extent to which they can be expected
to exist. If it is known that a problem is well-posed, then we know that unique solutions exist
possibly under certain conditions. Once we know that unique solutions exist, we can then focus
on the resulting behavior of the solutions as time evolves. When describing the dynamics of
a problem, we often begin by first identifying a stationary or time-periodic solution. Then we

study the conditions for which this solution would exist or how it will behave as time goes on.

1



This falls into two categories of stability; sensitivity to perturbations in the system parameters
and sensitivity to perturbations to the initial condition or in the current state of the system. The
first category analyzes the robustness of the problem itself: does a unique solution still exist if a
parameter in the problem is changed? The second category analyzes how dependent the solution
is to the initial condition: that is, does the solution behave the same if the initial condition is
changed by a small increment [9].

In this chapter, we derive a small-vibrations model for multi-connected continuous strings that
lie in a plane. We show that lateral vibrations of multi-connected strings can be decoupled from
in-plane vibrations. We then study the eigenvalue problem originating from the lateral vibrations.
We show that, unlike the well-known one-string vibrations case, the eigenvalues in a multi-string
vibrating system do not have to be simple. Moreover we prove that the multiplicities of the eigen-

values depend on the symmetry of the model and on the total number of the connected strings

[50].

1.2 Sturm Liouville Problems

A very important and widely studied class of differential equations are Sturm-Liouville equations.

Definition 1.2.1. A Sturm-Liouville problem is a real second-order linear ordinary differential equation

of the form

i(ﬂﬂg>+ﬁﬂy=ﬂmﬁw (1.1)

for given coefficient functions p(x), q(x), and w(x) > 0. The function w(x) is sometimes called the

weight/density function.

All second-order linear ordinary differential equations can be reduced to this form. A Sturm-
Liouville problem is said to be regular if p(x), w(x) > 0, and p(x), p'(x), g(x), and w(x) are

continuous functions over the finite interval [4, b] with the separated boundary conditions

ay(@) +coy' (@) =0 E+3>0

diy(b) +doy'(b) =0  d3+d5>0
2



The main result of Sturm-Liouville theory says [6]
Theorem 1. For a reqular Sturm-Liouville problem

o The eigenvalues are real and form an increasing sequence such that

M<A<A3< <Ay < - — 0

e For each eigenvalue A, there is a unique (up to constant multiple) eigenfunction y, (x) with exactly

n —1zerosin (a,b)

o These normalized eigenfunctions form an orthonormal basis under the w-weighted inner product in
the Hilbert space L%a,b],w(x)'

b
) = [ @y (x)eo(x)dx = G

In ([15]), Binding, Browne, and Watson analyzed regular Sturm-Liouville problems on the in-
terval [0, 1] subject to various types of boundary conditions defined by the ratio p = y’/y. They

analyze p(0) = « where & = co and « is finite. They analyze the boundary condition at x = 1 for

different cases: p(1) = B, p(1) = aA + b wherea > 0, p(1) = ?ﬁ‘is where ad — bc > 0 and ¢ # 0.
They resolve preceeding issues by extending the analysis of the spectra to the norming constants
vy = ||yn||* where y, is an eigenfunction corresponding to A,. They produce an isomorphism be-
tween different type problems, preserving both spectrum and norming constants. They discover

that there is precisely one map with desired preservation property. Moreover, given sequences,

AP = (n—1)*1% 4+ k+0(1)

1 1
vy = §+0(5)

as n — oo, with k independent of #, there is precisely one Neumann bilinear problem with spec-

trum and norming constants given by AE and v%, respectively.
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Figure 1.1: String segment with tension forces shown.

1.3 Modeling Single String Vibrations

Vibrations, or wave motion, occur almost everywhere in nature. We begin with the simple model
of the small, transverse vibrations of a flexible string. First consider a taut string of length [ fas-
tened at the ends to something. Let u = u(x, t) describe the vertical displacement of each point of
the string x at time ¢. For our purposes, we will assume that the string can only move vertically
and that there will be no horizontal displacement (see Figure 1.2). Let us assume that the string
has density p(x, t), with units mass per unit length, at each point in time. Since mass in neither
created nor destroyed over time, we can just consider po(x). The tension in the string is given
by T(x,t), with force units. Note that T(x, f) is the force to the left of x caused by the portion of
the string to the right of x and always directed along the tangent at x. A segment of the string
between the positions x = a and x = b is illustrated in Figure 1.1. Let 6(x, t) denote the angle that
the tangent makes with the horizontal and that tan 6(x, t) = uy(x, t).

Now let us apply Newton’s second law which says that the rate of change with respect to time
of the total momentum must equal the net external force. For our purposes, we will assume that
tension caused by the string is the only external force. We will ignore gravity and damping forces.

Balancing the horizontal forces yields
T(a,t)cos@(a,t) = T(b,t)cosb(b,t) = T(t) (1.2)

but since this must be true for any segment, we will call it a function 7 [62]. Then the rate of



change with respect to time of the total momentum must equal the net vertical force,

;lt/ab po(x)us(x,t)dx = T(b,t)sinb(b,t) — T(a,t)sinb(a,t)

Bringing the derivative inside and applying (1.2) gives

/bpo(x)utt(x,t)dx — T(b,t)sin6(b,t) — T(a,t) sinO(a, )
= T(b,t)cosO(b,t)(tanb(b,t) — tanb(a,t))

= T(t)(ux(b,t) — uy(a,t)).
Then by the fundamental theorem of calculus, we can obtain
b b
/ po(x)up(x, t)dx = T(t) / Uxx (X, t)dx.
a a
Since this must be true for any segment, we have
po(X)up(x,t) = T(Huxe(x, 1), 0<x<I, t>0.
If we assume that tension is constant, T(t) = 1, then we can further simplify the equation to
sy = co(x) tyy (1.3)

where co(x) = \/;jg is called the wave speed and has units of speed. This is the wave equation and
if ¢y is constant, it is easy to show that u(x, t) = F(x —cot) and u(x, t) = G(x + ¢cot) are solutions for
F,G € C?. The last thing we need to consider are the end points of the string, boundary conditions,
and initial position ¢(x) and velocity ¢(x) of the string, initial conditions. There are different types
of boundary conditions; Dirichlet, Neumann, and mixed. The wave equation with homogeneous

Dirichlet boundary conditions is



Figure 1.2: A continuous string of length I that is showing some vibrations/waves.

Uy = c%uxx forO<x <l
u(0,t) =0  u(l,t)=0

u(x,0) = ¢(x)  ui(x,0) = 9(x)
The wave equation with Neumann boundary conditions is

Uy = Bilyy  for0 < x <1
uy(0,£) =0  uy(l,t)=0

u(x,0) = ¢(x)  w(x,0) = ¢(x)

We focus on the spectrum of the wave equation; it’s eigenvalues. These are found by utilizing

separation of variables, u(x, ) = X(x)T(t), and focusing solely on the solutions of X(x),

which yields

2
An: (E> Xn(.X):Sin?, n:11213l“‘

or
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Figure 1.3: Single discrete string model illustrating the notation used.

which yields

2
Ap = (?) Xn(x)zcosnlﬂ, n=0,12,...

Instead of a continuous string, we can also consider its discrete equivalent. A discrete string is
a very fine thread with beads spread out along the thread and is called a Stieltjes string. Again, we
will consider u; to be the vertical displacement of the i bead. We are going to assume uniform
tension and that tension T is strong enough to neglect gravity. Let the i have mass m; and the
beads spread out uniformly with a distance of | between two beads as shown in Figure 1.3. Let
there be N beads, so then the boundary conditions will be at 1y and uy1.The force for the it" bead
is

F = —T<”“Z_””1>+T<W>, i=1,2,... N
i—1

Force is also equal to mass times acceleration, i;. Thus,

- —T<W>+T<”i“_“i>, i=1,2,...,N
li—q li

Now if we assume uniform length between each bead, then the model simplifies to

. 2T T
miti; = — <l> uj + (l) (i1 + uit1)

i = —2wiu;+w(uiq+ui), i=1,2,...,N

where w; = (/..
1



P

Figure 1.4: Configuration of multiple strings.

1.4 Modeling Multi-String Vibrations

What if we want to connect multiple strings together? If we connect, say three strings, in a config-
uration similar to Figure 1.4.
Using the laws of physics to generate a model that governs the lateral displacement of the

strings that lie in a plane. We first need to represent the strings in parametric form,
X = xu(t,s)

where n = 1,2,3 is the string number, ¥ is the position, t is time, and s € [0,!] is the Lagrangian
marker where [ is the length of the non-stretched string. To begin, we will assume that all the
strings have the same density, p.

ds

The tension T is a function of stretching, T = T ( ) According to Newton’s Second Law
of Motion, the acceleration of an object is directly proportional to the magnitude of the net force
in the same direction and inversely proportional to the mass of the object. Therefore the law for

an arbitrary string segment (so — As, sp + As) gives us

9 / o af"ds _ | %% _1T _ | 9%
ot \sy—ss P70t ) = | 55 Js
s=sg+As

If we then take the limit As — 0, we get

Xy,
ds

0xy,
ds

0xy,
ds

oxy,
ds

o

)

s=s9—As

Js

oxy
ds

Pz, 9 [ax*n

P T 35 | 95

»

)

8



Then, we need to state the boundary conditions. If we define s = 0 to be the point where the

strings join together, we want their positions to be the same and the sum of their derivatives to be
0.

X1 = Xp = X3 ats=
oxy |axy |, [|o% 0%, |5 |1 (1om |\ | 9% [o%s | L /|9 ]\« B
s |95 T(a s [os| T\|[Bs|) T s |os| T\|Bs|) =0 ats=0
And at the other boundary, s = I,
X, = Ré;, ats=1
where
0 V3 ~V3
2 2
5 — 5 — 1 5 — 1
61 = 1 ; €2 = -5 ; €3 = -5
0 0 0

Solving for the steady state solution,

3 0x, |ox, |~ _ 0
ds | ds | 0s o
0x;, | 9x;, |~ 0x;, _
0s | 0s os |)
Xy = Ren

If we then consider a perturbation of the solution,

5
Xy = Re”f + Xy



If we substitute the perturbation into the problem and linearize it, we obtain

P (Rens + %) 9 |9(Rent + %) |9(Ren] + %)
or2 ~ 0s s s

%%, 9 ROV [(R, Y | 9%
[ 03 [ 0s

%, 9 [’?enT(\ Ry + 20

1 , (‘ d(Ren§ + x)
ds

71 -
R dx;,
r(|(7e)+ 5

)+8an(‘ en+ax,1

)
)|

)l

P = s

at2 o aS ‘ en + an
%x, 82 azxn
e ~ “en

where the tildes where dropped and

Pla) = a 'T(), Q&) =T(a)—a 'T(x), &= ?
Observe that, if T(a) = Toa, then Q = 0.
So right now, the model is
%x, %x, %x,,
at2 Pa2 +Qn(as2 €n> (14)
(x1)s=0 = (x2)s=0 = (x3)s=0 (1.5)

2 2 2 2
|:Paaz +Q1 <a el>]5_0+ |:Paaz +Q2<aaz '62>]S 0

%x %x
+ [P823+Q3<823 '63):| =0 (1.6)
s=0

(Xn)s=1 =0 (1.7)

10



Let

Xy, = ape, + bye, X e, + cpe,

where
0
e; = 0
1
and plugging it into (1.4-1.7) yields
d%a, d%a, a%b,, 2%b,, d%c, d%c,
o~ PHQ5a rop = P32 Pop =P (18)

mer +bi(él x é3) +c1e; = ey + br(é x €2) + a6

= a3€3 + b3(é5 x é3) + czézats =0 (1.10)

daq oby dcy das _, dby dc B
(P+Q)87;€1+Pa;€1><€z+1’a z+(P+Q)722+P82€2>< z+P82
d ob Jc
(P+Q)ﬁ§+P83e§>< Z+Pa3@_0ats_o (1.11)
Let’s note that
1 . .
elxe_;:_ 0 ’ e_éxez_ —§ ’ e3xe_;_ §
0 0 0

11



Obtain

&+ b1(8 X e2) + 16, = axer + ba (€ X é3) + €

= a3é3 + b3(é5 x ;) + 36, ats =0

3
0 1 0 3 -1 0
a1 |+b|o|+a|o|=m| L |+b| L |[+ca]o0
0 0 1 0 0 1
. : i
-7 —3 0
0 0 1
0 1 0
8a1 8b1 acl
P — P— P—
(P+Q) ds 1+ ds 0|+ ds 0
0 0 1
. : nl
0 % ob _% 0 ’
%) 2 2
P —= | _1 = | _3 2
+( +Q)as ! +Pas . +Pa 0
0 0 1
3
0 _% ob _% 0 ’
o043 1 R IV 9¢3 _ _
+(P+Q)as —3 | P | B2 [P | O 0 ats=0
0 0 1
Therefore, condensing the above information yields the following
by ?ﬂz —1ib —§ﬂ3 —1b;
o | = | —taa— L | = | ~las+ Ly | =0 ats=0
1 Co C3

and

12



poh B(P+ Q)% — 1pia
P+Q)% |+ | —i(P+Q)le —Lpk

d db
pL p |
~frru i | o]
_|_ _%(P+Q)aa3+\fpaba e O atSZO
p%a 0
which combines to
db 1 9b 1 db 3 d 0
P(TQ zx‘za*ﬁ)Jrz(PJrQ) %‘%) 0
d d d ob dob _ _
(P+Q) (% -1 -1%) - FP(F-%) | = | 0| as=0
P(R+¥+%) :
Uncoupling these into two groups, one for ¢, and one for (a,, b,
ping group
d%c, B d%c,
P~ 7 as2
¢, =0 ats=1
cp=cy=c3 ats=0
dc;  dcp  des
— —= —= ts =
s T as Tas 0 ats=0
d%a, d%a, a%b, 9%b,,

pop = P+Q 55, g =P

an:bnzo atS:l

2y V3a; — by —V/3a3 — bs
_ _ ats =0
2m —ay — /3b ~a3 + /33
b b b 2 : _
P<271_Tsz_73)+f(P+Q)(%_£> _ 0 ats =0
(P+ Q) (2%—%—%)+\m}<abz_abs) 0]
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Xnj+1,

Figure 1.5: Stieltjes multi-string model with a middle mass. Note that while only 4 strings are
shown for simplicity, the notation corresponds to the notation for N strings.

If we have multiple Stieltjes strings, there could be two situations: one where there is a bead at
the middle joining point or one where there is no middle bead at the joining point.

The model very closely resembles that of a single Stieltjes string except for the middle mass.
The middle bead now has the forces from each strand affecting its vibrations. Consider a mul-
tistring system that has N strings where the j* string has nj beads on it. We will denote the
placement of the i*" bead on the j string as x;j which will have mass m; ;. The beads on each
strand will be counted from the middle out to the edge. The position of the middle bead is de-
noted xo and the edges of each string are denoted x,,11,;. When considering multiple strings, we
will assume the length between each bead is uniform. Refer to Figure 1.5 for the corresponding

notation.

o= 2T o T o S P — -
Wij = = g tij + ,mi/]_(ul,l,] +uiyr), i=12,...,n,j=12,...,N

. T T (vN
g = —Npe=io + o (D 11,7) (1.12)

Unj+1,j = 0, Dirichlet on an end

Uni41,j = Un,j,s Neumann on an end

Now if instead, there is no middle bead at the adjoining point as shown in Figure 1.6, the only

14



XCH?,}/

Xnj+1,

Figure 1.6: Stieltjes multi-string model with no middle mass. Note that while only 4 strings shown
for simplicity,the notation corresponds to the notation for N strings.

difference is how the adjoining position in the middle is taken care of

- 2T . T . . . . . s
Mi,j = _Wi,jul’] + Wi/]'(ulil’] + l/l1+]l]), 1= 1,2,. . .,n],] = 1,2,. . .,N

0=—-NTug+IT(N,uy;
o+ 7Lz iny) (1.13)

un;+1; =0, Dirichlet on an end

Unj+1,j = Un,j, Neumann onan end
1.5 Numerical Simulations

We can further analyze and visualize the dynamics of a multistring system by utilizing numerical
simulations.
We will utilize finite differences to solve (1.3). Using standard second order central difference

for the each individual string, we get

k+1 k k—1 k _ k k
un+ — Zun + un . C2 (un+1 zun -+ ”n—l

2 2
At2 = Cp sz ) +O<Ax ,At )

2
_ coAt

uktl = oyk — k=1 4 (Ax ) (ul,Lr1 —2uk + uﬁ,l)

= @ 420+
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where o = CO—N Now since we need the previous time step, we will have to derive a starting con-

dition to get this scheme started. We will use the initial velocity condition which we approximate

using central difference:

1 -1
Uy, —uy

ToAr gn(x) = g(xn)
u, = ul —2Atg(xy)
Uy = o ”n+1 +2(1 - a®)uj, +“2”2 Py

(zx un+1 +2(1—a®)ud + zx2u2,1) + Atg(xy)

S
I\)\’—‘

A visual representation of the continuous 10 string model can be seen in Figure 1.7. Refer to
Appendix A for the code.

Now for the continuous model, the eigenvalues of the system depend on the length and num-
ber of strings in the system. However if we consider the eigenvalues of the discrete system, we
can look at the dependence of the eigenvalues on the number of strings, the number of masses on
each string, the weight of each mass, etc.

Consider a system with three strings, no middle mass, setting m = T = | = 1, Dirichlet
conditions on the end of the strings, and 10 masses on the constant string. We start with having
19 masses on what we will call the top string and only 1 mass on what we will call the bottom
string. Tracking the eigenvalues as a mass moves from the top string to the bottom string shows
the following behavior illustrated in Figures 1.8-1.12.

If we increase the spring constant with Dirichlet conditions on the end of the strands, the
eigenvalues are affected as illustrated in Figures 1.13-1.17.

If we increase the weight of a single mass at a time with Dirichlet conditions on the end of the
strands, the eigenvalues are affected as illustrated in Figures 1.18-1.22.

If instead we impose Neumann conditions on the ends of the strands, the effect on the eigen-

values is illustrated in Figures 1.23-1.27.

16



(a) (b)

(c) (d)

(e) )

Figure 1.7: Numerically simulated model of 10 continuous strings at different time steps.
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Figure 1.8: As masses move from one strand to another, the effect on the eigenvalues is shown.
Note that the eigenvalues are listed in increasing order. Part 1
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# masses on bottom strand

# masses on bottom strand

T7th Ei 8th Ei 9th Ei
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Figure 1.9: As masses move from one strand to another, the effect on the eigenvalues is shown.
Note that the eigenvalues are listed in increasing order. Part 2
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Figure 1.10: As masses move from one strand to another, the effect on the eigenvalues is shown.

Note that the eigenvalues are listed in increasing order. Part 3
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Figure 1.11: As masses move from one strand to another, the effect on the eigenvalues is shown.

Note that the eigenvalues are listed in increasing order. Part 4
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Figure 1.12: As masses move from one strand to another, the effect on the eigenvalues is shown.
Note that the eigenvalues are listed in increasing order. Part 5
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Figure 1.13: As we increase a single spring constant at a time from 1 to 3, the effect on the eigen-

values is shown Part 1
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As Spring Constant 3 Increase s Dirichlet BCs
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Figure 1.14: As we increase a single spring constant at a time from 1 to 3, the effect on the eigen-
values is shown Part 2

As Spring Constant 5 Increase s Dirichlet BCs

Eigenvalue
[ T R ]
|‘
.

|

&

1 12 14 16 16 2 22 24 28 28 3
Spring Constant 5 Value

As Spring Constant 6 Increases Dirichlet BCs
: T T T

L & AL
T
.

Eigenvalue
&
3

|
3
4
L

d

1 12 14 16 18 2 22 24 26 28 3
Spring Constant & Value

Figure 1.15: As we increase a single spring constant at a time from 1 to 3, the effect on the eigen-
values is shown Part 3
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As Spring Constant 7 Increase s Dirichlet BCs
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Figure 1.16: As we increase a single spring constant at a time from 1 to 3, the effect on the eigen-
values is shown Part 4

As Spring Constant 9 Increase s Dirichlet BCs
T T T

2+ = — o
aF =
@
R
5 4 f— =
bel T
LS' 5 | 4
sk ]
7 ——
& . . . . . . . . .
1 12 14 16 18 2 22 24 26 2B a
Spring Constant 8 Value
As Spring Constant 10 Increases Dirichlet BCs
-1 T T T T T T T T T
15| e
21 - = o — — E
I
Rt = = —  Tambda |
c T— —— Lambda 2
& 9 - Lambsda 3| 5
L 5 —— Lamhb«da 4
3.5 — Lambxda 5 |-
== - — lambdag
“+F e —Lambda7|
45 I L I I I L L M
1 12 14 16 18 2 22 24 25 2B 3

Spring Constant 10 Value

Figure 1.17: As we increase a single spring constant at a time from 1 to 3, the effect on the eigen-
values is shown Part 5
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Figure 1.18: As we increase the mass of a single bead from 1 to 3 on a string with Dirichlet bound-
ary conditions, the effect on the eigenvalues is shown Part 1
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Figure 1.19: As we increase the mass of a single bead from 1 to 3 on a string with Dirichlet bound-
ary conditions, the effect on the eigenvalues is shown Part 2
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As Mass 5 Increases Dirichlet BCs
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Figure 1.20: As we increase the mass of a single bead from 1 to 3 on a string with Dirichlet bound-
ary conditions, the effect on the eigenvalues is shown Part 3
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Figure 1.21: As we increase the mass of a single bead from 1 to 3 on a string with Dirichlet bound-
ary conditions, the effect on the eigenvalues is shown Part 4
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As Mass 9 Increases Dirichlet BCs
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Figure 1.22: As we increase the mass of a single bead from 1 to 3 on a string with Dirichlet bound-
ary conditions, the effect on the eigenvalues is shown Part 5

As Mass 1 Increases Neumann BCs

0.5 T T T T T T T T T
-1 | Bl
A5 F 4
@
= N
g 2 1
E
g-25¢
i
al 1
3.5 | Ei
- L L T L L T T T L
1 12 14 16 16 2 22 24 28 28 3
Mass 1 Amount
As Mass 1 Increases Neumann BCs
0.5 T T T T T T T T T
=15 4
15 B!
E I ——— = =
] 2 e —Lambda 1| 4
g e I ——— Lambxda 2 [
gesp —— Lambda 3|
] —— Lambsda 4
3 ———Lambda 5|
- Lambda &
o T ———Lambda 7 [
4 I T 1 I I I I I i
1 12 14 16 18 2 22 24 26 28 3

Mass 1 Amount

Figure 1.23: As we increase the mass of a single bead from 1 to 3 on a string with Neumann
boundary conditions, the effect on the eigenvalues is shown Part 1
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As Mass 3 Increasas Neumann BCs
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Figure 1.24: As we increase the mass of a single bead from 1 to 3 on a string with Neumann
boundary conditions, the effect on the eigenvalues is shown Part 2
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Figure 1.25: As we increase the mass of a single bead from 1 to 3 on a string with Neumann
boundary conditions, the effect on the eigenvalues is shown Part 3
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As Mass 7 Increasas Neumann BCs
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Figure 1.26: As we increase the mass of a single bead from 1 to 3 on a string with Neumann
boundary conditions, the effect on the eigenvalues is shown Part 4

As Mass 9 Increases Neumann BCs
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Figure 1.27: As we increase the mass of a single bead from 1 to 3 on a string with Neumann
boundary conditions, the effect on the eigenvalues is shown Part 5
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Chapter 2

Nevanlinna Functions in Spectral

Analysis

2.1 Introduction

Continuing on with the multi-string problem, we will now discuss its spectral properties. In or-
der to discuss the spectral properties, Nevanlinna functions will be used in the results. In the
mathematical field of complex analysis, Nevanlinna theory is part of the theory of meromorphic
functions. The theory describes the asymptotic distribution of solutions of the equation f(z) = a,
as a varies. In its original form, Nevanlinna theory deals with meromorphic functions of one

complex variable defined in a disc or in the whole complex plane ([30]).

Definition 2.1.1. We say that the function f(z) belongs to the Nevanlinna class if the following condi-

tions are satisfied:
a. C\R C dom(f)

b. C\ R C hol(f) (that is, f is holomorphic away from the real axis)

c. ifz € hol(f) then f(z) = f(z)

d. foranyz € C\ R, mfz) > g

Imz

Note that if instead, for any z € C \ R, mf2) <0, then the function is said to be anti-Nevanlinna.

Imz

28



Example 2.1.1. Show that f(z) = 1% is a Nevanlinna function.

Since it is obvious that conditions a and b are satisfied, only show that conditions ¢ and d are

satisfied. So

-~z _  x—iy X —1iy
f(z)_1_22_1—(x—iy)2_1—x2+2ixy+y2

z) = z  _z X —1y - X —1y - X —1y
1—22 122 1—(x4iy)?2 1—x2—2ixy+y? 1—x2+2ixy+y?

These two statements are equal so c is satisfied.

And
_ x+1iy
Imf(z) = Im <1—x2—|—y2—2ixy>
— Im (x +iy) (1 — x* + y* 4 2ixy)
B (1—x2+y? —2ixy) (1 — x2 4+ y2 + 2ixy)
(T x>+ xy? + 2ix%y + iy — iyx? + iy® — 2xy?
B (1—x2+y2)2 4 (2xy)?
_ 2%y +y—yx* X’y +y
=22+ Gy~ (1= 2+ 27 + (2xy)?
Imz =y
Py+y
Imf(z) _ O 2wy
Imz y
x> +1
= >
=+ P+ ) =
Thus, condition d is satisfied. Therefore f(z) = 1% is a Nevanlinna function.

Now let’s investigate several properties of Nevanlinna functions.
Lemma 2.1.1. Let f(z) be a Nevanlinna function. Then —J% is a Nevanlinna function.

Proof. Let f(z) be a Nevanlinna function. Then f(z) satisfies all the conditions for a Nevanlinna
function. From simple inspection, we can see that 2 and b are satisfied. We just need to show that

¢ and d are satisfied.

29



d)
m b = Im | — m
() = ( r<z>\2>
_ Im(—f)
If( )|?
_ Im[=(Re(f) —iIm(f))]
1f(2)[?
_ Im[—Re(f) +ilm(f)] _ Im(f)
f(2)[? f(2)]?
) _FEE 1 Im(p) -
Im(z) Im(z)  |f(2)[> Im(z) —
Thus, — i ( i8] is a Nevanlinna function. O

We can then say that — f( ) is holomorphic on C \ R. Therefore, the singularities of — f( -y are
located on the real axis. So then the singularities become the zeros of f(z) whose locations do not

change. Thus, the zeros of f(z) are real. this is formalized in the Lemma 2.1.2 below.
Lemma 2.1.2. If f(z) is a Nevanlinna function and f(zo) = 0, then the zq's are real.

Lemma 2.1.3. If % is a rational Nevanlinna function where

§(z) =2"+ - +mz+ay,

h(z) =bpz" + -+ biz+ by

then all ag, a1, ...,a,-1,b0,b1,..., by € R.

Proof. Let us note that % = £&  To be clear, note that we can write both h(z) and g(z) in its
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factored form. Since they are Nevalinna functions, the roots are real numbers.

= (z—z))(z—2z3) - (z—2z)
= bu(z—2z1)(z—22) (2 —zp)
g(z) = (EZ-z)z—z) - (z—2z)

h(z) = bu(z—21)(zZ—22) - (Z—zp)

8z = (EF-z2)E-2) - (Z-2z)

We will use the fact % — 803,

zZ
z

N
—

G-z)E=-z)E-z) _ E-z)E-5) E-z)
bu(zZ—21)(Z—22) - (Z — 2m) bn(z—21)(Z —22) -+ (2 — Zm)
1E-)E-z) - E-z) _ 1 E-z)E-3)- E-z)
by (Z—21)Z—22) - (Z—2m) b (z—21)(z2—22) - (2 —zp)
11
b b

Therefore, b,; must be real. Since we know the zeros are real, it forces all the coefficients to also be

real. O

p(z)

Lemma 2.14. f(z) = q(%) is a rational Nevanlinna function if and only if

r

C11
zZ) =cC1z+co+
f(z) =1z +co ,;Zz—z

wherec1 > 0,c0 € R, ¢cy; >0,z e RVI=1,...,r.

Note that this does not contradict previous lemmas since the summation is showing poles of

order 1 which are real.

Proof. = By definition, we can rewrite f(z) as a general function with poles of various order. We
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will proceed to show that these poles must be of order 1, thatis my =my = -- - = my = 1.

m
- Ckr
fz) Z (z1 — z)k ,;(zr—z)k
The z1,2, ...,z € R. Consider
©
s1(z) =
1( ) = (Zl - Z)k
We have already shown that the c;; € R.
, a0 ¢ Loy
2iIm(s1(z)) = s1(z) —s1(z) = Ry TH
k;l (z1 —2)k kgl (z1 —2)k
_ % e B 2)F — (z1 —2)*
& |21 — z|

We now want to rewrite the above in polar notation to make computations easier. Let ¢; =
arg(z1 — z).

_ |21 — z[*(cos(—¢1) + isin(—g¢1))* — |z1 — Z|*(cos(¢1) + isin(¢1))*
= chl
|21 — z|%

|21 — z|F(cos(k¢1) — isin(kgq)) — |z1 — Z|F(cos(k¢1) + isin(kg1))

= ZC 21 — z|%

—isin(kgy)

= chkl Z|k

Therefore, we have

. o —isin(kgy)
2iIm(s1(z = 200 —————————=
@) = Yoa ok
& —sin(ke)
Im(s1(z)) = Cp———————>
(5(2) kz . |Zl_z|k
it —sin(k o —sin(ko,
Im(f(z)) = pE) —p) +Z Z(|Pk1)+---+2ckr‘ —(sz)
k=1 r
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Consider lim,_,,,, we can then determine the sign of Imf (z) because it depends on

o —sin(ke)
Z k1 k
= |z1 — z|

which blows up and is the dominant term of the function. It dictates the sign of the function in
the neighborhood of z;. Recall ¢;1(z) = arg(z; — z). Let z run through the entire upper half-plane.
Thus Imz > 0, and therefore z; — z runs through the lower half-plane, arg(zy —z) € (—m,0). So
myp1 € (—my,0).

We will then take 2 complex numbers z’ and z” such that

— e (LT
() =arg(m =) € (== )
1 1 7T
¢1(z") = arg(z1 —2") € (——,0)

my

So we now have
—sin(mypq1(z')) <0 —sin(mypq1(z")) >0

Thus we have two points in the neighborhood of z; such that Im(f(z)) is changing signs con-
tradicts the definition of the Nevanlinna function. We assumed that the multiplicity of the pole
was > 2 but we got a contradiction. Only if m; > 2 is it possible to find the two intervals which
lead to our contradiction. The contradiction is not possible if m; = 1, therefore m; = 1. We repeat
this argument for any z;.

Now we need to deal with p(z). p(z) has all real coefficients.

Im(p(z)) p(z) —p(z) _ p(z) —p()

2i 2i
1 & _
= % Y or(zF -2
k=0
n

_ ck|z|¥ sin(k arg(z))

21 P

We got this because we can group by the coefficients since they are all real. We are interested in
the sign of Im(p(z)). We will apply similar logic and look at p(z) close to infinity. Looking close
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to infinity allows this term to dominate the fractions. The term ¢, sin(n arg(z)) dictates the sign
of Im(p(z)). Assume n > 2 and look at two complex numbers z’ and z” near infinity such that
Im(z') > 0and Im(z") > 0but sin(narg(z')) and sin(n arg(z")) are different.
We need n > 2 to get the desired contradiction, otherwise the interval would just be (0, 77).
Since we got a contradiction for n > 2, we have shown that p(z) must be linear. All that is left

is to show the coefficient conditions. Let us do this by computing Im(f(z)).

C1Z +cop — €1z + Co C11 1 1
I = - _
m(f(z)) 2i + 2i <21 -z (zl —z))

c1,< 1 ( 1 ))
2i \ z, —z Zy — 2

Im(f(z)) 11 c1r
AU\ s Ly
Im(z) 1+ |21—Z|2 + + 0

Looking individually at neighborhoods of z; (and z = o0) to get dominant term, see that that
coefficient has to be > 0 and continue until all coefficients are > 0.

<« Clearly conditions 4, b, and c are satisfied. Let’s investigate condition 4.

Im(f(z)) 1 C1r
Im(z) Tt |z1 —z|? et |z — z|?

We know that all the coefficients are positive and therefore can say that

Im(f)

Im(z)
O
Theorem 2. Let
h(z) = anz"+---+ap
g(z) = 2Z"+---+by.
% is a Nevanlinna function if and only if % = myz + mo + hg%) where my > 0, my € R, and
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lim; 4o M@ and roots of g and roots of hy are interlacing.

8(z)
nul(g) = {z1,22,...,za}  nul(hy) ={z1,25,...,2,}
21<z] <zp<z3<---<zy
Proof. <= Assume that all conditions are satisfied. We want to show that g% is a Nevanlinna
function.

h(z c c c
ME) _ zamer Sy 2 O
<(z) zZ—21 Z—2 Z—2Zn

The function breaks down like this because of the interlacing property. The strict inequalities
require that each pole has multiplicity 1. Using the Lemma 2.1.4 we simply need to show the
conditions for the coefficients are satistied. We want to show that for any coefficients ¢; and ¢; 4

have the same sign. We will assume the contrary, ¢; < 0 and c;;1 > 0. Therefore,

im &) _ gy <+ . —|—-..>:—oo
z=zi+0 g(Z) z—z;+0 Z—Z;

. h]_(Z) . Ci+1

lim = Ilm (- +—"— 4+... ) = -0
z—z;—0 g(z) z—z;+0 Z—2Zi11

Therefore, there is either no /(z) zeros or an even number between z; and z;;;. This is a

contradiction because we can only have 1 zero of /(z) between 2 zeros of g(z).

Zl—l>1:ir-100 g(z)

Thus, the fraction piece goes to —0. Therefore, they cannot change sign. Thus, all coefficients are

negative. This is okay because the previous theorem was z; — z and we have z — z;

= Note % =mz+my+ 1 + 2+ .-+ 2. We simply need to show the interlacing

z—21 z—2p Z—2, "

property since everything else we get for free or simply by utilizing Lemma 2.1.4.
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We will rewrite % to get a common denominator.

=

(2)

— = mz-+my

8(z)

+c1(z—zz)---(z—zn)+cz(z—zl)(z—23)---(z—zn)+---+cn(z—zl)---(z—zn,1)
(z—2z1) - (z—zp)

Sohi(z) =ci(z—z2) - (z—zn)+2(z—21)(2—23) -+ - (2—2zn) + - -+ Cn(z—21) - - (2—24-1)
and sign(hy(z,)) = —1 and sign(hy(z,—1)) = 1. Note that c,_; = —1but (z — z,) < 0.
The function is changing sign between zeros of ¢ and there is only n — 1 zeros of h; since h has

n — 1 roots, it is inside of g. O

h(z)

1 P(z)
8(z)

be a Nevanlinna function. Then f(z) = a0 has the interlacing

Theorem 3. Let f(z) = c1z+¢co +
property.

Example 2.1.2. Show that

_a—DbA

is Nevanlinna function if and only if ad — bc > 1. (If ad — bc = 1, then 6(A) is a Nevanlinna function)

Proof. = Let A = m + in. Clearly Condition a and b are satisfied for §(A) to be a Nevanlinna

function. Now to evaluate condition ¢ and d.

o) — =bA
c—dA
— a—b\A a—DbA
oy = Abh_a=h
c—dA  c—dA
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Thus (1) = 6(A) and condition c is satisfied. Now to evaluate condition d. Note that Im(A) = n.

a—bm—ibn

o) = ¢ —dm — idn

_a—bm—ibn (c—dm+idn)
" c—dm—idn (c—dm+ idn)
_ac—adm + iadn — bem + bdm? — ibdmn — iben + ibdmn + bdn?
2 —cdm +icdn — cdm + d®m? — id>mn — icdn + id>mn + d*n2
_ac —adm — bem + bdm? + bdn? + i(adn — ben)
B 2 + d?m? + d%n?

Im (0(A)) = c? -lT-ZElZiZ —ib-C;ZnZ

Im(6(A)) _ ad — bc >0

Im(A) ¢+ d*m? + d*>n? —

Therefore ad — bd > 0 for 0(A) to be a Nevanlinna function.

< Now, assume that ad — bc = 1 and show that 6(A) = Z:Zﬁ is a Nevanlinna function. We will

proceed by cases
Case 1: a = 0 and b # 0 Without loss of generality, let b = 1. So ¢ = —1. Therefore §(A) = —2.

Now to check condition d of being Nevanlinna,

—m—in
o(A) = —1—dm—idn
B —m —in (=1 —dm+idn)
T 1—dm—idn (—1—dm+ idn)
- m+dm? — idmn + in + idmn + dn?
1 4+dm—idn +dm + d?m? — id>mn + idn + id>mn + d’n?
B m +dm? + dn® + in
14 2dm + d?(n? + m2)
n
Im(6(2)) = 1+ 2dm + d?(n? + m?)
Im(6(A) 1 -
Im(A) 1+ 2dm + d?(n? + m?) —

Case 2: a # 0 and b = 0 Without loss of generality, leta = 1. So d = 1. Therefore 0(A) = ﬁ Now
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to check condition d of being Nevanlinna,

1
Q(M - c—m—in
B 1 (c—m+in)
 c—m—in (c—m+in)
_ c—m-+in
2 —cm+icn —cm+ m2+imn —icn — imn + n?
_ c—m-+in
2 —2cm+m?+n?
n
Im(6(1)) - = c2 —2cm + m? + n?
Im(0(A)) _ 1 >0
Im(A) 2 —2cm+m?+n? ~

Case 3: a = 0 and ¢ # 0 Without loss of generality, let c = 1. So b = —1. Therefore 0(A) = 2.

Now to check condition d of being Nevanlinna,

m+in
o(A) = 1—dm—idn

B m+in (1 —dm+idn)
T 1—dm—idn (1—dm+ idn)
B m+ in — dm? — idmn + idmn — dn?
1 —dm+idn —dm + d?m? — id>mn — idn + id>mn + d’n?
B m —dm? — dn® + in
1 —2dm + d?n? + d?m?

Im(6(2)) = 1—2dm + Zznz + d?m?

Im(6(A)) _ 1 >0

Im(A) 1—2dm + d?n? + d?>m? —

Case 4: a # 0and b # 0 Without loss of generality, leta =landb=1.Sod —c=1ord =1+c.

38



Therefore 6(\) = 1;“ Now to check condition d of being Nevanlinna,

c—(1+c)
1—m—in
o) = c—(1+4c)(m+in)
- 1-m—in
 c—m—in—cm—icn
B 1—m—in (c—m+in—cm+icn)
B c—m—in—cm—icn.(c—m+in—cm—|—icn)
_ c—m+in—cm+icn —cm+ m? —imn + cm? — icmn — icn + imn + n? + icmn + cn®
B ¢z —cm — 2m — cm + m? + cm? + n? + cn? — c2m + cm? + c2m? + cn? + cn?
- ¢ —m —2cm +m* + n® + cm® + cn® + in
2 —2cm —2¢2m + m? 4 2cm? + n? + 2cn? + 2m? + ¢2n2
n
Im(6(2)) = ¢z —2cm — 2¢2m + m? + 2cm? 4+ n? + 2cn? + ¢2m? + ¢?n?
Im(0(A)  _ 1 >0
Im(A) ¢z —2cm — 2¢2m + m? + 2cm? 4+ n? + 2cn? + ¢2m? + ¢2n?

O

A(A
Lemma 2.1.5. Let B(<)\)) be a rational Nevanlinna function such that A(A) = AoITi_1(A + ;) and

B(A) = BoITj—1(A + Bj) such that Bo < g < 1 < a1 < fo < ap < -+ < By < oy and Ag > 0 and

By > 0. Then there is a unique a and b such that

A(A) ot 1
B(A) B(A)
% bA+ 2o
BM(A) | . . . 1
where a > 0 and b > 0. Also where AT (A is also a rational Nevanlinna function such that AN () and

BW(A) are of degree n — 1.

Proof. Let’s begin by dividing and writing it as

AN _ L AYQ
B(A) " BM(A) + bAAD(A)
Clearly, a = Ao > 0and
By
AM(A) = A(A) —aB(A) (2.2)
B(A) = BU(A) 46041 ()) (2.3)



Let’s also define as follows

A = APA 4 A2 A
_.I_

B(l)(A) _ B(()l)/\nq + Bgl)/\”’z 4

Equating the A" coefficients of (2.3) and B(A), yields bA((]l) = By > 0. Equating the A" 1 coefficients
of (2.2) yields

A((Jl) = Aj+aB;
n n
= Ap 2061' —aBy Zﬁz
i=1 i=1

n n
= Ao) ai— Ao B
i=1 i=1
n

= A() E(Déi—ﬂi) >0

i—1

We know that this is greater than zero using the interlacing property of the zeros. Now since
AV >0, then b > 0.
Then dividing (2.2) by B(A) we get
AV _ AW

B(A)  B(\)

Assuming that A goes from —co to 0 and using the interlacing properties,

A(M) A(M)

lim —— =+ lim ——= = -0
A——pt B(A) A——p; B(A)
These limits also imply that
A (Q) AD(A)
lim = 400 lim = —00
r--pt B(A) r--p; B(A)

Using the value of the limits and the Intermediate Value Theorem for continuous functions over

the interval (—B;;1, —B;) for j = 1,2,...,n — 1, we know that there must be a zero of A(l)(/\) in
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the interval. Let’s call it —oc} forj=1,2,...,n—1. Thus

such that ; < IX;- < Bjy1forj=1,2,...,n— 1. This is all the zeros that exist.

Now if we divide (2.3) by A (A) and using similar logic

BO(A) B(A)
S A0
AD (0 MOI0Y
B(A) . B(A) _
Allfr,}ﬁ AD(A) - A—lgl—rlf ADA) e

Using the value of the limits and the Intermediate Value Theorem for continuous functions over
the interval (—uc;-ﬂ, —oc;-) forj=1,2,...,n—2,we know that there must be a zero of B (A) in the
interval. Let’s call it — ﬁ; forj =1,2,...,n —2. To recover the last root, we use the Intermediate

Value Theorem over («},0). Since

BM(A)
AM(Q)
function itself. We can continue this logic and receive the following continued fraction unique

where 0 < B} <o} < By, <a) <--- < Bl _; <al_;. Therefore is a rational Nevanlinna
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representation

—— =a,+ (2.4)

O]

Lemma 2.1.6. A scalar function Q is said to be Nevalinna function if it has the integral representation of

the form

Q) =a+pr+ [( - e, [ F <o AeC\R

where & € R and B > 0 and o is a nondecreasing function on R([10]).

Also, there is a Stieltjes class of functions such that a Nevanlinna function Q belongs to the

Stieltjes class if and only if Q is holomorphic and nonnegative on (—oo,0).

Definition 2.1.2. The function 0 is said to be an S-function if 0 is defined and analytic on C \ [0, o) and
if6(z) > 0 forz € (—o0,0).

Definition 2.1.3. A meromorphic S-function 8 is said to be an So-function if 0 is not a pole of 6.

Nevanlinna functions have been used as part of spectral-parameter dependent boundary con-
ditions. We will see how they have been used in Sturm-Liouville problems and then more specif-
ically in single string problems. Then we derive a formula using Nevanlinna functions to repre-
sent the spectral properties of each string in the multi string case. This function will depend on
the number of beads on the strand and the boundary condition on the end of the strand. Finally

we will look at the spectra of specific examples that will illustrate the phenomenon that occurs in
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multistring systems. That is, we will prove that the multiplicities of the eigenvalues depend on

the symmetry of the model and on the total number of strings.

2.2 Application of Nevanlinna Functions to Sturm-Liouville problem

with spectral-parameter dependent boundary conditions

Let us begin by considering the nonhomogeneous Sturm-Liouville problem

—y" (%) +q(x)y(x) = Ay(x) (2.5)

with boundary conditions that will vary depending on the author and scope. In [61], Levitan

considers (2.5) with the following boundary conditions:

y(a)cosa+ vy (a)sina =0

y(b) cos B+ ¥ (b) sin g = 0.

Levitan shows that for the eigenvalues A; and their corresponding eigenfunctions y(x, A;), the
eigenfunctions are orthogonal and the eigenvalues are real.

Zhamel looks at (2.5) with

¥'(0) =0

y'(m) —mAy(m) =0

where A is the spectral parameter and m is a physical parameter in [86] while Amara and Shka-
likov study the spectral properties and dynamics of the eigenvalues and eigenfunctions in [4]. In
[56], he considers the case when m < 0 and the behavior as m — 07, specifically that the first
negative eigenvalue tends to —co as m — 07. Regular Sturm-Liouville problems that involve
the eigenvalue parameter in the boundary condition at one end-point is using Walters ([35]) op-
erator theoretic formulation in ([38]). Fulton extends this work to singular problems with the

eigenvalue parameter linearly in a regular or a limit-circle boundary condition at the left endpoint
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([37]). For regular Sturm-Liouville problems with discontinuous boundary value problems with
eigendependent boundary conditions, some of the fundamental spectral properties are extended
in ([3]).

Computations of the eigenvalues of a regular Sturm-Liouville problem with eigendependent
boundary conditions can be cumbersome. Chanane discusses methods to for computing the eigen-
values of regular Sturm-Liouville problems with Dirichlet boundary conditions in ([20]). In ([19])
and ([21]), they extended the idea to singular problems. Then in ([28]), they expanded the scope
to include regular SL problems with general separated boundary conditions. In ([30]), ([31]), ([29])
they extended the scope to those with coupled self-adjoint boundary conditions and even regular
fourth order SL problems. Finally in ([27]), they demonstrate a method to compute the eigenvalues
for SL problems with general separated boundary conditions that are nonlinear in the eigenvalue
parameter.

Binding considers (2.5) with boundary conditions

y(0)cosa =y (0)sina  a € [0, 77) (2.6)

Y1) = :
y (1) = f(A) (2.7)

where f belongs to the Nevanlinna class of functions, Ry, with the form

N bk
f(A):aAer—k;A_ck. (2.8)

He shows that the (see [12])

e Eigenvalues are real, simple, and form an increasing sequence accumulating at co with Ag <

€1
e If b is decreased while ¢, g are increased then each A; is increased
e If a > 0is decreased and Uy is increased then each positive A; > ¢ is increased.

e The eigenvalues of (2.5),(2.6) with the Dirichlet condition y(1) = 0 will be denoted )\ZD for
i =20,1,... and AfD to be the sequence of all ¢; and A,’? in non-decreasing order. Then

eigenvalues interlace as follows Ay < /\(C)D <M< AiD <.
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Binding, Browne, and Watson considered (2.5), (2.6-2.7) in [17]. These f, (2.8) will also belong
to a class usually associated with the names of Herglotz or Nevanlinna. They use differential
equation techniques to derive properties of the eigenvalues and eigenfunctions generalizing clas-
sic Sturm theory. They modified a transformation in which they ensured regularity. They note
that non-Dirichlet conditions transform to Dirichlet and repeated transformations will be needed.
Each class Ry is the union of two subclasses R}, and RY; and their transformation will provide
direct links between these subclasses for various values of N. They then analyze existence, os-
cillation and comparison theory. Their analysis determines that rather than one eigenvalue per
oscillation count, N ’extra’ eigenvalues appear with arbitrary oscillation counts. They also prove
that if their transformation is applied to "old” (original) problem, then the new spectrum contains
the old eigenvalues (except possibly the first one). Using oscillation theory, they show that these
are the only eigenvalues of the new problem. Therefore the transformation is isospectral. They

investigate the spectral properties of the nonlinear Sturm-Liouville boundary problem

—(py) +qy = A1~ f)ry on [0,1]

(aiA +b))y(j) = (A +d;j)(py)(j), j=0,1

where ap = 0 = ¢p and p,r > 0 and g are functions depending on x while f depends on x,y,y in

([1e], [13]).

In ([2]), Altinisik, Kadakal, and Mukhtarov consider a discontinuous eigenvalue problem that

consists of the differential equation

tu = —a(x)u” +q(x)u = Au

to hold in [—1, 1] except at the point x = 0, with the boundary conditions

aqu(—1) +agu’(=1) =0

(BiA + Br)u(1) = (B2/A + B2)u’(1)
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and at the point of discontinuity

Y1u(0—) = 51u(0+)

You' (0—) = bu’ (0+)

where a(x) = a2 for x € [—1,0), a(x) = a3 for x € (0,1]; a1 > 0and a, > 0 are given real numbers;
q(x) is a given real valued function continuous in [—1, 0] and [0, 1]. the coefficients of the boundary
and transmission conditions are real numbers. We assume || + |az| # 0, B1B2 — B4B1 # O,
|7il + |6i] # 0 (i = 1,2) and we write p := B> — B5p1 > 0.

Tretter considers the eigenvalue problem for ordinary differential equations of the form N7y =
APy on a compact interval with A-polynomial boundary conditions ([52]). This leads to the
nonclassical spectral problem since P doesn’t need to be invertible. After linearizing the prob-
lems, Tretter arranges the system to correspond to assumptions of previous work which yields
an asymptotic fundamental matrix. Tretter then introduces a particular asymptotic fundamental
matrix and defines a notion of regularity of an nth order boundary eigenvalue problem. Then
they prove completeness in certain finite codimensional subspaces and they study the minimality
of the eigenfunctions and associated functions in the Sobolev spaces W}(a, b) for | > p. The basic
properties of the eigenfunctions and associated functions are investigated and are shown that un-
der certain conditions, the canonical system of eigenfunctions and associated functions even form
a Riesz basis. Finally, they apply these new theory to the equation of motion of a clamped-free
elastic beam, with a mass-spring system attached at its free end and show that the eigenfunctions
and associated functions are complete in a set of spaces, form a minimal system of with defect,
and form a Riesz basis with defect.

When multiple Stieltjes strings are connected to form trees, like in Figure 2.1, then Pivovarchik
shows that an eigenvalue may have multiplicity greater than 1 ([70]). He also introduces the con-
cept of listing the eigenvalues for a multistring problem in decreasing multiplicity order. If instead
of Stieltjes strings connected to form trees we have continuous strings, then the eigenvalues of the
Sturm-Liouville problem exhibit multiplicity and interlacing properties in [55].

In order to solve the non-homogeneous problem, we will need to find a Green’s function that

satisfies the homogeneous problem.
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Figure 2.1: Multiple Stieltjes strings connected to form trees.

Definition 2.2.1. We say that a function of two variables G(t, T) is a Green’s function for the differential
equation of order n subject to the boundary conditions on the interval [a, b] if G(t, T) satisfies the following

conditions:

1. G(t,7) is a continuous function in t, T € [a,b] and it has continuous derivatives of the order up to

and including [n — 2] with respect to t for any fixed T, t,T € [a, b].

2. On subintervals [a, T), (T,b], the function G(t, T) is considered a function of t (T is fixed) and has
continuous derivatives with respect to t of the order [n — 1|, [n]. At the same time, [n — 1] order
derivatives have a discontinuity jump at t = T which is equal to —1

anfl
- atn—l

anfl
atn—l

G(t"", 1) G(t", 1) = -1
3. For any fixed T, G(t, T) as a function of t on both subintervals from the second condition and solves

the differential equation and satisfies the boundary conditions.

Note also that for all T € [a,b], G(t, T) solves the differential equation, LG = —Gy +g(t)G =0,

t# T
Let

Gl(t, T,)\) = ﬂl(T,A)Ml(t,)\) —|—El2(T,A)M2(t,A) 0<t<t<l
G(t,T,A) =
Gz(t, T,/\) = bl(T,/\)u1<t,/\) + bz(T, )L)uz(t, /\) O<t<t<l

Now, we need G; to satisfy the left boundary condition: G1(0,7,A) = 6(A)G14(0, T, A)
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Now, we need G, to satisfy the right boundary condition: G(I,7,A) = HGy,(I,T,A). We also
know that (I, A) = Hy;(I, A) which will help eliminate H from our final function.

up(L,A) +a(AMur (I, A) = H[uge(1,A) + a(A)ug (1, A)]

a(A) [ur(I,A) — Huq (1, A)] = Hug (1, A) —ua(1, A)

~ Hup(I,A) —us(l,A)
= () = Loy Hul,zt(l,/\)

bl (T, /\)M](l, /\) + bz(’f, A)Mz(l, )\) =H [bl (T, )\)ul,t(l/ )\) + bz(T, /\)uzlt(l, /\)]

by (T, A) [u1(I,A) — Huy (I, A)] = ba(T, A) [Hugs (I, A) — ua(l, A)]
bi(t,A)  Hupi(I,A) —us(l,A)

(T A) ~ mA) = Hiar - N

Therefore, so far we have

Gt T, \) = —0(A)aa (T, Mug(t, A) + az(T, N ua(t,A) = aa(T,A)p(t,A) 0<t<T<I
- a(A)ba (T, ur(t,A) +ba (T, M) ua(t,A) = bo(T, A)p(t,A)  0<T<t<I

Now let’s use continuity and the jump condition to solve for a(7, A) and by(7, A). Notice that our
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differential equation is of order 2 so n = 2 and therefore n — 1 = 1. We need

G(t"",1,A) = G(t",1,A) =0

J L0+ J _
atG( T/\)—gG( ,T,A) =—1

—0(A)az(t, A)ug (T, ) + ax (T, V) ua (91, A) — a(A)ba(T, AN ug (97, A)
—by (T, Mua(t°7,A) =0
—0(A)az (T, A)up s (707, A) + az (T, A ug s (T2, 1) — a(A)ba (T, A)ug (707, A)
—by (T, M) ugs(°7,A) = —1

Solving this system:

(1, ) 12 (1, A) — B(A )1 (T, A)] = ba(T, A) [ua(T, A) + a(A)uur (x, A)]
ur(T,A) +a(A)ui(t,A)
n2(T,A) = ba(T,A) [uz(m) “6(0)un(, /\)}

S (1, A) = ba(7,A) [4’(7 )‘)]

p(T,A) (T, A)
P ) a( 1) | B ()~ @bl A )

—bz(T, A)uz,t(r, )\) =-1

ba(t,A) [w(T’A)] [t (T, A) = O(AN)ur (T, A)] = ba(T, A) [w(A)up (T, A) + ugs(T,A)] = =1

$(T,A)
ba(T,A) [$(T, A) (u2i (T, A) = 0(A)uri(T,A)) = ¢(T,A) (a(Mure(T,A) + 1z (T,4))] = =p(T,A)
by(T,A) = (v )
' P(T, A) (2 (T, A) = 0(A)uri(T,A)) = ¢(T,A) ((A)uri(T,A) + (T, A))
ba(T,A) = —(m )
204,

P(T, ) (T, A) = (T, A)ihi(T, )
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Simplifying the denominator separately

(T AT, A) = (T, ) pi(T,A) = [ua(T,A) + a(Mur (T, A)] [uz,r(T,A) = 0(A)ure(T, A)]

Therefore,

So now we have

G(t, T, A)

— [ua(t,A) — O(A)ur (T, A)] [un (T, A) + a(A)ug (T, A)]
= MQ(T, /\)uzlt(T, /\) — 9(/\)1/{1,1}(1', /\)uz(T, )L)
Fa(A)ur (T, Nugi(T,A) — a(A)O(A)ug (T, A)up(T,A)

—up (T, Mg (T,A) — a(A)uq (T, A)ua(T,A)

0<t<t<l

O<t<t<]

>¢@A)0§t<r<l

|

(t,A) 0<t<t<l

(T, M)p(t,A) 0<t<tT<I

>
>
_|_
=
K
= <=
>

(tLA)P(T,A) 0<T<t<I

Let’s return to the nonhomogeneous problem

—y"(8) +q(Dy(t) = £(B), e (01)
y(0) — (A)y'(0) = 0
y'(1) — Hy (1) = 0
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From Lagrange’s Identity, where Ly (t,A) = f(t),

G(t,T,A)Ly(t,A) —y(t, A)LG(t, T,A) = ;t [G(t, T, A)ye(t,A) —y(£,A)Ge(t, T, A)]

Due to jump discontinuity, integrating both sides, and the fact that G(¢,7, A) is a solution to ho-

mogeneous problem,

/O TG, MLy A =[Gl T At A) — y(t, A)Gi(t, T, AT
/ l G(t, T, DLy(L A)dt = [G(t,7, Nye(t, A) — y(t, A)Gi(t, T, AL,
S /OIG(t,T,/\)Ly(t,/\)dt — (Gt Ay(bA) — y(t, MGt T, A)]L

—[G(tT, Ayt A) = y(EA)Gilt, T, AT
—>/OZG(t,T,/\)Ly(t,/\)dt = [G(t,r,A)yt(t,A)—y(t,/\)Gt(t,r,A)]i
= —[G(tF, T, A)yi(t,A) — Ge(tF, T, A)y(T, M)

—G(t7, T, My(t,A) + Ge(T7, T, A)y(T, A)]

= — ;G(T_,T,A)—aatG(TJF,T,/\) y(7)
= —(=Dy(7)
= y(7)

1
o /O Gt T, )Ly(t Ndt = y(7)
. /OZG(t,T,A)f(t)dt = y(1)
—>/OIG(t,T,A)f(T)dT = y(t)

We have found Green’s function for a single string with eigendependent boundary conditions.
Let us now analyze a concrete example of a Sturm-Liouville problem with eigendependent bound-

ary conditions.

Example 2.2.1. We will begin by considering the vibrations of a single continuous string of length 7t (see
Figure 2.2). In subsequent examples, we want to move half of the string into a boundary condition using

the Nevanlinna function 6(A) without changing the eigenvalues and eigenfunctions of the entire problem.
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0| |~

Figure 2.2: A continuous string of length 7t that is showing some vibrations/waves.

The vibrations of the entire string are governed by

_y” = )\y (2.9)

y(0) =y(m) =0 (2.10)

We have the ansatz y(x) = Asin(v/Ax) + Bcos(v/Ax). Applying the boundary conditions

gives

y(m) = Asin(VAr) 4+ Bcos(VAr) =0

y(0) = B=0
Then A sin(v/A7r) = 0. Solving this gives the eigenvalues and eigenfunctions:

)\n:n

ya(x) = sin(vAx)

Example 2.2.2. For the same single string of length 7, if we hide the right half of the string (see Figure
2.3), what does 01(A) have to be in order for the problem to have the same eigenvalues and eigenfunctions

as (2.9) or (2.2.1).

_yll — /\y
y(0) =0
v (3) =0y (3)

We have the ansatz y(x) = Asin(v/Ax) + Bcos(v/Ax). Applying the boundary conditions
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Figure 2.4: A continuous string of length 7t where the left half is going to be "hidden’.

gives
y(0) = B=0
v(3) = Asn(Vi3)
v (3) = avheos (Vi)
So then
) = 12) — Vicor (Vi)

Example 2.2.3. For the same single string of length 7, if we hide the left half of the string (see Figure 2.4),
what does 6, () have to be in order for the problem to have the same eigenvalues and eigenfunctions as (2.9)

or (2.2.1).
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We start with the ansatz y(x) = A cos(v/Ax) + Bsin(v/Ax)

y(m) =0 — Acos(VAn) 4 Bsin(vVArr) =0

A = —Bsin(v/Am)
cos(V/Am)
y (g) = Acos (\/Xg) + Bsin (\/Xg)
y (g) = —AVAsin (\/Xg) + BVAcos (ﬂg)

Thus
— AV Asin (\f)\%) + BV/Acos (\f)\g) = 0,(A) [A cos (\F)\%) + Bsin (\/Xg)]

After some simplification, we get

—Byv/Asin? (\f >cos< )—I-B\/Xcos (fg)
—Bsin (ﬂ2>c052 (\F/\%) Bsin® ( %)

0(A) = VA cot (\/Xg)

We can to check that y(1) = 0 and y' (§) = 62(A)y (¥) give the expected eigenvalues and

eigenfunctions.

y(n) = Acos(\/Xn)+Bsm( 7) =0
(3) = Acos(Vag) +Bsin (Va7
/(Z) = -avin(ViF) bvies (v3)
5 —AVAsin (VAT + BV cos (VAZ) = ﬂnw(f)) Acos (VAT) + Bsin (VAT))
 BVicos (VAL sin (VAZ) = AV [eos? (VAZ) + sn (VAZ)]

+BV/Acos (f%) (\/X§>
—>§ Asin(ﬁn) = AVA+Z \/Xsm(f)
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Therefore the system that will yield our eigenvalues and eigenfunctions is

A cos <\/X7t) + Bsin (ﬁn) =0
3VAsin (VAr) = AVA+ §vasin (Vi)

Acos (VAr) + Bsin (VAr) =0
Esin (VAr) = AVA + §vAsin (Van)
cos (ﬁn) #0
Acos? (VAr) + §sin (2V/A7) =0
Bsin (2vAr) = AvAcos (VAr) + &v/Asin (2v/An)

—B/A)sin (2VAR
e (- D3

Plug back into the first equation of the system

(- 4v)
AZA

EN[e+]
'S

= A

sin? (2v/Arr) + gsin (2var) =0

factor
sin(2vV/A7r) = 2sin(VAr) cos(VAT) = 0
= sin(VA7r) =0

= A=n?
Check the second solution for the equation A times complicated fraction.

Ly = Ay
ya(x) = Acos(V/Ax) + Bsin(V/Ax)

y(0)=0—ya(x) = sin(\/Xx)

Now we need to define 6(A) so that v} (§) = 6(A)yx (5) in such a way that it has the same
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eigenvalues.

Ya <E> = Sin(\ag)

2 2
(T T
7 (E) = \/Xcos(\/Xz)
Ny <z> _ VAcos(vA%) (g)
"2 sin(VAZ) 2
Therefore, we can say that
—y' =2y
y(0) =y(n) =
and
-y =Ny
y(m) =0

have the same spectral properties.
The idea presented in Examples 2.2.1-2.2.3 is similar to the system studied in [47] except two
strings are joined together by a single mass. However, rather than studying the spectrum, they

examine the boundary control and stabilization.

Example 2.2.4. Now if we look at three strings (see Figure 1.4), each of length 7= where the outer end is

fixed at x = 0 and has continuity in the middle at the joining point for x = 7.
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y1(70) +y5(70) +y3() =0
yi(m) = y2(m) = y3(m)
Y1) = a1 sin(VAx)

Yor = apsin(V/Ax)
y3) = azsin(V/Ax)

Applying the boundary condition at 7t yields

a1 sin(VAT) = ap sin(v/An)
ay sin(V/A7r) = a3 sin(VAr)

Now, there yields two different cases: either sin(v/A7r) # 0 or sin(v/Arr) = 0.
Casel: sin(v/Arr) # 0

sin(VA7r) # 0
m=ay=a3=a
3av/Acos(VAr) =0
VAcos(VAT) =0

2
Ay = M, n=123...
4
Case 2: sin(v/Arr) =0
VAcos(VATT) # 0

A=n?, n=1,23,...
a+ay+a3 =0
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thenay =1,ap =0,a3 =0,0ra; =0,a, =1,a3 =0,0ra; =0,a, =0,a3 = 1.

2.3 Application of Nevanlinna Functions in Multi-String Case Dirich-

let BC

For the multiple Stieltjes string model, let each edge have Dirichlet boundary conditions and set

m = T = [ = 1. Then (1.12) simplifies to

1'4'1',]' = —2141',]' + (ui,ll]- + ui+1’]'), i=1,2,... M, ] =12,...,N (211)
N

tip = —Nug + (Z 1/[1,]‘) (2.12)
=1

ty 1) = 0 (2.13)

We can represent N — 1 strings as part of a boundary condition utilizing Nevanlinna functions.
This representation preserves the spectrum of the model. Without loss of generality, let’s represent

strings j = 2,3,..., N into the boundary condition. Thus

i1 = —Zu“ + (Lli_1,1 + ui+1’1) i=1,2,...,m (2.14)
Up;+11 =0 (2.15)
Uiyl = 9()\)1/[0 (2.16)

where 6(A) = (A+ N) — Zjl\iz 0n;(A) and n; is the number of masses on the jth strand. Several

0n;(7) are calculated below.

Number of Masses = n; | 0,(A) where k = A +2
L ;
2 P
3 o
" o

Lemma 2.3.1. For any n;, 0y;(A) is an anti-Nevanlinna function, and 6(A) is Nevanlinna.
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Proof. In order to show that 0,,,(1) is an anti-Nevalinna function, we proceed by induction. To see

that 0;(A) = f(A) = A%rz is anti-Nevanlinna, let A = x + iy and

— 1
f) = x+iy+2
B X+ iy +2
 (x—iy+2)(x +iy+2)
B x+iy+2
2 +4Ax+y2 44
f(A) = x+iy+2
_ (x —iy +2)
(x+iy+2)(x —iy +2)
B (x +iy +2)
2 +4Ax+y? 44
Therefore, f(1) = f(A). Also,
Im(f(1) = -
x24-4x +y>+4
Im(A) =y
() 1
Im(M) x2+4x+y?+4

Therefore, f(A) = A%rz is an anti Nevanlinna function.

Now let’s use the general form to classify if n; = 2. A + 2 is Nevanlinna and since 6, is anti-
Nevanlinna, then —60, is then Nevanlinna. We also know that the sum of Nevanlinna functions is

Nevanlinna, so A + 2 + (—6;) is Nevanlinna. Based on one of the properties y is Nevan-

-1
A2+ (-6,
1

, XH(—ey 1S anti Nevanlinna.

linna. Therefore
Now assume that 0,1 (A) is anti Nevanlinna function. Clearly, A + 2 is a Nevanlinna function
as well as —9,1]._1. The sum of two Nevanlinna functions is also a Nevanlinna function. Based
on previous Lemma, if f(x) is a Nevanlinna function, then ﬁ}) is a Nevanlinna function. Since
On;(A) = m, then 6;(A) is an anti Nevanlinna function for any #;.
Since if 0,,(A) is anti Nevanlinna, then —6,(A) is Nevanlinna. The sum of Nevanlinna func-

tions are Nevanlinna. Therefore 6(A) is Nevanlinna. O

59



2.4 Application of Nevanlinna Functions in Multi-String Case Neu-

mann BC

Now if we consider the model (2.11-2.13) but with Neumann conditions on the edges gives

I/l'l:’]' = —21/[1',]' + (ui—l,j + Lli_,_l,]'), i= 1,2, N ,ﬂj,j = 1, 2, ey N (217)
N

MO = —Nuo =+ <Z Ml,]') (218)
j=1

unj—&-l,j = unj,j (2.19)

We can represent N — 1 strings as part of a boundary condition utilizing Nevanlinna functions.
This representation preserves the spectrum of the model. Without loss of generality, let’s represent

strings j = 2,3, ..., N into the boundary condition. Thus

i1 = —2uj1+ (i—10 +uiv11) 1=1,2,...,m (2.20)
Uy, +1,1 = Uny 1 (2.21)
ui1 = 0(A)ug (2.22)

where 8(A) = (A + N) — 2?’:2 énj()t) and n; is the number of masses on the jth strand. Several

én], (A) are calculated below.

Number of Masses = 1; én,» (A) wherek = A +2
L =
2 k(kkfl%q
! -

Lemma 2.4.1. For any nj, én]- (A) is an anti-Nevanlinna function, and 8()) is Nevanlinna.

Proof. Note that the only difference between 6, and 9~n/. iswhenn; = 1. Tosee that 81 (A) = f(A) =
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+L- is anti-Nevanlinna, let A = x + iy and

A+l
— 1
A) = ———
fA) x—iy+1
B x+iy+1
 (x—iy+ 1) (x+iy+1)
B x+iy+1
o222+ 241
— 1
f) = x+iy+1
_ (x—iy+1)
(x+iy+1)(x —iy+1)
B (x+iy+1)
o242+ 241
Therefore, f(A) = f(A). Also,
_ Y
Im(f(/\)) - x2+2x+y2+1
Im(A) =y
M)
Im(A) X2 4+2x+y>+1 "~
Therefore, f(A) = ﬁ is an anti Nevanlinna function. Since we have shown that f(A) = ﬁ is

anti Nevanlinna, we can follow the same induction argument to show that 9,1], (M) is anti Nevan-

linna for any number of masses. O

2.5 Numerical Simulations

While investigating whether the eigenvalues of the same systems with only difference being pres-
ence or lack there of a middle mass, it was observed that the eigenvalues did in fact "interlace” but
there was overlap on certain eigenvalues and that they often occur in multiplicity. The following

calculations are investigating the occurrence of eigenvalues with multiplicity.

Example 2.5.1. Consider 3 Stieltjes strings with two beads on each string, a center bead, and m = T =

I =1 for the entire system.
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Representing the model as ‘;—LZ = Aii, where

(21 0 0 0o o0 0]
1 =21 0 0 0 0
0 1 -3 1 0 1 0
A=l 0 0 1 -2 1 0 o0
0 0 0 1 -2 0 0
0 0 1 0 0 -2 1
0 0 0 0 0 1 -2]

The characteristic polynomial is p(A) = —A7 — 151° — 90A> — 277A* — 46513 — 417A% — 180) —
27 = — (A +3)%(A +1)%(A% + 7A% 4 12A + 3) Calculating 61 (A)

1
Yo — 2y7 = Ay7 Y7 =35V
A+2
Y3 — 2y + Y7 = Ays y6:my3
1
Ya —2ys = Ays Ys = 3oV

A+2
Y3—2Yys+ys =Ays  Yys = m%

Y2 —3Yys +Yya+Ye = Ays3
A+2 A+2
n= o= (iarms) - (aear=s) e v =oon

Thus, 61 (1) = /\+3_< A+2 )_ (( A+2 ) _ A+3—2<( A2 ) — 47221805 o b is

(A+2)2—1 A+2)2—1 A+2)2-1 A24+47+3
Nevanlinna.
Calculating 6> (A)
21+ = A _ !
Y1+ Y2 = A1 y1—A+2yz
B _(A+2)2-1
Vi—2pp+y3=Ayp  yz3 = Ao 2

Thus, 6,(A) = (/\Ki);l = Az}fﬁ” which is Nevanlinna.
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. 2_ .
Equating y, = {A +3 - ((?\?5571) — (()ﬁ;)%fl)] ysand y3 = %yz yields

A+2 A3+ 7A%2 4131 +5 A3+ 7A2 4120 +3
Niar+3P T T A2t4art3 B VT T A2iary3 P
A2 44043 A2 44043 (A2 4A 4 3)(A3 £ 7A2 120 4 3)
M7 113015727 T A2 2 VT T A1 2)(A 4+ 7A2 1134 15) 2

The solutions to these yield all the eigenvalues, but do not illustrate their multiplicity.
Example 2.5.2. Consider the same configuration of Stieltjes strings as (2.5.1) but with no middle bead.

The characteristic polynomial is p(A) = 55 (27A° +297A% + 1269A* 4 26463 4 278172 + 13777 +
243) = 5 (A +3)2(A+1)2(A2+3A +1)

Yo = X 2¥°
1
BECRP RS IE
1 1 5
= _|_7 I + :A
3Y2 T 3Y3 — 3Y5 T VYe Y5

%yz - %yz + Y4+ %yS = Ay3

Y2 +Y3 = 5Ys + 135¥5 = 3Ays
Y2 —5Y2 + xiay3 + Y5 = 3Ays
 (BAZ4+12A49)(A +2)
BT BAT R +7)2— (A +2)272

(3A% +12A +9)(A 4 2)
(BAZ+ 114 +7)2 — (A + 2)272

Y3 =

— -2 +1 Jr1 =A
n 3y2 3y3 3y5— Y2
5\ 2 3A% 41842 +-331 4 18
n={rz)-3\gm 3 2 Y2
3) 3 \9A% 46643 +162A2 + 150\ + 45
_ 9(AZ+4A+3)(3A%3 + 1542 + 211 4 7)
T T 9(A2+ 41 + 3)(3A2 + 104 + 5)

Y2

9(A2 +4A +3)(3A% +15A2 + 211 + 7)
9(A%2 + 41 +3)(3A2 +10A +5)
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Thus, 61(A) =

. We also know that y; = %Hyz. Equat-



ing these and solving yields the following equation which yields the eigenvalues, but not multi-

plicity. Note though that the eigenvalues with multiplicity > 1 are the ones that can get cancelled

from 61 (A).
3@4+7Nt+wa+BA+3)_O
(A+2)(BA24+10A+5)
BA+1)(A+3)(A2+3A+1) 0
(A+2)(3A2+10A+5)

Example 2.5.3. Now if instead we have a strand with 2 beads, a strand with 3 beads, a strand with 1 bead,

and a middle mass.
Then

1 AZ+4A+3 AT+ 9AT+26A% + 260 +7

0(A) =A+3— =5~ (A+2%—2A+2)  (A+2)(A2+4A+2)

which is Nevanlinna and has the eigenvalues
A = —4.4266,—3.3209, —2.7709, —2.0000, —1.4247, —0.7634, —0.2934. Notice that all are simple

eigenvalues.

Example 2.5.4. Looking even further at (2.5.1), where

9M>_(A+2V—1_JV+4A+3
AT A2 T A2
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The eigenvalues and non-normal eigenvectors are

i 1 ] | 1 ] i 1 ]
—2.4605 -1 -1
5.0541 0 0
A= —44605, v=| —24605 A=-3, v=| —0.6129 A=-3, v= 1.1739
1 0.6129 —-1.1739
—2.4605 1.6129 —0.1739
i 1 | i —1.6129 | i 0.1739 |
| 1 ] i 1 ] i 1 ]
—0.2391 1 1
—0.9428 0 0
A=-22391, v=| —0.2391 A=-1, v= 0.6121 A=-1, v=| —1.1744
1 0.6121 —1.1744
—0.2391 —-1.6121 0.1744
i 1 | i —1.6121 | i 0.1744 |
SR
1.6996
1.8887
A= —-03004, v=| 1.699
1
1.6996
L 1 J

It seems that the eigenvectors associated with the repeated eigenvalue can have strands swap
places without really affecting anything. Since there are 3 strands to begin with, two swaps are

only possible before returning back to original. This can be verified if looking at the eigenvectors
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for A = -3,

01 =

Onew =

1.1739
—1.1739
—0.1739
0.1739

1.6129
—1.6129

—0.6129
0.6129

02

—0.6129
0.6129
1.6129

—1.6129

rotate each strand clockwise yielding

If this is the case, we should be able to find an « and p such that

In fact, « = 1.11291 and B = 0.499991 but av; + Bo; yields v, with the signs switched on the last

two components .

Lemma 2.5.1. The maximal multiplicity of the eigenvalues for the system is equal to N — 1 and is achieved

on the symmetric configuration.

Example 2.5.5. To see Lemma 2.5.1, consider 4 Stieltjes strings joined with a middle mass. To simplify
computations, assume that all masses are 1, the uniform tension is 1, and the length between each mass

is uniform at 1 unit length. Assuming Dirichlet boundary conditions on the ends of the Stieltjes string.

a+ B =16129
—0.6129a + 117398 = 1

Calculating the eigenvalues for different configurations with 4 strings:
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# beads per string Eigenvalues
1,2,3,4 -5.3,-3.5,-3.3,-2.8,-2.5,-2.0,-1.6,-1.2,-0.7, -0.4,-0.2
1,2,3,3 -5.3,-3.4,-3.2,-2.8,-2.0 (multiplicity 2),-1.4,-0.8,-0.5,-0.2
1,3,3,3 -5.3, -3.4142 (multiplicity 2), -3.1, -2.0 (multiplicity 3), -1.2, -0.5 (multiplicity 2), -0.2
3,3,3,3 -5.3,-3.4 (multiplicity 3),-3.0,-2.0 (multiplicity 3),-1.3, -0.5 (multiplicity 3), -0.1
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Chapter 3

Inverse Problem for Multi-String

Systems

3.1 Introduction

For mathematicians, after knowing a problem has a unique solution, the next logical question is
"If I know the solution, can I reproduce the problem?". These are inverse problems. The inverse
problems we will consider are: given the spectrum, what other conditions must we know in order
to uniquely identify the problem that yields that spectrum? The eigenvalues correspond to the
physical manifestion of frequency which is measurable. While we will narrow our focus to the
eigenvalues of strings, the inverse spectral problem for the 3D wave equation across a bounded
domain is solved in [53] and the inverse spectral problem for a network is solved in [11]. We begin

our investigation into inverse problems with the inverse regular Sturm-Liouville problem.

—y" +q(x)y=Ay 0<x<I (3.1)
¥'(0) —hy(0) =0  y(I)=6(A)y'(]) (3.2)
¥'(0) —hay(0) =0, y()=60(Ny'(]) (3.3)

where g(x) is a real-valued continuous function, hy, h; are finite real numbers with h; # hy, 6(A)

is a Nevanlinna function with 6(A) = S;Ej\‘% with 0;(A) and 6,(A) are relatively prime polynomi-

als, and (3.2),(3.3) are two boundary value problems. Note that if (3.2),(3.3) do not contain the
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eigenvalue parameter A, then the inverse problem is given in ([57], [56],[40]). Let the solutions
of (3.1) be u;(x,A) and up(x,A) such that they solve u1(0,A) = 1, uj(0,A) = hy, uz(0,A) =
1, and u5(0,A) = hy. The spectrum of (3.1),(3.2) are {A,}?>, of the entire function ¢1(A) =
62(A)uq (1, A) —01(A)uj (1, A). The spectrum of (3.1),(3.3) are {1, } 5, of the entire function ¢ (1) =
02(A)uz(1,A) — 61 (A)uy (L, A) ([32]).

Theorem 4. Let two spectra {A, },_o and {jy },,_, be given so that Ay < pg < Ay < p1 < -- - , equalities

ap m 1
\//\n—&-m:n‘f‘;‘f’ﬁ"i‘O(ﬁ)

B ay, aj 1
Vi =1+ 24 o)

take place, moreover ag # ajy. Then there exist an absolutely continuous function q(x), real numbers hy, hy
and a rational function 0(A) for which Im@(A)ImA < O, such that A, is the spectrum of the problem
(3.1),(3.2) py, is the spectrum of the problem (3.1),(3.3). [37]

Col considers the Sturm-Liouville boundary value problem with the boundary condition (g +
i A — aA? — iazA3)y'(0) — (Bo + iB1A — B2A? — iB3A3)y(0) = 0 where g(x) is a real valued func-
a2 0<x<a

tion with the condition [;°(1 4 x)|g(x)|dx < oo, and p(x) = 1#a>0in
1 a<x<oo

([33]). They define the polynomials p;(A) := ag + ixgA — apA? — iazA3 and pa(A) 1= Bo +if1A —
B2A? — iB3A3 with the relation a;18; — a;Bis1 > 0, a1 2B — aifiro < 0, a;13B; — a;Biys = 0. Col
considers the case of the discontinuous coefficient p(x). The main result is that the potential g(x)
can be uniquely recovered from the given scattering data. The result was obtained by using the
Marchenko method. It is applied to solving the boundary value problem when the boundary

conditions depend on spectral parameter as nonlinear. If g(x) = 0, the result is obtained

1 1 . 1 1 I
o) = & (1 + ) o 4 1 (1 ] ) e
2 o(x) 2 o(x)

where u* (x) = +x./p(x) +a(1F v/p(x)) If the condition on g(x) is satisfied, the boundary value

problem has a unique solution which satisfies the asymptotic behavior limy e €** f(x,A) = 1 for

ImA > 0 and can be expressed as f(x,A) = fo(x,A) + f:i(x) K(x, t)eMdt which is called the Jost

69



solution. For the kernel function K(x, t),

/ " |K(x,t)|dt <c (exp </ t]q(t)\dt)) , 0 < c = constant
U (x x

is satisfied. This kernel satisfies a bunch of properties and yields the spectral condition.

For a regular Sturm-Liouville problem with eigendependent boundary conditions, the poten-
tial and the asymptotic boundary conditions are uniquely determined by a dense set of nodal
points of eigenfunctions ([26]).

Binding, Browne, and Watson discuss three inverse problems for a Sturm-Liouville problem
with the boundary conditions y(0) cosa = y'(0) sinaw and y'(1) = f(A)y(1) for rational f in [18].
They show that the Weyl m-function uniquely determines «, f, and g, and is in turn uniquely
determined by either two spectra from different values of a or by Priifer angle. In ([14]) they
discuss the inverse problem for the nonlinear Sturm-Liouville problem. For (3.2) with f(t) =
Ay(t) and boundary conditions y'(0) — hy(0) = 0 and A(y'(7) + Hy(mr)) = Hyy' () + Hay ()
where h, H, Hi, H» € R and p := HH; — Hy > 0, Guliyev studies the inverse problem from the
sequences of eigenvalues and norming constants as well as from two spectra in ([43]) and obtained
the regularized trace formula where the first boundary condition is changed to A(y'(0) — hy(0) =
h1y'(0) — hay(0) where h, hy, hy € R and 6 := hhy — hy > 0 in ([44]).

If for (2.8) f(A) = oo, then the boundary condition is interpreted as a Dirichlet condition. They
discuss the inverse problem of recovering g, «, and f from given spectral data. The data to be
used consists of eigenvalues and norming constants, which are often observable quantities. It was
found that the eigenvalues form a real sequence Ay < A1 < --- accumulating at 4-co. The "norm-
ing" of these eigenfunctions involve a Hilbert space structure which they develop. It allows the
problem to be viewed as a standard eigenvalue problem for a self-adjoint operator with compact
resolvent. They construct a chain of problems that connect their problem with a "standard" Sturm-
Liouville problem using transformations. They also need to invert the above transformations to
complete the solution of their inverse problem. They prescribe necessary and sufficient conditions
for given sequences A, p,, to be generated by the problem and that such problem must be unique.
In ([45]), he proves that if the spectra of two seemingly different problems of (3.2) with both of his

boundary conditions, then the g(x)’s are equal a.e. and all the & and H'’s are equal. In ([63]), they
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introduce a new method to recover the potential of the Sturm-Liouville equation on a half-interval
using the spectrum of the Dirichlet on both sides problem and a known potential on the other half
interval.

Pivovarchik solves the inverse problem for system of Sturm-Liouville equations in ([74]). Given
n € N, real and square-integrable potentials q;, j = 1,...,n which are defined on respective inter-
vals [0, a]-], aj € (0,00), the numbers v € (—00,00],j=1,...,n,and @ > 0 and B € RR, then he can

state the problem

i A% = q(x)y; =0, j=1,...,n x€[0,a]
yl(ArO) = VZ(AIO) == yﬂ(AIO)

;me%HMA+mmmﬁy:o

j
1A a) +yi(Aa) =0, j=1,...,n.

N

A Stieltjes string is a thread bearing a finite number of point masses. FR. Gantmacher and
M.G. Krein solved the inverse problem of identifying the location and mass of each bead just
given two spectra, one corresponding to Dirichlet and one corresponding to Neumann boundary
conditions, for the boundary value problem in [39]. Rather than needing the spectrum from both
types of boundary conditions, it was shown that the inverse problem can be solved for a given
spectrum of the Dirichlet problem generated by a Sturm-Liouville equation with a real potential
on an interval [0, 4|, and spectra of the Dirichlet problems generated by the same equation on the
subintervals [0,4/2] and [a/2,0] this is for continuous string [69], while [24] is for Stieltjes string.

The inverse spectral problem for star graphs of Stieltjes strings with Dirichlet and Neumann
boundary conditions at either one pendant vertex of the star graph or the central vertex was solved
in [71] uniquely for the varying conditions on the pendant vertex and non-uniquely if the vary-
ing conditions is on the central vertex. Necessary and sufficient conditions on the location and
multiplicities of two finite sequences of numbers corresponding to the Dirichlet and Neumann
eigenvalues are derived in [73] where Neumann and Dirichlet boundary conditions are imposed
on the central vertex and Dirichlet boundary conditions on the pendant vertex. The correspond-

ing inverse problem was studied where the spectrums, the number and length of edges is given,
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and the number of masses on each edge is given in [73]. Boyko and Pivovarchik solved the inverse
problem of recovering the masses and the lengths of the intervals between them given the spec-
trum of the entire graph of g Stieltjes strings and the spectra of its g strings obtained by clamping
the graph at the interior vertex in [22]. In [59], they consider T to be a metric tree with g com-
plementary subtrees T;, i = 1,...,q. If they are given q + 1 sequences {A}?_; and {vy;},", such
that n = Y n;, they can determine the point masses on the edges of T such that the spectra of the
corresponding Dirichlet problems on T and T; are exactly {A}}_; and {vg;} ;.

For continuous connected strings, Eckhardt solves the inverse problem for a star graph of
connected Krein strings where the known spectral data comprises the spectrum associated with
the whole graph and the spectra associated with the individual edges and these coupling matrices

([36]). This coupling matrix is defined as

H(Pe(/\l')HZZ ) H /\02
Ty = (Thed)edes = ( H3 (1) $a(A,0)
edeé,

1040 )Ry ) $e(A,0)2

for every A € o(S) for which the set £, is nonempty where £, = {e € £|¢.(A,0) = 0} and the rest
of the notation is defined in ([36]).

Before we even begin to study the inverse spectral problem for a star graph, let us understand
the inverse spectral problem for a single Stieltjes string. Let’s assume that we have a string of
length | with n beads located at I, 15, ...,1, and that each have a mass of my,mjy,...,m,. Let ¢ be
the uniform tension across the entire string. Let u;(¢) be the displacement of the ith bead. The

displacement can be modeled by

Uu; —lui+1 L u; l— Uil mip*u; =0 i=1,2,...,n (3.4)
i i—1

Example 3.1.1 (Dirichlet on Left Hand Side). Assume you have (3.4) where the left hand side is fixed
Dirichlet. If you know the frequencies of the string, p1, p2, ..., Pn, with Dirichlet boundary condition on
the right and the frequencies, p', p5, ..., py, with Neumann boundary condition on the right, then we can

determine the location and mass of each bead. [39]

Following [39] let’s first consider both ends to be fixed. That is, ug = u,+1 = 0. Solving the
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recursive relation in (3.4) yields

ui:R2l’_2()\)u1 i:1,2,...,n

where Ry »(A)isof orderi —1fori =1,2,...,n+1and A = —p?. The sequence of frequencies,

p1 < p2 < --- < p, are roots of

Ry, (A) =0

because of the right hand boundary condition. Now these take care of the even R’s. The odd R’s

are found by

The relationship between various R’s is as follows:

Ryi—1(A) = Am;Rpi_5(A) 4 Rai—3(A) (3.5)
RZi()\) = liR21;1 ()\) + Ryi_» ()\) (36)
Ra(0) = Roh) =1 (67)

Now in application, when A; is a solution of an even Reyen(A), it gives the amplitude of the beads
up to a scalar multiple of 11. When A; is a solution of the odd R,44(A), its the tangent of the angle

for threads between beads up to a scalar multiple of u;.
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Since there are explicit formulas for R’s, we can uniquely write the rational function as

Ry (M) Ryi—2(A)
_— I, + ——=% 3.8
Roy—1(A) " Ryu-1(A) (5.8)
1
— I+ (3.9)
1
muyA +
Roy—2(A)
R2173(/\)
1
— L+ (3.10)
1
muyA +
1
lnfl +
_ 1
mnfl)t ++ .+
1
hi+—
1
mA+ —
lo

Now since we can write the right hand side uniquely, then the left hand side is Nevanlinna ratio-

nal function.

Now let’s consider the right hand side have a Neumann boundary condition. That is, 1,11 =

uy yields
Ron(A) = Ran—2(M)
If consecutive even R’s are equal, then the odd R between them is equal to zero. That is
Ryp1(A) =0

Denote solutions as the sequence p} < pj < -+ < pj,, where A} = —p}z forj =1,2,...,n. Now
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we need to see the corresponding change to V

<
I
| =

Yir1 —¥i)* Yo =Yns1 =0

-

Il
=}
—

i

~
I
| =

(yi—i-l - %’)2 Yo=0, ¥Yn = Yut1

NI~ N

~-

I
o
—

i

Clearly V' is one degree less than V . Now since (3.10) is Nevanlinna and p; are the zeros and p!

are the poles, there interlace

Pr<pr<py<--<py<pn

Let’s rewrite the R’s using their zeros.

n

Ry(A)=CJJ(A=pf) C>0

i=1

Ray1(A) =C' TJA—p)  C' >0

i=

[uy

Now assume we are only given the sequence pj < p1 < p) < --- < p;, < pn, we can formulate

the following two polynomials

where Ay > 0 and By > 0. Then

Ron(A) A(M)
B(

Ranl (A) —f * T)

Now we can equate both sides and use (3.5, 3.6) and (2.4) to get
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We also know the total length of the string [. Thatis, | = lp+ 1 +---+1,

the I;’s yields

T agtarto+ay
This implies that

I = 2 I i=01,...,n
ap+ap+---+ay

0" .
mZZT(aO_l_al_'_—I—an)bl 1:1,2,...,1’1

Now you get the choice of A(A) and B(A), but the optimal choice is
1 A

AN =TT <1 n 2)

i=1 pi

B(A) =] <1+),\2>

i=1 P;

and it yields

. Therefore, adding all

Example 3.1.2 (Neumann on Left Hand Side). Assume you have (3.4) where the left hand side is Neu-

mann. If you know the frequencies of the string, p1, p2, ..., pn, with Dirichlet boundary condition on the

right and the frequencies, p', p5, . .., py, with Neumann boundary condition on the right, we can determine

the location and mass of each bead. [39]

Following very similar logic and [39], if the right hand side is Dirichlet, then let u,,.1 = 0 and

if it is Neumann, let u, = u,1. In order to differentiate the two problems, let’s call the R’s Q’s.

Therefore

ui=QuoMu;  A=—-p> Q=1i=12,...,n+1
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The exact same recursive relationships occur. We let p; < p» < --- < p, be the solutions of

Qon(A) =0and let pj < p) < ... < p), be the solutions of Qz,_1(A) = 0. Also

an (A) — l + 1
Qanl (A) ! 1
muyA +
1
lnfl +
' 1
My 1A +4+ "+
1
L+
1
miA + —
I
Now if we are given the sequence p} < p1 < p5 < p2 < --- < pj, < pn, we can formulate the
functions
n
CA)=Co[[(A+p}) Co>0
j=1
n
D(A)=Do[[(A+p%)  Dp>0
j=1
such that
7(:(/\) =ay+ '
by " )
1
ap—1+
_ 1
by A+ +
1
a +
1
A+ —
a0
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Equating the fractions similar to before yields

I = b !

et tan

0' .
mizj(a1+ﬂz+“‘+”n)bi 1=1,2,...,n

1=1,2,...,n

Now if instead of using the total length, we want to use that we are given the total mass, M, of the

entire string, then we need to consider

D(A) 1

AC(A)
Cu +

taking the limit as A — 0 yields

O

n—1

=by+by+---+b,

now the optimal choice is

and it yields
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This work of Krein’s was then extended to consider a Stieltjes string where every single mass
could be damped. It is shown that we can recover masses, coefficients of damping and the lengths
between masses using the two spectra in ([25]).

Throughout the rest of the chapter, we explain the approach of Pivovarchik to solve the in-
verse problem for connected Stieltjes strings and then we apply Nevanlinna functions theory to
characterize the spectra and to solve the inverse problem for a discrete multi-string system in a

more general setting.

3.2 Pivovarchik’s Approach Inverse Spectral Problem for Multi-String

Systems

In order to discuss previous work done by Pivovarchik, we need to introduce his notation ([71],[73],
[221,[69,[24],[741,1701,172],[23],[25]). Consider a plane star graph of g Stieltjes strings, g € IN and
g > 2, where the strings are connected in the middle with a mass M > 0 and the outer ends are
either fixed, Dirichlet problem, or free to move orthogonally to the equilibrium position, Neu-
mann problem. We label the edges by j = 1,2,...,q where the j edge has 1; > 0 masses myj,
k =1,2,...,n;. Note that the central mass M is not considered to belong to an edge. The masses
subdivide the jth edge into n; + 1 intervals of length lk/j, k=0,1,..., n;j where we count masses
and intervals from the exterior towards the center. Note this is where the notation differs. If we
want to talk about the entire length of an edge, we denote it [; := ZZ’: o lkj- The total number of
masses on the star graph, without the middle mass M, is denoted by n := 2;7:1 nj. We want to talk
about the position and displacement of each mass so we will denote the position of the mass iy ;
as xy,; with the connection at the middle denoted Xpit1,js where j = 1,2,...,q and the outer ends
denoted xp , and it’s vertical displacement denoted vy ;(t). Assume stretched by forces each equal
to 1.

Then using this new notation, the model for the graph with a mass in the middle and Dirichlet

conditions on the boundary is
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Ok, (8) —ok(8)  og(t) — ok ()

mk,]-vk,]-(t) = ] .y k=1,2,...,n;, j=12,...,q
Om+11(E) = Oy (t) = - = vy, 414(t)
. T, Ony41,j (1) — Ony (1)
MynlJrLl(t) = — E ni+1,j — ]
=1 nij
Yo,j(t) =0 i=12,...,9

Proceeding with separation of variables v;;(t) = u;je"* yields the following difference equa-
tions for the displacement amplitudes u; ; for the Neumann and Dirichlet problem.

Neumann Problem (N1) If the central vertex carrying the mass M is allowed to move freely, then

A2y jily = "“Z'] Bl "']l U k=12..m, j=12,...,9 (3.11)
ks ] k—1,j
1 Up. 41— Uy, i

A2 My, 10 = — Y (”f“”’]) i=12,...,q (3.12)

/ & iy

j=1 jir]
Uni41,1 = Unp412 = = Ungpg,j (3.13)
g =0 i=1,2,...,q (3.14)

Dirichlet Problem (D1) If we clamp all the strings at the middle vertex, then the system decouples

into g separate Stieltjes strings problems with Dirichlet conditions at both ends.

.. Uk1,j — Uk,j  Ugj — Uk-1f
A2y jiig ; = : — k=1,2,...,n; 3.15
K Ik, ] [y J (3:15)
un1;=0 j=12,...,9 (3.16)
up; =0 j=1.2,...,q (3.17)

Note that if there is no middle mass, we just set M = 0 in the appropriate problem.

They also denote the following by
o= ):;’:1 n;j the number of masses on the star graph no counting the possible center mass M

1 .
A H o M >0

Neumann problem (3.11 -3.14)

Ak = —Ag, Ay > Ap for k > k' > 0, the eigenvalues of the
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o {vk,j}:j: gt Vorj = TV Vej > Ve for k > ¥’ > 0, the eigenvalues of the Dirichlet

problem (3.15-3.17)

o {0k _nxs0 = U?zl{VKr]'}:j:fnj/K#O’ -k = —CkCk > Cp for k > k' > 0, the eigenvalues of the

Dirichlet problem (3.15-3.17)

We will now investigate the interlacing properties and multiplicities of the eigenvalues of the
Dirichlet problem (D1) and Neumann problem (N1). Following [71] and[22] who use the same
notation as [39] foreach j = 1,2, ..., 4, we may obtain the solutions uij,i=12,...,n+1 of (3.15)

with the boundary condition (3.17) successively in the form

I/li’]' = R2i72,j(10/ )\z)ull]- 1= 1, 2, ey 1’1]' +1 (318)
where Ry; 5 (I, A?) are polynomials of degree 2i — 2 which is found by solving (3.15) and
Ujj = RZi—Z,j<°°/ )L2>1/l1,]‘ i=1,2,... ,Mj+ 1 (3.19)

where Ry; 5 j(looo, A?) are polynomials of degree 2i — 2 which is found by solving (3.11). We then

set

Roi (-, A?) = Raj—2,i(+, A?)
li,j

Rzl'_l,]'(',)tz) = i:1,2,...,n]-

These polynomials also satisfy the recurrence relations

RZifl,j('/ )\2) = —)Lzmi/ijl‘,zlj(y/\z) + Rzl‘,g,lj(‘,/\z) i=1,2,.. N (3.20)
Roij(-,A%) = ljjRoi_1,j(-,A*) + Roj_j(-, A*) i=1,2,...,n (3.21)
1 .
7 ifly € 0,00
Roj(A%) =1 Rogj(-,A%) =4 ™ 0 € (0,0) (3.22)

0 ifly=o0

Plugging these into the boundary conditions (3.16)-(3.17) ( or(3.12-(3.13)) at the central vertex
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yields the following system of linear equations for uy;,j =1,2,...,q

Rou 1 (4 A%)u11 = Romyp (-, A%)u1p = - -+ = Rouyq(+, A% (3.23)

ZRznﬂ] Py = MARop, 1 (-, A%)un g (3.24)

Thus, the spectrum of the Dirichlet problem (3.15)-(3.17) coincides with the zeros of the poly-

nomial

q
¢pq(A%) =)

j=1

M 9
<R2n 71] 10//\ )_ —A? RZn ] lo, > H Rank ZO/ ] (3.25)
1 k=1k#]

and the spectrum of the Neumann problem (3.11)-(3.14) coincides with the zeros of the polynomial
2 : o My 2 .
PNg(A7) = Z% Ron;—1,(00, A7) — ;A Rop,,j(00, A7) 11_]!# Ry, x (00, A?) (3.26)
= ]

The degree of the polynomials ¢p 4(z) and ¢n ,(z) are both n where 7 is the total number of

masses on the star graph.

Lemma 3.2.1. There is the following continued fraction expansions ([77])

R2n,j(ZOIZ) R 1
Rop—1,i(lo,z) ™ — My jZ +

. (3.27)

i1+ 1
nj 1j 7mnj7]/jz+’+ 1

1
Iy ip— 1
L T I
mlJZJrlO,j

They then prove the following theorem
Theorem 5. The sequences {Ax}" , ;o and {Zk}", ., interlace as follows:

¢ n<A <l < SC0a<Aa<O0<AM <O <A< <SG

o (1 = Arifand only if Ay = C

o the multiplicity of (i does not exceed q.

After they show the properties of the spectra, they are able to solve the inverse problem
Theorem 6. Let [; > 0(j = 1,2,...,q) be given. Let the sequences of real numbers {Ax}i_ .,

{VIEJ') }:j—n,,kﬂ <]' =1,2,...,qn= 2]7:1 n]-> satisfy the conditions
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1. Ay = —Ag for each k; A < Ap if k < k’,v(_j,z = —vlgj) for each k and each j; and for each j =

1,2,...,n]-,1/,£j) < vg) ifk <K

n MH1" _ C_ MH\" (s)\™ _
2. {Ak}k:—n,k;éo N {vk }k—n]-,k#O =Qforj=1,2,...,q9,and {vk }k—n]-,k7é0 N {vk }k:fns,k#) =

@forj,se€{1,2,...,q}andj #s

nj

3. Elements of the set {(y }i__, = def{0} U?Zl {v,ﬁj)} are indexed in such a way that {_; =

k=—n;k#0
—{x for each k; {i < Cp if k < K interlace with elements of {A\x}__,, k #0(3.1) {_y < A <

—n’

n1 < <A <0< M <O <<y

Then there exist a unique collection of sets {m(j)}:;l , (G=12,...,9), {l,gj)}:;o (j=012...,9)

such that ZZ;O l,Ej) = l;, which generate problems (2.2) — (2.5) and (2.8) — (2.10) with the spectra
{Aihe=n k0 {VIEJ)}

:;nj’k#o , respectively. [22], [71]

Moller and Pivovarchik give necessary and sufficient conditions on a sequence of complex
number to be the spectrum of a problem consisting of multiple Stieltjes strings damped in the
middle at the joining point ([66]). They followed the procedure of clamping the middle and con-

sidering the spectrum of the N strings individually. Then they consider the spectrum with the

middle not damped and finally discuss the changes to the spectrum if there is damping present.

3.3 Nevaninlinna Approach to Inverse Spectral Problem for Multi-String

Systems

Now we know that the Nevanlinna function 6(A) yields the entire spectrum of the problem not
counting multiplicity. Let’s consider Dirichlet conditions on each edge with a middle bead so we

can say that

1/[1,]':9,11.1/[0 j:1,2,...,N
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Then the spectrum solves
N

Aug = —Nugy + Z 9,1].1/[0
=1

—0= (A+N)—i9nj =0(A)
j=1

The structure of this ®(A) allows us to solve the inverse problem.

Theorem 7. Assuming m = 1 = T = 1, given the spectrum {A1, Ay, ..., A} for N connected Stieltjes

strings with a middle mass, we can determine the number of masses on each strand.
Note that the model cannot distinguish between the swapping strings.

Proof. Let’s take a step back and recall that the eigenvalue problem for the middle mass is

N
A+N—=)6,(A)=0 (3.28)
j=1

Since each 6y, (A) is anti-Nevanlinna function, (3.28) is a Nevanlinna function. Let us represent it

as

Q) = f) =A+N— %Gn.()\) =0 (3.29)
g(A) j=1 :

~

Because of the nature of the 6’s, the degree of f(A) will be one larger than the degree of g(A). We
also know that the eigenvalues are the zeros and poles of (3.29) and that they interlace such that if
you put them in increasing order they follow the pattern zero, pole, zero, pole, ..., zero.

Now assume we are given {M, Ay, ..., A} and N. Write the A’sin increasing order and renum-

ber so that

)\1/2 < /\2,]!7 < /\3,2 < )\4/;9 < < Ak,z

The subscript z means that eigenvalue is a zero of the desired rational function while the subscript

p means that eigenvalue is a pole. Let p(x) = (x — A1) (x — Azz) -+ (x — Ax;) and g(x) = (x —
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/\Z,p)(x - /\4,p) e (x— Akq,p)- We know that

PO _ oy o) (3.30)
q(x) q(x)
Now we just need to break F; 1((;)) into N 0 functions. The denominators of the 6’s are distinct so

we can factor g(x) such that it’s factors are denominators of 6’s. Using a modified partial fraction
decomposition in that we only want denominators of the form of §’s denominators, decompose

% into the sum of 8’s. Therefore

Z((g =X+ N =014 (x) =020, (x) =+ = Onay (%) (3.31)

where 6; ;. (x) means its the ith 6 function with a; beads on that string. Thus, we have N g;’s and
since each g; is the number of beads on that strand, we have the number of beads on each strand.

Remember that the numbering of the strands is arbitrary. O
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Chapter 4

Application of Operator Couplings in

Spectral Analysis

4.1 Introduction

A Hilbert space H is an inner product space that is a complete metric space with respect to the
metric generated by the inner product. Let us first consider L2(a, b) where (a, b) is any measurable
set on the real axis. L?(a,b) is the set of all complex valued Lebesgue measurable functions f

defined on (a, b) such that | f|? is Lebesgue integrable on (a,b). [1]
Example 4.1.1. L?(a,b) is a Hilbert space with the inner product defined as (f, g) = fub f(t)g(t)dt.

Definition 4.1.1. Let D denote a subset of the space H. A function T which relates to each element f € D
a particular element Tf = g € H is called an operator in H with domain D. The set H' consisting of all

g = Tf, where f runs through D is called the range of T. [1]

Let us now look at the model in terms of operator theory. There are some properties of opera-

tors that we need to consider.

Definition 4.1.2. An operator T is linear if its domain of definition D is a linear manifold and if

T(af +pg) =aTf+pTg

forany f,g € D and any complex numbers «, p.
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Note that this definition does not require the operator to be bounded. Therefore, we say

Definition 4.1.3. A linear operator T is bounded if

sup  [[Tf][ <eo
feDr||flla<1

We use this definition to define the norm of a bounded linear operator to be

Tl = sup |ITf]ls = sup 1L
1fll=1 rep |Ifl

where x € Dr.

Thus we can make the following connections. [1]
¢ A bounded linear operator is continuous.
e If a linear operator is continuous at one point, then it is bounded.

e If S and T are linear operators, then aS + BT, where a, € C, is a linear operator with
the domain of definition Ds N Dr. Each product ST and TS is also a linear operator. If S
and T are bounded linear operators defined everywhere inH, then the operators ST and TS
are also bounded linear operators defined everywhere inH, and ||ST|| < ||S]|| - ||T|| and

TSI < ([T - [IS]]-

Definition 4.1.4. We say that an operator T, is continuous at a point fo, f € Dr if

IimTf=T
fﬂbf fo

. Equivalently, for each € > 0, there exists 6 = 6(e) > 0 such that if f satisfies the inequality

If = fol| <6

then

ITf = Thll <e
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Note that if a linear operator is continuous at one point, then it is bounded. By continuous at

one point, xg, we mean that if x1, x2,... — xo.

Definition 4.1.5. An operator T, not necessarily linear, is closed if the relations for f, € Dt
1. limy oo fn = f, and
2. im0 T =g

imply that f € Drand Tf = g.

Thus if an operator is continuous, then it is closed. An operator is linear and continuous if and
only if it is bounded and linear. Also, if an operator that is linear and continuous at one point, then
it is continous at any point. Since differential operators are unbounded, they are not continous but

are closed. If T is a bounded linear operator defined on H, the expression

(f, Tg)

defines a bilinear functional on H with the norm ||T||. There exists a unique bounded linear

operator T* defined on H with norm ||T*|| = ||T|| such that

(f,Tg) = (T*f,8)

for f,g € H. The operator T* is then called the adjoint of T. If T is bounded and T* = T, then T is
said to be self-adjoint. Similar to matrices, it is said to be normal if the operator commutes with

its adjoint, i.e. TT* = T*T.

Theorem 8. If T is a bounded self-adjoint operator, then

sup  [(Tf,8)| = sup |(Tf,f)|
Ill=llgll=1 Ifl1=1

In other words,

[|A]] = max{]v], |A[}
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where

' H?ﬁi(Tf’f)' = H}ﬂil(T'f)

Theorem 9. Let T and T* be linear operators defined on H and assume that

(Tf,8) = (f,T"g)

for f,g € H. Then T is bounded and T* is the adjoint of T.
Now let’s define the more general definition of the adjoint operator.

Definition 4.1.6. Now if T is an unbounded linear operator, we can say that

(Tf.8) = (f,8") (4.1)

for f € Dr. If Dt is dense in H, then the operator T has an adjoint operator T*. The domain, D« is
defined: ¢ € Dr- if and only if there exists a vector ¢* such that (4.1) is satisfied for f € Dr+. That is,

Now there are several properties that follow direction from the definition.
e The operator T* is linear.
e IfSCT,thenS* D T*.
e The operator T* is closed whether or not T is closed.
e If the operator T has a closure T, then (T)* = T*.
o If the operator T** exists, then T C T**.
Definition 4.1.7. A linear operator T is said to be symmetric/Hermitian if

e its domain Dr is dense in H, and

o for f,¢ € Dr, (Tf,g) = (f,Tg)
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If T is a symmetric operator, then T C T*. Therefore a symmetric operator always has a

closure. An operator T for which T = T* is said to be self-adjoint.
Theorem 10. A symmetric operator T such that its range is all of H is called self-adjoint.

Proof. 1t is sufficient to verify that every element ¢ € Dr+ also belongs to Dr. Let ¢ € D7+ and
T*g = g*. Since range is H, there exists an element & € Dr such that Th = g*. Consequently, for

each f € Dt
(Tf,8) = (f.8") = (f,Th) = (Af,h)

Since range of T is H, we have ¢ = h. Therefore g € Dr. O

Example 4.1.2. Lly] = —y” withy(0) = y(1) = y'(1) = y'(0) = 0 is not self adjoint since dom(L) #
dom(L*)

Example 4.1.3. L[y| = —y" with y(0) = y(1) = 0 is self adjoint since dom(L) = dom(L*)

Definition 4.1.8. A complex number A is called an eigenvalue of the linear operator T if there exists an

f € Dr, f # 0 such that
Tf = Af.

[1]

Theorem 11. The eigenvalues of a symmetric operator are real.

Proof. If Tf = Af for f # 0, then

ME ) = AL ) = (T f) = (£.Tf) = (f, Af) = Af. f)

So A = A which is only true if A € R. O

4.1.1 Boundary Spaces

Since we are interested in connecting strings, we need to consider coupling the corresponding

differential operators.
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Definition 4.1.9. A linear space L with the inner product defined as [¢1, 2] is called a boundary space

of the operator A if there exists a linear operator I' : dom(A) — L such that for any function f € dom(A)

T, Tf] = 3 (Af, A~ [f, Af)

It is important to note that the domain includes the boundary conditions. If you can construct
I', then you have L. Let’s look at some examples to get some intuition for constructing boundary

spaces.

Example 4.1.4. Working in the Hilbert space, H = L2(a,b) with the operator A given by the differen-
tial operator Ay = i% with the boundary condition y(a) = 0. The domain of A consists of absolutely

continuous functions, f(x), on [a,b] such that f' € L?(a,b) and f(a) = 0.

Then for any function from the domain of A,

Harf) - A = 1|[ irFas— [ sifas]

1

= i [ i [ 57

i

Therefore we can see that the boundary space of the operator A is 1-dimensional with the inner
product [x1, x2] = x1%3.
The boundary operator I' acts as Iy = af(b) where a is any complex number such that

la] = 1.

Example 4.1.5. Working in the Hilbert space, H = L?(a,b) with the adjoint operator A* given by the
differential operator —A*g = —i Z—i with the boundary condition g(b) = 0. The domain of A* consists of
absolutely continuous functions, f(x), on [a, b] such that f' € L?(a,b) and f(b) = 0.

Then for any function from the domain of A*, following almost identical computations as
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Example 4.1.4

H—argg) - (3,-4%) = 1[/ﬂb—ig’gds—/abg(—ig/)d@

Thus we have the same one dimensional boundary space as for A with the inner product
[x1, X2] = x1X2.

The boundary operator I acts as I'_4-¢ = Bg(a) where B is any complex number such that

Bl=1

Notice that Example 4.1.4 and Example 4.1.5 are related in that one is the adjoint of the other.
They have the same boundary space and very similar boundary operators which aligns with our

intuition.

Example 4.1.6. Working in the Hilbert space, H = L%u,b) with the operator A given by the differential
operator Af = — f" with the boundary condition f(a) = f'(a) = 0.

Then for any function from the domain of A,

[ -rgas— [ 17w

e [P 7 [ ]
SPL - FFL

FOF®) — f(a)f (@) = £/(6)f () + £ (a)f (@)

ALA ~ (AR =

FOF®) - £ (0)f0)]

x
The boundary space for this operator is two dimensional. Let X = " | and V= y
X2 Y2
0 i
with | = such that it has the inner product (%, j] = (JX, i) = y*JX.
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f(b)

The boundary operator I' actas 'y f = M . Now since we are two dimensional, we
f'(v)
don’t need the magnitude of M to be 1. Instead, we need (JX, )
9] = U%,9)
%, Ty] = (JMX, My)

= (M*JMX, )

This tells us that instead of magnitude being 1, we need M*JM = J.

Example 4.1.7. Working in the Hilbert space, H = L?(a, b) with the operator A* given by the differential

operator —A*g = g" with the boundary condition g(b) = ¢'(b) = 0.

Then for any function from the domain of A*,

b b
[ / §"'gds — / gg”dX]
a a

b b
[g’gli’— /ﬂ §'gdx —gg'|b + /a g/g’dX}

H(-ag,8) — (g, —A"g)] =

N.\ —_ N.\ —_

= ig'(a)g(a) —ig(a)g'(a)

x
The boundary space for this operator is two dimensional. Let ¥ = ' | and V= y
X2 Y2
0 1
with | = such that it has the inner product [¥, ] = (JX, ) = §*JX. Notice that this is
-1 0
the same | as in Example 4.1.6.
- | 8@) . N
The boundary operator I'actas 'y-g = M . Now since we are two dimensional, we

g'(a)
need M*JM = |.
So what does this M and M look like? From Example 4.1.6 we have M*JM = | and from

Example 4.1.7 we have M*JM = ]. They will be part of the same class of matrices, so let’s just
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a b
consider M = . We want to know what the conditions are for M such that M*JM = |.

Al Q
Ul
| o
o -~
(@) _

Q =
=
(a») -~

For the above to be true, one of the following situations must be satisfied
o ifab,c,d € R, thenad —bc =1
o ifabcdecCthen? =50 =474 pc=1andad—bc=1

These conditions represent the entire class of boundary operators that satisfy the operator A and

A*. Therefore, Example 4.1.6 and 4.1.7 can have any matrix M that satisfies the above conditions.

Example 4.1.8. Working in the Hilbert space, H = L? (0, %) with the operator Ay given by the differential

operator A1 f1 = — f{’ with the boundary condition f1(0) = 0.
Then for any function from the domain of A,

1/

Hasf) - = 1| [ s [ 7 ey

- (D (D7)

x
The boundary space for this operator is two dimensional. Let X = " | and V= v
X2 Y2
0 i
with | = such that it has the inner product [¥, ] = (JX,1) = j*JX. Again, this is the

-1 0
same reoccurring J.

)
)

fi(
fi(

The boundary operator I'acts as I' s, f1 = M . Now since we are two dimensional,

ST ST

we need MM = .

Example 4.1.9. Working in the Hilbert space, H = LZ(,T ) with the operator Ay given by the differential
bl

operator Ap fr = f3 with the boundary condition f,(7t) = 0.
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Then for any function from the domain of A,

%[(Azf,f)—(f,Azf)] = % [ ntzf”fds/;:szﬁdX]

=i ()G - () r(3)

x
The boundary space for this operator is two dimensional. Let ¥ = " | and V= y
X2 Y2
0 i
with | = such that it has the inner product [¥, j] = (JX, ) = y*JX.

f2 (%)
£ (%)

The boundary operator I act as I'4, f» = M> . Now since we are two dimensional,

Ny NN

we need MM, = .
The boundary spaces are the same for A; and A, (two dimensional with indefinite metric)
n X1 _ n : 0 i , . S
X = and i = with | = such that it has the inner product [X, 1] =
X2 Y2 —i 0
(JX,i7) = y*JX. Therefore we have a class of boundary operators such that we need we need

MjJM; = ] and M3]M; = ]. Since | is the same as previous examples, it has the same conditions.

In this chapter, we will represent multi-string vibrating systems using a coupling of non-
densely defined symmetric operators acting in the infinite dimensional Hilbert space. This cou-
pling is defined by a special set of boundary operators acting in finite dimensional Krein space (the
space with indefinite inner product). The coupling of operators are coupling of two continuous

operators, two discrete operators, and a continuous and discrete operator.

4.2 Operator Couplings

Definition 4.2.1. The linear operator A acting in the orthogonal sum of Hilbert spaces H = Hy ® Hp
is called a simple coupling of the linear operators A; and Ay, acting in Hy and H, respectively, if
P (dom(A)) = dom(Ax), k =1,2,...and PyAfr—12 = AxDPyrf, where Py is the projecting operator from
H to Hy.

Let A1, A> be symmetric operators in Hy and H,. Let A}, —Aj have the same boundary space
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then the simple coupling of A} and A; defined by the condition I'4: fi = I'_a; f> will be a self-
adjoint operator in H = H; @ H; according to Strauss.

We will now build these coupling operators and the corresponding boundary space. We will
do this by being given A; and A, then determining the boundary space and then build a simple

coupling that is self-adjoint.

Example 4.2.1. Coupling of Example 4.1.8 & 4.1.9 Let A1 f1 = —f{ with dom(A;) is f1(0) = 0 and
f(5) = fi(5) = 0. Let Ayf, = —fy with dom(Az) is fo(m) = 0and fr(5) = f'(5) = 0. Both A,

and Ay are symmetric but not self-adjoint.

We need to first determine A}, —A; and their corresponding domains.

5 _x F o
(Aifr,81) = /0 —f{’g1dx:—f1’g1!02+/o figi'dx
(hoaig) = [ —hgi//ax= Azl + [ Agids

(A1f1,81) = (f1, Aig1) = £1(0)g1(0) =0

Therefore, A} fi = —f{’ where dom(A7) is g1(0) = 0.

T 7T
(Azf2,82) = [T —f%edx = —f3al% +[1 f282dx
2 2
(fosh) = [ —pgidx=—p@ |7+ [ figds
2 2
(A2f2,82) = (f2, A3g2) = —fo(m)ga(m) =0
Therefore A}g, = —g7 or —A3¢> = g5 with dom(A})is g2(rr) = 0.

Now we need to determine I'4: and I'_ 4; using the definition of Boundary Space of a Differential

Operator. We use the equation,

Taf.Taf] = 5 (1Af,f] - I Af)

for both A} and —AjJ.
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[ =

[Ta:f,Ta:f] = : [((ATf, f) = (f, ATf)]
- % - /ng”fdx—k/;ffﬂdx]
= LR [P a7 - [
- GGG

(e

TafTofl = TI-ASFP) — (F,—43f)
[ f 7
1= [ ras =i+ [ 7]

)7 R)-r(R)7G)

So now we need to determine I'4: and I'_ o; which is our choice. Since we are in a continuous

N e N )

space, weneed ['a: f1 =T 45 fo.

T
Let’s define T'a: f = J{/((i)) with the indefinite inner product (x, y), = (x, Myy) with M; =

2
0 Let’s define T’ = f(3) ith the indefinite i duct (x,y), =
' . Let’s define _A;f = o wi e indefinite inner product space (x,y)r, =

—i 0 f(3)
0 i

(x, Mpy) with Mp = . Both M; and M are self-adjoint. Therefore, we have a simple

—i 0
coupling of the operators A} and A} in H = H; @ H,. Fork = 1,2, clearly Pi(dom(A)) = dom(Ay),
PLAf = AiPif,and BAf = A5Pf.
All that is left is to show that A, which is a simple coupling of A} and Aj defined by the condition
Ta:fi = T'_ a3 fo, is self-adjoint. Note that Ais Af = —f" with f(0) = 0 and f(71) = 0 as well as
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Tasfi =T asfo.

(Af,8) =

(Af,8)

(f, A%g)

—

/7_ _f/lgdx—i—/nn _f//gdx
0 T4

T_ - T
~f3l8 ~fElf+ [ FFax

~f(5-)s (")+f 0)3(0) — f (1) 3 ()

o (5)s(54) [ 7%
£1(0)g(0) = f' () +/ rgdx
/0 T ehan /2 | fgax
g5 - iR+ [ s
-f (5—)@%(@ )~ f (0§ ()
+ (z+)8 (3+)+ ) 7%

I*/d
/O f'8gdx

f1(0)8(0) = f' () g (1) =0

Therefore, dom(A*) is g(0) = 0 and g(7t) = 0. This yields dom(A) = dom(A*) and therefore A

is self-adjoint.

Example 4.2.2. Operator Ty is acting in C"*2 such that (Tyu); =
0,1,2,..., m with the boundary condition u_; = 0. Note that for cmt?, (uo, u1, ...

Let operator Ty act in C"*2 such that (Tou); = ajz._luj,l + bjzu]- + ajzu]-ﬂ, i=01,...,

boundary condition u, 1 = 0. Note that for C"*2, (u_1,up, ..., uy).

Then for any vector from the domain of T;

1

{FTlul,FTlul] = {(Tlu ul) — (ul, Tlul)]

i

1 1 —1 11
= 14y (uerlum - umuerl)

1, T, 0o 1,
a;_qij-1 + bj wj+ajujg j =

s Um, um—i—l)'

n with the

The boundary space for this operator is two dimensional and thus has the following inner

98



product in the two dimensional boundary space [%, if] = (JX,}) = j*JX where | =

u
Then the boundary operator I acts as ['r,u! = M " with the condition that M*JM = |.

m+1
Then for any vector from the domain of —T,

[F,TZuZ,F,TZuZ] = % [(—Tzuz, u?) — (u?, —Tzuz)]

= ia® (u§u*, — u? ug)

The boundary space for this operator is two dimensional and thus has the following inner
L L 0 id%
product in the two dimensional boundary space [¥, if] = (JX,1) = jj*JX where | =
—ia®, 0
u?
Then the boundary operator I acts as I_r,u? = M - with the condition that M*JM = J.
2
Uy
Clearly, M = I satisfies this, but let’s look at one more similar to the continuous case.

1 0
IfM = ,
-1 1
1 -1 0 ial, 1 0
MM =
0 1 —ial, 0 -1 1
ial, ia), 1 0
—ial, 0 -1 1
0 ial
—ial, 0
=]
iy
So this M satisfies the necessary condition and therefore we can define I'r,u! =
1 1
um+1 — Uy

This choice of M for the last row looks like the finite difference for the derivative and therefore

more closely resembles our continuous case.
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So then we have a simple coupling of T; and T in C"*2 @ C"*2 defined by the condition
Trul = %I’Tzuz . For k = 1,2, clearly Py(dom(T)) = dom(Ty), P,Tu = T1Pyu, and P,Tu = T, Pou.
All that is left is to show that T, which is a simple coupling of T; and T, defined by the condition

2
Trul = aa;lll"Tzu2 is self-adjoint. Note that (Tu); = a;_qu;_1 + bju; + aju;y; with u_; = 0 and

Upr1 =0
<Tu,v> = (Tyu,v)+ (Tou,v)
biuo + ajuq Vo
ajuo + bluy + aluy v
= atuy + biup + adus | oo
1 1 1
| A U1+ byt + Aty || Om |
a® u_q + b3ug + ajuy Vo
2 2 2
aguo + bjuq + aju U1
+ atuy + bupy +asuz |, | v2
2 2
| A, qup1t+bpu, | | vn |

1, — 1 — 1 — 31 — 1 — | 1 — 31 — | 1

= bouovy + agu19g + agiovr + byui01 + ajuavi + ayu0y + byusvy + axuzvy + - - -
+ql I S e I R R e s B RIS
Ay _1Um—10m + 0 Uiy Oy + A U110y + A~ U _100 + 03U + agl10g + agliovr +

b3u101 + atugr + a3u10y + bjuss + a5uz0y + -+ - + an_quy-_10, + biunTy
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<u,To> = (u,Thv)+ (u,Tro)

i bivo + ajv
Uy a(l)vo + b%vl + a%vz
= Uy |- a%vl + b;_vz + a%vg,
1 1 1
| um || 8 1Om—1 + by Om + Ay O |
1o a*,v_1 + b3vg + ajv;
U1 a%vo + b%vl + a%vz
+ up || advy + b3o, + advs
2 2
| Um | | @,_10n—1+ byon

1, = 1 ==, 1 =— 31 — | 1 — 1 — 31 — 1 -
= byuog + agu10g + agivy + byu101 + aguv1 + ajui0; 4 byurvy + a;uzvy + - - -
R -_ —_ N _ N 2 N
+a,1,1_1um,1vm + b,lﬂumvm + a}numﬂvm + az_lu,lvo + b%uovo + a%ulvo + aguoor +

biu101 + ajua0y + ajur0y + b3usUs + a3us0y + - - + a5_qty—10, + batyTy

Clearly < Tu,v >=< u, Tv > so T is self-adjoint.

Example 4.2.3. Operators: T} with same finite difference system as Ty and BC u' | = u} and u}, = 0. T,
with same finite difference system as Ty and BC u! | = 0 and ul, = 0

Operators: Ty with same finite difference system as T, and BC u? | = uf and u3. T, with same finite

difference system as Tp and BC u> | = 0 and u% = 0.

Example 4.2.4 (Three continuous strings). Show that —y! = Ay, fori = 1,2,3 on x € [0,1] is a self
adjoint operator. The boundary conditions are y1(0) = y2(0) = y3(0) = 0and y1(I) = y2(I) = y3(1) =
g(1) and yy (1) + y5 (1) + y3(1) = 0.
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(Lf.§) = (Lfi,&1)+ (Lf2,&2) + (Lf3,83)

= /01 —f{'gldx+/ol —fz"gzdx+/ol —f3'gadx

= i+ [ Agidr—figalh+ [ fistax— figsly+ [ fighex

= —f{g1\6+f1gi!6+/Olfl(—gi’)dx—fz’gz\lo+fzg£\6+/olfz(—g§’)dx
—f383l0 + f2g310 +/Olf3(—g'3’)dx

= f)(g1(D) +ga(1) +5(1) = &A1) + f2(1) + f3(1) + (f1,L*g1)
+(f2,L82) + (f3,L7g3)

= (fL'®

where the last line is only true if g1(0) = $2(0) = g3(0) = 0, g1(I) = g2(1) = g3(I) = &(I),

and g1(1) + g2(1) + g3(I) = 0. Since the domain of definitions are equivalent, the operator is self

adjoint.

Example 4.2.5 (Continuous and discrete). Selfadjoint extension to L(0,1) & C of differential operator

given by

A1 symmetric but not self-adjoint.

One to one mapping with 8(A) = =5, ad — be = 1.

102



Hi = LZ(O, I) H; = C, complex numbers

H=H & H

elementof H  f=<f,c1 >, §=<g, >
<

) I
8 >H:/0f§dx+c1cz

Introduce an operator A in H.

D(A) = {<f,c1 >€ H: f € Dom(A})}
G = alf(O) —|—b2f/(0)
A<fe> = <—f"+g(x)f,c0>

¢ = cf(0)+df(0)

where A = A* is self adjoint. Find the condition on 4, b, ¢, d for it to be self-adjoint.

We first need to determine the domain of A] such that A; is symmetric but not self adjoint.

103



<Lfg> = /01(—f”+q(X)f)gdx
- —/Olf/’gdx+/01 x)fgdx
=~ |rel - [ g+ [ aeosgix

= —f/(0g) + f1(0)F(0) + [fg b= [ s + [ g0 s
= g + FO)0) + FOF W)~ fOF O+ < fLg >
= R + SR ) < filg >

= S0) [0 (1)) + < fiLg>

Therefore, for A; to be symmetric, Dom(A}) = {¢'(1) = hg(1)}.
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Let c1 = af(0) + bf'(0), c2 = cf(0) +df'(0), cs = ag(0) + bg'(0), cs = cg(0) + dg'(0).

< Af, 8>

(< —f"+h(0)f.c2 >, < .65 >)

[ r 4 n) g + ez

[ s+ [ nn) g+ e
—[fg!o—/ fng] /Olh(x)fgdx-i-c203

~f(1)g )+ / Fgdx + / ) fgdx + 263

—FWF) + £ (0)3(0) + @MJQW]fmmmw@
~FFW) + FO0F(0) + FOF M) - FOF©O) ~ [ fg"dx+ [ h(x)fge
+ (c£(0) +4f'(0)) (ag(0) +bg'(0))

1R + FO0) + fF W) - fOF O ~ [ fg"dx+ [ hx)fzdx
+acf (0)3(0) + bef (0)F'(0) + adf (0)3(0) + b f (0)F'(0)

~1(VE(1) + £ (0)F(0) + F(1)3 0) -~ [ fgdx+ [ hix)fg

+acf(0)g(0) + bef (0)g'(0) +adf'(0)g(0) + bdf (0)g'(0)
~FFW) + F0)F(0) + FOF) - FOF ) [ fg"dx

+/ x)fgdx + acf (0)g(0) + bef(0)g'(0) + adf'(0)g(0) + bdf'(0)g'(0)
F)[E'(1) — hg(1)] + (1 —ad) £/ (0)g(0) + (be — 1) F(0)g'(0) + acf (0)g(0)
+bdf! (0 / Fgldx + / x)fgdx

(1~ ad)f'(0)5(0) + (be — 1)F(0)g'(0) + acf (0)g(0)

+bdf!(0 / £ dx + / x)fgdx

:‘ff—y+M)@M+qq
_ /fg“dx+/ x)fgdx + (af(0) + bf'(0)) (cg(0) + dg'(0))

- / £'dx + / )Fgdx + acf(0)2(0) + adf(0)3'(0) + bef' (0)2(0)
+bdf'(0)g'(0)
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Since we want A = A* to be self adjoint, we need to equate both of the end lines.

1—ad=bc

bc —1=ad

4.3 Spectral Properties of Operator Couplings

Let {A}} be eigenvalues of T}, let {A%} be eigenvalues of T}. If {u} € {AL} N {A2}, then
{1x} € {Ansm} where {A,+1} are eigenvalues of the problem with eigenvalue dependent bound-

ary condition defined by T; (if boundary condition is on the right or by T} if it is on the left)

Example 4.3.1. Consider a* | = al,. If a simple coupling of Ty and T, is the operator T (ul, = u*,,
up,.q = u) acting in C"*+m+2

T is given by

(Tu); = ’1]1—1”]'71 + b}”j + a]luj+1 (j=0,1,2,...,m)
(Tu); = a? qujq + 07 +d?upy (j=m+1,...,m+n)

u1=0, Upint1 =0

We can consider T; as a boundary condition

u1m+ (A)
o = ”;1n+1()‘) 1_ g, (1)

The total number of eigenvalues of T is equal to m plus the number of poles of ().

Example 4.3.2. T

ug +2u1 + up = Aug
Uy + up +uz = Aup
Uy + 22Uz + Uy = Aug

up=0 uys=0
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Eigenvalues of T are zeros of the polynomial P(A) = A(A —3)(A —2).

Ti ug + 2uq1 + up = Auy

BC uip = Uy, Llo:O

with P;(A) = A — 3 and eigenvalues {A}} = {3}.

T{l Ug + 2u1 + up = Aug

BC u0:0, 1/[2:0

with Q1(A) = A — 2 and eigenvalue 2.

T, u+up+u3 = Auy
Uy 4+ 2uz + ug = Aug

BC ur = uy, M4:0

with P(A) = (A —3)(A — 1) and eigenvalues {A2,} = {1,3}.

Tg Uy + up + uz = Aup
Uy + 2uz + Uy = Aus

BC M1:0 M4:0

with Q2(A) = A2 —3A + 1.
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The eigenvalue boundary condition dependent problem

Uy +up +uz = Aup

Uy +2us + ug = Aug

Uy — g

:)\—3, Ll4=0
U

0(/\) =A-3
{/\m—i-n} = {0, 2/3}

{3} = {3} n{1,3}

Also,

A2—4A+3  Py(A)
A2-3A+1 QM)

m(A) =

where P;(A) is the characteristic polynomial of T, and Q2 () is the characteristic polynomial of T, .

The eigenvalues of the boundary condition dependent problem are zeros of $(A) = 6(A) + m(A).

Example 4.3.3. T
apug + by + ajux = Aug
a1 + bouy + aruz = Aup

arup + bsuz + azuy = Aug

azuz + battg + agus = Ay
aguy + bsus + asug = Aus

u0:0 u6:0:
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We calculate the characteristic polynomial by

by — b
a
_ _ _ _ _ 2
w = & by) (A b, o, <(A by)(A —b1) 01>u1
azay as araq
uy = ()\ — b3)(}\ — bz)(/\ — bl)m B Lll(/\ - b3)u1 . az(}\ — bl)ul
asapaq aszas asaq

(A —=bag)(A—=b3)(A —bp) (A — bl)u1 ~a (A —by) (A - b3)u

Us =

1

a4a3asa1 a4a3az
_(Zz()\ — b)4)(/\ - bl)m B Ll3(/\ - bz)()\ — b1>u1 T aszaq uy
aqazay aqa2a1 asaz
u _ (/\—b5)()\—b4>~"(/\—b1)u _ﬂ1<}\—b5)(/\—b4)<)\—b3)u
¢ Asa4a3aza, ! Asa4a3a; !
_az()t — b5)(/\ — b4)()& — bl)u _ El3(/\ — b5)()\ — bz)(/\ - b1)u
asagasiy ! asaypdaaq !
+a3a1()\ — b5)u1 B a4(/\ — bg)()\ — bz)(/\ — bl)ul
asasas asa3axai
a4a1(/\ — b3)u 4 a4a2(A — bl) u
asasdy asaza

Since ug = 0,

(/\— b5)<}\ — b4) s (/\— b1>u1 B Ell(/\—b5)<)t— b4)(/\— bg)ul

o = asagazdnaiq asagazan
_le(/\ — b5)()& — b4)()\ — bl) Ui — 613()\ — b5)(/\ — bz)()& — bl) u
asadygasaq ! asdagdyaq !
+a3a1()t — b5) 1y — ﬂ4()\ — bg)()\ — bz)()\ — bl) n
asasan asaszaziy
agaq ()\ — bg) iy + a4a2(/\ — bl) g = 0
asasayn asasaq
o~ Amb)(A—by) - (A—b)  ai(A—bs)(A—ba)(A — by)
asa40a3a2a0q asagazan
_az(/\ — b5)()\ — b4)(/\ — bl) o (13()\ — 55)(/\ — bz)()\ — bl)
asagasaiq asaganaq
+LZ3(Z1<)L — b5) _ 614()L — b3>(}\ — bz)(/\ — bl)
asagan asaszasq
asgaiq ()\ — b3) n a4a2(/\ — bl)
asaza; A543y
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Finding P,

—b3)(A—by)(A— — —b
uy (\ bs)(cgazl;i)(?\ bl)ul o al(,ggzb3)ul o ﬂz(a/zu1 1)u1
us (A=by) (A—b1)—a?

araq
Finding P,
e — %4
2
Uy = — uz — % Uy
(bs —A) (bs = A)(bs — A)

az as
1+ 4 Uy = ——<U
(bs=M)s =1 la-2)

Uy _ —03(b4 — )\) (b5 — /\)

us (b4 — )\) [(b4 — )\) (b5 — /\) + aﬁ]
The eigenvalues are given by

(A—b3)(/\—b2)()\—b1) _ al(/\—b3) _ ﬂz()\—bl)

a3aay azay azay _a3(b4 - )‘) (b5 - /\)
(A=b2)(A=b1)—a? ~ (bs—A) [(bs—A)(bs — A) +a3]

(A—b3)(A —b2) (A —b1) —af(A —bs) —a3(A—b1) _ —a3(bs — A)(bs — A)
as [(/\—bz)()\—bl) —EI%] (b4—)&) [(b4—)\)(b5—/\) ~|—aﬂ

Lg where g = 0and u3 =0

Uz = b4_/\+ aﬁ u
3= as 613(b5—)&) 4

b4 —A aﬁ
as Ll3(b5 — )L)

=0

with Q2(A) = (by — A)(bs — A) + a7.(But if A = bs, then its undefined)

L;” where uyp = 0and ug = 0
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4.4 Operator couplings of Continuous and Discrete Operators

Given the operator A : L?(0,1) @ C? — C which acts according to

N ORI Y
C1 Co
where ¢c; = Ay f© + By 0
f(0) f1()
6= A, £(0) +B, f()
f'(0) f(1)

A1, A, B1, and B, are 2 x 2 matrices. Now if we want to find the adjoint of A, A*, let’s define

_ Al +
PO I 4 CORN I (e Sl
mq niyp
0 l
where m; = Dy 5(0) + H; s
g'(0) g'()
0 l
vy — D, g(0) T H, g(D)
g'(0) g'()
—1

Also for notation later, | =
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In order for these to be equal, the following must be true

J+ A3Dy — AiDy =0
—J+BjH; — B{H, =0
AjHy — ATH, =0

BiD; — BiDp, =0
113



Now if we want A to be self-adjoint,
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The conditions for A to be self-adjoint is as follows:

AfA] — ATAy = —]
BiB, — BiB, =]
A3By— A{By =0

BiA; — BiA; =0
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Chapter 5

Modeling Hypothalamus Pituitary
Adrenal Axis

Another biological area of interest is the system governing hormone production and action. Hor-
mones control a vast array of bodily functions that include sexual reproduction and development,
whole-body metabolism, blood glucose levels, and so on [84]. Hormones are produced and re-
leased in organs throughout the body such as the hypothalamus, pituitary, and adrenal gland.
Depending on the distance between the production site and the site of action, hormones are ca-
pable of a diffusion whole-body or localized effect. The endocrine system governing hormones
is an intercellular signaling system in which cells communicate via cellular secretions. The dis-
tance between the sites of hormone production and action and the complexities due to the mode
of transportation make it extraordinarily difficult to construct quantitative models of hormonal
control.

The hypothalamus pituitary adrenal axis is a central neuroendocrine system which consists of
hypothalamus, pituitary, and adrenal glands. The hypothalamus pituitary adrenal (HPA) axis is a
central neuroendocrine system, which consists of the hypothalamus, pituitary, and adrenal glands
(See Figure 5.2). The paraventricular nucleus of the hypothalamus secrets corticotropin releasing
hormone (CRH), which is transferred to the pituitary and stimulates the synthesis and release of
adrenocorticotropic hormone (ACTH). ACTH moves through the bloodstream and reaches the

adrenal gland in which it stimulates the secretion of cortisol. In response to stress, the concen-
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Figure 5.1: CORT’s natural circadian rhythm

trations of the HPA axis hormones are increased. A brief review of the HPA axis and the various
factors that regulate its functions are described in [65].

The most commonly known HPA axis hormone is cortisol (CORT). CORT is often known as
the stress hormone and is involved with or responsible for body temperature regulation, diges-
tion, the immune system, memory, mood, sexuality, etc. CORT levels in the body follow a natural
circadian rhythm as illustrated in Figure 5.1. Disruption of the HPA axis regulation results in the
disruption of circadian rhythms of CORT levels. It has been found that several medical disorders,
diseases, and syndromes are related to abnormal levels of CORT. For example, increased cortisol
has been shown in patients with major depressive disorder (see [52, 41]), and decreased cortisol
has been observed in people with post-traumatic stress disorder (see [76]). It has been shown that
those with Cushing’s syndrome have excessive levels of CORT while those with Addison’s disease
and Nelson’s syndrome have insufficient levels. Stress-related disorders such as major depressive
disorder and post-traumatic stress disorder show increased and decreased levels of CORT respec-
tively. Therefore, a deeper understanding of the dynamics of the HPA axis are important to the
medical field.

There have been multiple models of the HPA axis derived in an attempt to characterize the
oscillations seen in the hormone concentrations and to examine HPA axis dysfunction. Most of

these models have been constructed using deterministic coupled ordinary differential equations
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(see [42]). A major inconsistency among different existing HPA models that was mentioned in
[48] is related to their treatment of the circadian and ultradian oscillations (see Figure 5.1). For
example, the authors of [79] and [7] assumed that both oscillations can be generated inside the
HPA axis system by interaction of its elements; the authors of [53], [5], and [49] treat the circadian
and ultradian oscillations differently assuming that only ultradian oscillations are HPA axis based
but at the same time circadian rhythms are due to external input. Only one model made no ex-
plicit assumption about the origin of the oscillations and was developed to replicate the HPA axis
response to CRH injection (see [34]). It has also been suggested that the ultradian rhythm arises
from the introduction of a time delay (see [7]). Other models based on delay-differential equations
include [60] and [46].

To determine if delay-differential equations could predict the general features of CORT pro-
duction, the experimental data was compared to a simulated CORT curve in [46]. It was not
possible to obtain any experimental fitting of ACTH for the model since hypothalamic derived
CRH cannot be measured. Inclusion of the glucocorticoid receptor (GR), which is illustrated in
Fig 5.3, in a HPA axis model reveals ’bi-stability” (see [46]). To be more concrete, there arises a
nonlinear Gauss type function with compact support, which is characterized by the parameter pj.
This Hill function arises as a result of ‘inner” nonlinearity in the physiological system which is
produced by the stress impulse, which is activated by the outer impulse that is called by an acute
stress. This situation is provided formally by the two parameters p4 and CRH. The amplitude of
the Hill function determines GR density in the pituitary, which is coupled nonlinearly in reaction
with regulated levels of CORT which in turn mediate a wide range of physiological processes,
including metabolic, immunological and cognitive function (see [75, 65]).

The stress response is subserved by the stress system which is located both in the central ner-
vous system and the periphery. The principal effects to the stress system include the CRH. The
secretion of CRH causes the anterior pituitary to synthesize ACTH which then stimulates the
adrenal glands to release CORT that regulate the blood concentration of CRH and ACTH via dif-
ferent negative feedback mechanisms.A model has been developed that links the HPA axis and the
memory system in the stress reaction (see [78]). The HPA axis is the subject of intensive research in
endocrinology. A study has shown that CRH may have a positive very short loop feedback action

that enhances stress-induced ACTH released (see [67]). This model is based on the feed-forward
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and feedback interactions between the anterior pituitary and adrenal glands. Because responsive-
ness of the stress system to stressors is crucial for life, it is important to consider the simpler case
when distributions of hormones in the system become unstable by action on stress, and further to
consider influence on the delay time as response of the physiological system on action on stress.

Mathematically, it means that we can consider two mathematical models: the first one is de-
scribed by a system of ordinary differential equations with initial distributions of hormones at a
point t = 0, and the second one is based upon a system of differential equations with initial distri-
butions of hormones on the interval [—7,0), where 7 is a time delay. It turns out that bi-stability is
present in both models, i.e. limit distributions of hormones may be stable or unstable depending
on parameter values.

In this thesis, we study a system of delay differential equations (see [46, 75]):

=1 —paa=:fi, (5.1)
dr _ (0”)2 + _ . (5 2)
dt - p4+(0r)2 P5 p6r e f2/ .
b —a(t—1)—0=:fs, (5.3)
with initial conditions
a(t) =a.(t) vVt € [—1,0], r(0) =ry, 0(0) = 0y, (5.4)
where
0 < ac(t) € C[-7,0], o >0, 0p > 0. (5.5)

Based on the principles of mass action kinetics, these equations describe the production and degra-
dation of the hormones ACTH (a), and CORT (o), as well as GR density (r) in the pituitary. Here,
the parameters p,_¢ represent dimensionless forms of rate constants of the system, and the di-
mensionless parameter T represents a discrete delay, which accounts for the delayed response of

the adrenal gland to ACTH. The dimensionless time t = 0 corresponds to the maximal value of an
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ACTH pulse.

We also study this system of nonlinear ODES without delay

with initial conditions

where A := CRH > 0,and p; > 0.

da A

dt = Ttpgor p3a,

2
5 = o ¥ Ps "

a(0) = a9 >0, r(0) =79 >0, 0(0) = 0p > 0,

(5.6)

(5.8)

(5.9)

For the model of the Hypothalamous Pituitary Adrenal (HPA) axis, we first perform rigorous

stability analysis of all multi-parametric steady states and secondly, by construction of a Lyapunov

functional, we prove nonlinear asymptotic stability for some of multi-parametric steady states.

We then take into account the additional effects of the time delay parameter on the stability of the

HPA axis system. Finally we prove the existence of periodic solutions for the HPA axis system.

The main results of this research are published in [51].
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Chapter 6

Spectral Analysis of HPA Model without

Delay

6.1 Introduction

When presented with a system of differential equations, we first attempt to get an understand-
ing of the behavior of the solution before trying to determine the solution itself. We begin by
understanding all possible trajectories corresponding to different solutions depending on initial
conditions. For a system %55 = f(X,t), we first identify fixed points x%, which are the points
such that %5{’ = 0. We can determine the long term behavior of the solution in relationship to the
fixed point. We say that x% is attracting if there is a 6 > 0 such that lim; , X(f) = xX* whenever
| \x(O) — X%|| < 6 [81]. This allows trajectories to stray from x* for a short time, but must return to
C in the long run. If the trajectories remain in the neighborhood of x%, then we say that the fixed
point is Liapunov stable. More precisely, we say that x* is Liapunov stable if for each € > 0, there
isa ¢ > 0 such that Hx(t) — X%|| < € whenever t > 0 and ||x(0) — X%|| < 6 [81]. The fixed points

that are both attracting and Liapunov stable are asymptotically stable, while fixed points that are

neither Liapunov stable or attracting is said to be unstable [51]. Now if the system is linear, it can
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be represented as

X1 = a11X1 +a10X2 + - - 41 Xn
Xo = ap1X1+axpX2 + - a2uXy
Xy = ap1X1 + An2X2 + - AnnXn

or as %56 = AX, where the matrix A is the coefficient matrix. If the eigenvalues of A are all real
and nonnegative, then the system is asymptotically stable.

However, if the system is nonlinear and represented as

¥ o= fi(x1, X2 .., %) 6.1)
Yo = folx1,x2 ..., %) (6.2)

(6.3)
Yo = fulxi,xa,.. ., %) (6.4)

then we do not have a coefficient matrix to calculate eigenvalues for. Instead, we linearize the

system by calculating the Jacobian matrix by

[ oh A .. A ]
dxq dx dxy
of o .. 9P
o dx;  Jdxp dxy
]x“* —
O Ofn . Ofu
| dx1  dxp dIx, T

We then analyze stability by studying the system %Ec’ = JX for each fixed point x%. It is important to
note that different fixed points can have different stabilities. Now when the system has parameter
values instead of fixed values as coefficients, stability is often greatly affected by the different
values the parameter may take on.

Since the system (5.6-5.8) has three independent variables and several parameters, the char-

acteristic equation will have degree 3 and it may not be immediately clear how to solve for the
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eigenvalues. The following lemma will be helpful in determining the roots of the characteristic

equation.

Lemma 6.1.1 (Routh Hurwitz Criteria for a Nonlinear System). Suppose
¥ =f(x), f: R> = R3, x(ty) = xo. (6.5)
Suppose x; is a fixed point of (6.5) and the characteristic polynomial at the fixed point is
A+ oA+ A +a3=0, a; € RL

If oy > 0, a3 > 0and ayax > w3, then the fixed point is asymptotically stable. If iy < 0, a3 < 0 or

a0 < g, then the fixed point is unstable.

For this chapter where we consider the HPA model without delay, we first perform rigorous
stability analysis of all multi-parametric steady states and secondly, by construction of a Lyapunov

functional, we prove nonlinear asymptotic stability for some of multi-parametric steady states.

6.2 Spectral Analysis Without Delay

Now let us consider the model or system without a time delay (5.6-5.8). Following general spectral

analysis techniques for nonlinear ODEs, we obtain the following equations for the nullclines:

07‘2
—p3a =0, (or) +ps — per = 0. (6.6)

0=1a pat(or)?

_A
7 1+poor
The algebraic system (6.6) has a nonnegative solution in the following domain:

D::{(a'no)ERi:a:O’Ogagﬁlﬁérgp%l}.

From (6.6) we have

OZQZZF}N[\/l—i—‘L%Ar—l],
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2
/ 4PA _ pa(per—ps) _ P3| palper—ps) pa(psr—ps)
4p2 |: T+ > 1:| - 14+p65—p65r = A= 73 14+p65—p65r ( + p2 1+p65 p65r > (6-7)

Note that the equation (6.7) has a unique solution r* € (£, %51) in D. Really, the function fi (r) :=

Pe”  Pe
4p3 LIV/1+ 4p 2A — 1]2 is nonnegative and monotone increasing on [0, +0) such that f;(0) = 0,
2
fi1(400) = 400, but the function f»(r) := % is nonnegative and monotone increasing on

[ZZ, £ “;H] such that f)/(r) > 0, fz(ﬁ) =0, f2<p5+1> = +-o00. Therefore, there is only one intersection

of f1(r) and f(r) on the interval [p 5 B 5+1] On the other hand, let us denote by

142828y —1>0=r = 22(z+2).
Then (6.7) can be rewritten in the following form
242224+ C122+ Cz—C3 =0, (6.8)

where

4pa(papspaps—A(ps+1)) Q2 . 16Ap3paps
C:= D306 , Cy = 8]?2]74 >0, C3:= D3P > 0.

ps+1
Pe

So, we can find the explicit value of r* € (£ : ) as a solution of (6.8).

As a result, the system (5.6)—(5.8) has only one fixed point (a*,7*,0*) in D. Here,

* ok 4p2A _ 1 pa(per*—ps)
4 =0 ZW* [\/ 1+ 1] o\ +ps—pert’

and r* is the solution of (6.7) or (6.8).

Next, we find the Jacobian matrix J* for (5.6)-(5.8) at the fixed point (a*,r*, 0*).

—Pps3 —K; —K3
]* = 0 —pPe + Ky K4 ’
1 0 -1

125



where

A
Ky — Apa 24(y/ 14727 1) _ Apay/palper*—ps) (1+ps—per)
1 (14-paatr+)? (14 1_,'_%1_* 2 *(py 2 (per*—ps)++/1+ps—per*)?
( e ) P2/ palp

p2p3pa(psr” —ps) 1+ pa(per”—=ps) | <
PAY e R —
(r*)z(Pz\/m(PU*P5)+\/1+p5p6r*)2( P 1+ps—per =

2
= 2part(@)? 1 dpA 2
Ky = (p4ﬁ(u*r*)2)2 = 22par [ 1+ P23 r¥ — l:| (1 +p5 — p67’*) =

0,

2 (per* — ps) (14 ps — per*) = 0and 0 < Kz < 2ps(\/1+ ps — /P5)*,

K3 = LK) = paps v Palper —ps) and 0 < K3 < p3,
\/1+ps—per*+p2y/pa(psr—ps) = SP

r*

* % 3 «
Ky = Ky = 2514 ps — per™) 2/ (psr* — ps) > 0.

Next, we will analyze the stability of the fixed point. First, we look for eigenvalues for J*. So,

—p3—A —Ki —K3
J" = Al| = 0 —ps+Ka—A Ky |=0,
1 0 —1-A

whence we obtain the characteristic equation:

(A+1)(A+p3)(A+ ps — Kz2) + K3(A +ps) =0,

i.e.

A+ A2 g +a3 =0,

where

ay = p3+pe— Ko+ 1, a2 = p3 + ps — Ko + p3(ps — K2) + K3, a3 = p3(ps — K2) + peKs.
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Let us denote by

A = 18ajap03 — 4&?&3 + oc%oc% — 40(% — 270(%.

If A > 0, then (6.9) has three distinct real roots. If A = 0, then (6.9) has a multiple root and all of

its roots are real. If A < 0, then (6.9) has one real root and two complex roots.

To analyze stability, we will use Lemma 6.1.1. Let x; := % <x:i=r*<x:= p%l. Then in
our case,
>0 0<K<pstpit+le (x—x)(v—x)< %Z:H ,
is true provided
(\/ﬁ;‘/@ < p";’fﬂ = ps > 0if ps < p3+1,
ps > %ﬂpé p3+1,
and
6> 06 0< K < poll+5) & (r-m)(n ) < 4 |14 V0] ]
Which is true for

(Vpstl=yp5)* 1 1
T STk
As a1 > 0 and a3 > 0 then

0 >0=0< Ky < po+ 2, (6.10)

iy > ay < K3 — Ka(pa +1+42ps + 5.57) + (p3 + pe) (ps + 1) + Kz > 0. (6.11)

From (6.10) and (6.11) it follows that

pap3y/ pa(x—x1)
3+1x/x2 x+p2\/p4x x1)

0 <Kz < ps +K33-:_q3(:>(x—x1)(XQ—x)\2p P6+ 1+
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This is true provided

(v/ps+1-y/p5)?
%<2;(p —|—p3+1) <:>2p5+% W<2 ps(ps+1),

=0<ps < BREEE p(érffﬂ)l) if 0 < pg <

p3 +1’

and

(pe(pa+1)—p3)? p3
ps = Pe(P3+1)+P3 lfp(’/i?ﬁ-l

Therefore, the fixed point is asymptotically stable if:

l<p5<wlf0<p6<

4ps(p3+1) p3 +1’

+1
ps > max{g, ’;()6(;;?’3+1))+P3) }if pfil pe < p3+1,

(Pe(p3+1)=p3)?® _(pa—pe+1)?
ps > max{g, 7766(;3+1)+;3 ’ 2]!76?]!’34?1764-1)} if pe > p3 +1.

Therefore, we can conclude

Lemma 6.2.1. Assume that A > 0 and p; > 0. Then the system (5.6)—(5.8) has a unique fixed point and

this point is asymptotically stable if the following conditions are satisfied [51]:

1 w p3
§ <P5< 4ps(ps3+1) if0 < ps < p3+17

+1)— :
ps > max{g, (’;"6((’;33+1))+’;33) bi mpil SpPe<pstl,

(pe(p3+1)—p3)* (pa—pet+1)?
pe(p3+1)+ps * 2ps(p3+ps+1) if po = p3 + 1.

ps > max{ 57

Example 6.2.1. Let A =1, pp = 15, p3 = 7.2, ps = 0.05, p5s = 0.11, and pg = 2.9. Then r* ~ 0.03,

a* =o0* ~0.12,

g =111 =Ky = 111 — o [ /14 B4 7 —1](1.11 — 2.97%)% ~ 11,07,
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r(t) 00 a(t)

Figure 6.1: A plot of different trajectories illustrating the stable node associated with parameter
values given in Example 6.2.1.

xy = 30.98 — 8.2K, + K3 = 30.98—

82 [\ /1424 p 113 (111 — 2,972 + — L4~ 30,78,

22.5r* [\/@+1}

a3 = 20.88 —7.2K5 +2.9K3 = 20.88—

72 [ 14 BA e _1]3(1.11 — 2.9r%)2 + — AU 0075,
22.5r [ 3 ] [\/@+1}2

A =~ 2509.05 > 0, ajap > w3. As a result, all characteristic roots are negative real numbers and the fixed
point is stable node.

A visual representation of this stable node can be found in Figure 6.1. This plot was created using the
Matlab ode45 solver [64] using various starting values and the parameter values given above. The starting

values were selected so that ay > 0, rg > 0 and oy > 0 to imitate real initial hormone levels.

6.3 Parameter Analysis

Since the conditions for which the system is asymptotically stable involve numerous parameters,
let’s investigate what happens when certain parameters are set to 0.

Case 1: If A = O then the system (5.6)—(5.8) has the fixed point (0 Ps O). The corresponding

’ %/
characteristic equation is

A+1)(A+p3)(A+ps) =0,
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whence A; = —1, —p3, —ps < 0. As a result, (0, &,0) is stable node.

Case 2: If po = 0 then the system (5.6)—(5.8) has the fixed point ( r* f) where r* is a solution

of the equation:

— L =1+ ps— per.
Pt (£ e p

This equation can also be written as

2 2
pe (AN ,2 _1tps (A Pe | _
r [P4P5 <P3) r Paps (P3> r+ PS] 1

which yields the following cases:

A(14ps)
P3Pe

2
o if py > [ } then there is one real root;

2
. Al 1
o if py = [7(%;5 5)} then r (r — —;p’: 5) =L ;f’ >, whence

— if '; 5’:6 < 51—4 then we have 3 real roots,
3

if ’;} 5’:6 = 51—4 then we have 2 real roots,
3

— if ’; 5‘:6 > 51—4 then we have 1 real root;
3

2
o if py < [%} thenr(r —r)(r—r2) = % (%)2, where

&)

2= g {1 +psE \/(P5 +1)2 = pap? (5)*| so

—if £ ;f 2(B)? < (“HFK)“2722@71()(“72“71() then we have 3 real roots,

—if £ ;’: 5(B)2 = (r1+r2_K)(r2_22r;_K)(r1_2r2_K) then we have 2 real roots,

- if p;’: 5(B)2 > (r1+r2_K)(r2_22r;_K)(r1_ZTZ_K) then we have 1 real root, where K? = r? —
111y + 713,

The corresponding characteristic equation is

(A+1)A+p3)(A+ps —Ka) =0,

2
1

whence A; = —1, —p3, —ps + Ko. If K» < pg then (— r*, 2 is stable node. If K > ps then

" p3

(% rr, ;‘f ) is saddle. If K, = pg then it is a non-hyperbolic fixed point.
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05 o ag)

Figure 6.2: A plot of different trajectories illustrating the unstable saddle-node with only realistic
initial conditions and the above parameter values stated in Example 6.3.1.

Example 6.3.1. Let A = 0.106, po = 0, p3 = 0.222, py = 0.464, p5 = 0.094, and ps = 0.418. Then
r* ~ 0.39,0.83,1.38 and a* = o* ~ 0.47. Using similar calculations as above according to the defined
values. If r* ~ 0.39 then ay ~ 1.30, ap ~ 0.32, a3 ~ 0.01, and K, ~ 0.33 < pe which means this is a
stable node. If r* ~ 0.83 then a1 ~ 1.18, ay ~ 0.17, and az ~ —0.008, and K, .45 > p¢ which means this
is a saddle. If r* ~ 1.38 then a1 ~ 1.28, ay ~ 0.29, a3 ~ 0.01, and K, ~ 0.35 < pe which means this is a
stable node.

This is illustrated in Figure 6.2 using the stated above parameter values. The starting values were

selected so that ag > 0, rg > 0.and oy > 0 to imitate real initial hormone levels.

ps+1

Case 3: If p3 = 0 then the system (5.6)—(5.8) has the fixed point (+co, o

, +00). The corresponding
characteristic equation is

AA+T1)(A+ps) =0,

whence A; = —1, 0, —pg. As a result, (+oo, p;tl, +00) is non-hyperbolic fixed point.
Case 4: If py = 0 then the system (5.6)—(5.8) has the fixed point (a*, p:l’ a*) , where
o= Popfpy AApps Tl g
2pa(ps +1) P3pe

In this case, we have that K, = K3 = 0 and

A+T1)(A+p3)(A+ps) =0,
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whence A; = —1, —p3, —ps. Hence, the fixed point is a stable node.

Case 5: If pp = p4 = 0 then we obtain the explicit solution

a(t) = (a—2)e P +4 5 Last - foo,
_ _ pst1N —pet 14+ps 1+ps
r(t) = (ro—2-)e ™ + =8 = =B ast — +oo,
t
o(t) = (00— #)e "+ (a0 — %)e’t/e(l’m)sds + % — ZLast — +oo.
0

Case 6: If ps = 0 then the one of fixed points is (%, 0, %) and

(A+1)(A+p3)(A+pe) =0,

whence A; = —1, —p3, —ps. Hence, this fixed point is stable node. In this case, by (6.6) we obtain

that

=paer=-(A —1) provided 0<a< %,

_A
1+poar p2a \ p3a

whence

(ar)*
pat(ar? — PoT
implies that

_ a%r
r=0or it (a2 = Pé:

Hence, we find that

1+p3 A
@ (PR _ A)g 0 8beg — — P (A & f(a) = a(a—ar)(a—ay) = —LE(A),

where
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_ 1| _(pe(tpips) _ A pe(1+p3ps) _ Ayo | gAPs
12 =3 —( pzz P3):|:\/( ]ﬂz2 P3) +8P2P3
and a7 < 0 < a;. Note that a, < % provided p%m > 1. As a result,
o if p3ps > 1 then
= if frin > —%(%)2 then no real roots;
— if foin = —%(%)2 then 1 positive real root;
= if frn < —%(%)2 then 2 positive real roots;
e if p5ps < 1then
— if frin = —%(%)2 then no real roots;
= if fruin < —%(%)2 then 1 positive real root.
Case 7: If ps = p5 = 0 then we have the following system
_ A
ﬂ/(t) = I+por - p3a/
/ _ (or)?
r (t) T pat(or)?’
o(t) = a—o.
If ro = 0 then we find the explicit solution
alt) = (a— e,
r(t) = 0,
t
— (on— Ayt Ayt [ A-ps)s g1 A
o(t) = (00— )+ (00— A)e /0 el 4 A

If 7o # 0 then we approximately have
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A2
a(t) =~ —pg(a—%)— pspzr,

2
! ~ 1 [ A 2
r(t) =~ o <p3) e,

whence

r(t) ~ —wplry — fooast— TF = P (%)2,
— s (537 7o
t
a(t) ~ goe*%t + A(l _efp3t) B Azpzefmt/ T(S)€p3sd5,
ps P3 0

PN
Q

t
ope " +e! / a(s)esds.
0

If ps = 0 but p5 # 0 then () blows up in a finite time too.
Also, note that if ps = 0 and ps = 0 then the system (5.6)—(5.8) has the fixed point (%, 0, %).

The corresponding characteristic equation is

AA+1)(A+p3) =0,

whence A; = —1, —p3, 0. As a result, A 0, 4) is non-hyperbolic fixed point.
P 13 s yp P

6.4 Nonlinear Stability Analysis

In this section, we show the stability of the fixed point by using the Lyapunov function approach.

We consider the system (5.6)-(5.8) and denote
W(t) == 3[(a(t) —a*)> + (r(t) = r)* + (o(t) — 0*)* + (o(t)r(t) — 0*r")?],

where (a*,1*,0%) is the fixed point (a* = 0*).
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Lemma 6.4.1 (Stability). Assume that

A>0/ PZ?O/ P3>%/ P4>0/ p6>f¢
mm{p37§,p6,1}

and

0 < ps < pemin{ps — 3,pe, 1} — 1.

Then there exist W* > 0, Ag > 0and pj > 0 such that
W(t) — 0ast — 400 (6.12)

provided W(0) < W*, 0 < A < Ao, ps > pj}, hence, the fixed point (a*,r*,0%) is globally stable. If
ps < pj then there exist Ay < Ay < Ajp such that (6.12) holds provided W(0) < W*, A} < A < A;
[51].

Proof of Lemma 6.4.1. Using the system (5.6)—(5.8), we have

W(E) = (or = 0'r) o(B)r(1)) = —pla — a2 = polr =) = 0 — 0"+

* A A * * *
(a—a )[HPZW B 1+P20*7*] +r—r >[p4+(€14*r*)2 B P4+p(40r)2] + (a—0")(0—0").

=

2(a—0%)(0—0") < (a—a*)*+ (0 —0%)?,

1 1 * %
‘1+P207 - 1+p20*r* < p2|07’ —o0ry,

(o(t)r(t)) =r(a—o)+o[——L +1+ps—per] = (r —r*)(a—a*) +r*(a—a*) +a*(r —r*)

pat(or)?
—(or 0"~ polr — 1) 0 — ") = po0” (r = 1°) (0. 0 [ 5s — bi]
* Pa _ P4
+o [p4+(o*r*)2 p4+(or)2]’
}p4+(l;4*r*)2 _ p4+P(40r)2’ < lor—0*r*|-|or+0*r*| ’01’ —|—O*7’*‘ < ‘01’ _ 0*7’*’ —I—ZO*T’*,

pat(orr<)2 7

then
W(t) < —aW(t) + BWE (1) + YW2(t),
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i.e.

where

provided

AsO<a* =

Hence,

whence

or

LW(E) < yW(E) | WE(E) + ﬁ‘\/f;T’”] [w%(t) + “\/572*74”] (6.13)
a =2[min{ps — 1, pe, 1} — Apr — 1" — (ps + 1)a* — #{;’;)2] >0
B = %[}76+1+%] 2§[p6+1+3m1n{2:4 ﬁ%/\_l}],
v = mﬁ?ij):r*ﬁ < 4mm{2p4 \/ﬁ%f‘_l},
0<r"+(pe+1)a" + W < min{ps — %, ps, 1} — Ap>. (6.14)
* < ;?3, 52 <rr < p?;l > 21%[\/@— 1] then by (6.14) we get

Pet1+paps inf 2 SPp — P5+1
o A —I—mm{ % \/W } < B:=min{p; — 2,p6,1} )
4
pe-+1+paps PéP% 3
TA+p < Band A < BHE(1+2pap}),
4
PéP% 3 p3 2
0<A< A —mm{ (1+2P2P4),m(3_’§)}/
4
1 8 2psp? ;
. Petl+pops p2 Pé6P4 2
F(A) := o A+ \/1+4p2p5A » < Band A > o (1+2p2p;)-

As the function F(A) has a unique minimum for positive A, denote by Amin, then there exist

0 < A1 < Amin < A such that F(A) < B provided F(Amin) < B.

So, if W(0) <

[\/W P12 then by (6.13) we deduce that

W(t) — 0as t — +oo.
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Chapter 7

Spectral Analysis of HPA Model with

Delay

7.1 Introduction

Delay-differential equations (DDEs) are a large and important class of dynamical systems. They
arise in systems that have a component which makes adjustments to the system based on it’s
observations. In the HPA model, the CORT reacts based on how much ACTH there was at the
previous time, not instantaneously since the ACTH needs to travel considerable lengths within
the body. Therefore there is a delay between the amount made at time t; and how CORT responds
to the amount of ACTH when it gets to CORT at time t; + 7.

There are different kinds of delay-differential equations but we will focus on those of the form
x=f(x(t),x(t—n),x(t—1),...,.x(t —1,))

where the quantities 7; are positive constants. It is important to note that although we will not con-
sider them, there are other forms of DDEs such as equations with state-dependent delays where
the 7; ’s depend on x or with distributed delays where the right-hand side of the differential equa-
tion is a weighted integral over past states. [77]

When we give initial conditions for finite-dimensional dynamical systems, we only need to

specify the initial values of the state variables. In order to solve a delay equation, we need more.
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At every time step, we have to look back to earlier T values of x. So therefore we need to specify
an initial function which gives the behavior of the system prior to time ¢y which is typically 0. This
function has to cover a period at least as long as the longest delay since we will be looking back in
time that far.

Let us narrow our focus to equations with a single delay, i.e.

% = £(x(t),x(t — 7))

The initial function would be a function x(¢) defined on the interval [—T, 0]. The solutions of this
dynamical system can be thought of as a sequence of functions fy(t), f1(t), f2(f), ... defined over
a set of contiguous time intervals of length 7. The points t = 0, 7,27, ... where the solution seg-
ments meet are called knots. Existence and uniqueness theorems analogous to those for ordinary
differential equations are much more easily proven in this conceptual framework than by trying

to think of DDEs as an evolution over the state space x.[77]

Example 7.1.1. Consider the delay-differential equation

x=—x(t—1) (7.1)

The equilibrium points satisfy

f(x*,x",x*,...,x")=0

We proceed with DDEs, similarly to ODEs, except that the phase space is now our infinite-dimensional
function space, so that we have to consider displacements from equilibrium in this space. In other
words, our displacements will be time-dependent functions éx(t) over an interval of at least Tmax,
the longest delay.

Since writing things like x(t — 7) is tedious. It is a common convention for delayed variables
to be indicated by the subscripted value of the delay x; = x(t — 7). So let x* be an equilibrium of
(7.1) and let the system be disturbed from equilibrium by a small perturbation which lasts from

t = tp — Tmax tO to. Let 6x() be the displacement from equilibrium, assumed small, at any time in
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the open interval [fgp — Tmax, ©0). Accordingly,
x = x* + 0x
and
x=0x=f (X" + 6%, X" + 07, X* + 0Xqy, ..., X" + OXx,) (7.2)
since each of the quantities 6x, 0x, 0Xx,, . . ., 0Xy, is small, we can linearize
6X =2 JoOX + Jy 0Xey + J 56X, + - . . 4 J, 6,

Jo is the usual Jacobian with respect to x evaluated at the equilibrium point, while the matrices J-,
are the Jacobians with respect to the corresponding x;, again evaluated at x = x; = X, = ... =

X, = X*. Suppose that (7.2) also has exponential solutions, i.e. that we can write
ox(t) = Ae
Substituting this ansatz into (7.2) and rearranging a bit, we get
A = (Jo+ e g + e 4 eV ) A
This equation can only be satisfied if
‘ Jo+e MYy +e M0y .. e My, — /\I‘ -0 (7.3)

where [ is the identity matrix. (7.3) is called the characteristic equation of the equilibrium point
which is a quasi-polynomial or transcendental equation[/7]. Since the goal of stability analysis is
still the same, having a transcendental equation makes it a lot harder to determine the roots.
In systems of equations with delay, the characteristic equation may be a transcendental equa-
tion of the form
P(z) + Q(z)e =0 (7.4)
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where P and Q are usually polynomials with real coefficients of degree n and m respectively, and
T is a nonnegative constant. We call (7.4) stable if all zeros lie in Re(z) < 0, and unstable if at least
one zero lies in the half-plane Re(z) > 0. If we allow T to vary, as a delay may do, it may happen
that zeros cross the imaginary axis, and the equation may change from stable to unstable or vice

versa. We call this a stability switch.

Theorem 12. [35] Consider equation (7.4), where P and Q are analytic functions in a right half-plane

Re(z) > —6, 0 > 0, which satisfy the following conditions:

i) P(z) and Q(z) have no common imaginary zeros.

ii) P(—iy) = P(iy) and Q(—iy) = Q(iy) for real y.

iii) P(0) 4+ Q(0) # 0.

iv) There are at most a finite number of roots of (7.4) in the right half-plane when T = 0.
v) F(y) = |P(iy)|> — |Q(iy)|? for real y, has at most a finite number of real zeros.

Under these conditions, the following statements are true.

a) Suppose that the equation F(y) = 0 has no positive roots. Then if (7.4) is stable at T = 0 it remains

stable for all T > 0, whereas if it is unstable at T = 0 it remains unstable for all T > 0.

b) Suppose that the equation F(y) = 0 has at least one positive root and that each positive root is simple.
As T increases, stability switches may occur. There exists a positive number T* such that the equation
(7.4) is unstable for all T > T*. As T varies from 0 to T*, at most a finite number of stability switches

may occur.

Proof. First note that restriction (i) is not an important restriction because if there is a common
imaginary zero z = iy, then P(z) + Q(z)e~T? = (iy)¥(P1(z) + Q1(z)e~T?) where k is an integer and
P; and Q; have no common zeros and the theorem can be applied to (Py(z) + Q1 (z)e™ 2. Secondly,
restriction (iii) is the same as saying z = 0 is not a root. If z = 0 is a common root of P and Q, we
may proceed by removing the common factor. If P(0) + Q(0) = 0 but z = 0 is not a common root

of P and Q, then z = 0O is a zero for all T > 0, and thus the equation is not stable.
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Thus, let’s begin by looking at purely imaginary roots z = iy # 0 of (7.4). Assume that (i), (ii),
and (iii) hold. Because of (ii) we may choose y > 0 WLOG. Then (7.4) implies that

P(iy) = —Q(iy)e™™
|P(iy)| = | — Q(iy)e™ ™|
[P(iy)| = |Q(iy)| (7.5)

and this determines possible y. If we set

P(iy) = Pr(y) +iPi(y) Q(iy) = Qr(y) +iQi(y)

where Pr, P;, Qr, and Qy are real-valued functions of y. Thus, (7.4) implies that

(Pr(y) +iPi(y)) + (Pr(y) +iPr(y))e” ™ =0

(Pr(y) +iPr(y)) + (Pr(y) +iPr(y))(cos(y) +isin(y)) = 0

Equating real and imaginary parts yields

Qrcos(Ty) + Qrsin(Ty) = —Pr

(7.6)
Qjcos(Ty) — Qrsin(Ty) = —P;
Thus
. —PrQ; + QrP PrQOr + P;Q
sin(Ty) = RQ%{I+ Q%R ! cos(Ty) = _% (7.7)

It is not possible that Qr and Qr are both zero, since then Qr 4 iQ; = 0. Then by (7.5) it would
imply P(iy) = Q(iy) = 0 and thus they would have a common root which we assumed we do not
have. So for each root y of (7.5), it may be possible to determine values of T that satisfy (7.7) with
sine and cosine in [—1,1].

Assuming that we have found values of iy and T that satisty (7.4), (7.5), (7.6), (7.7), we can

assume that the root z = x + iy of (7.4) as a function of T and try to determine the direction of
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motion of z as T is varied. Thus, we determine

. dz . d
s = sign {Re <dT’Z_iy> } = sign {dT(Rez)]Z_iy} .

Since the left side of (7.4) is an analytic function of z and T, a root z will be a differentiable

function of T, except at points where the root is a multiple. At a multiple root, we have

P'(z) +[Q'(z) — TQ(z)]e ™" =0 (7.8)

P
orsincee * = — (2)

P'(2)Q(z) — P(z)Q'(z) + TP(2)Q(z) = 0 (7.9)

If we assume that (7.8) does not hold, we may consider z = z(T) to be a differentiable function, and
then differentiating (7.4) with respect to T, under the assumption that P and Q are independent of
T, yields

dz —Tz dj

P(2) 5+ Q) T

- TQ(z)e_Tzﬁ —z2Q(z)e F =0

dz zQ(z)

dT — P'(z)e’2+ Q'(z) — TQ(z)

Taking the inverse and using (7.4),

(5;) T P+ Q(2) - TQ(2)

)) - (7.10)

-1

Now it is important to note that at a simple root (7.9) fails and therefore (g—%) is not zero. Ata

root of (7.4), P(z) = 0 implies that Q(z) = 0 and vice versa, which contradicts our assumption that
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P and Q are not simultaneously zero. Thus, (7.10) holds at any simple root iy of (7.4). Moreover,

_ dz\  \_. [ PGy QG T

s = sign {Re <dT> ]Z_Zy} = sign [ P (iy) + yO(y) iy (7.11)
_ g P'iy) Q/(iy)}
= —signlm [yP(iy) yQ(iy) (7.12)

By (7.5) and assuming that y > 0, we can further simplify to

s = —signIm[P'(iy)P(iy) — Q'(iy) Q(iy)] (7.13)

Now this equation tells us the direction in which a root z(T) of (7.4) crosses the imaginary axis at
any simple root iy of (7.4) if s # 0. It is important to note that the crossing direction at iy depends
on y only and is independent of T.

There is another useful form of (7.13) that we get by noting

P (i) = P'(@lemiy = T = =i Pa(y) + iPi)

Using the notation that Py (y) = dpgiy(y) and so on, we have P'(iy) = P;(y) — iPx(y) and Q'(iy) =

Q(y) —iQx(y). Thus,
— Im[P'(iy)P(iy) — Q'(iy)Q(iy)] = PrPk + PiP| — QrQk — Qi Q} 714
Also, we define

F(y) = |P(iy)[* — |Q(iy)|* = Pr(y) + Pf (v) — Qk(y) — Qi (v)

If iy is a root of (7.5), then F(y) = 0 and that y is a simple root of F(y) if and only if it is a simple

root of (7.5). We also know that

F'(y) = 2(PrPg + PiP; — QrQx — Q1Q))
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which yields that
s = signF’(y). (7.15)

Everything can be summarized as follows:
Assume that P and Q are as in (12), and that they satisfy (i), (ii) and (iii) of the theorem. The the

following assertions hold.

i) If iy(y > 0) and T satisfy (7.4) and if iy is a simple root and s # 0, then y is a simple root of

F(y) = 0 and the root z(T) of (7.4) crosses the imaginary axis (as T increases) in the direction given
by s = signF'(y).
ii) iy(y > 0) is a simple root of (7.5) if and only if it is a simple root of F(y) = 0. Then for this y there are

infinitely many values of T satisfying (7.7) and for each such value T, z = iy is a simple root of (7.4)
and s # 0.

O]

This theorem and its proof served as the template used to analyze the effects of the time delay
on the stability in the system (5.1)—(5.3).

For this chapter we take into account the additional effects of the time delay parameter on the
stability of the HPA axis system. Then we prove the existence of periodic solutions for the HPA

axis system.

7.2 Spectral Analysis with Delay

Note the fixed point (a*,r*,0*) for (5.6)-(5.8) coincides with the one for (5.1)—(5.3). Let us denote

by
dh i Ih
dar Ory 00r
— afz afz afZ
]T . E ﬁ TUT 7
s 9fs 9fs
dar Ory 0o
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where ar = a(t — 7), rr = r(t — 7), and o = o(t — 7). Then J; at the point (a*,7*,a*) is equal

000
Ji==10 0 0
100

Now we will look for eigenvalues for the matrix J* + e~ MJ%. So,

—p3 —)\ —K1 —K3
I +e M= Al = 0 —Pe+Ko—A Ky =0,
14+e M 0 —1-A

whence we obtain the characteristic equation:
(A+1)(A+p3)(A+ps — Ka) = —(14¢""")Ks(A + pe).

Time delays are known to affect the stability of a fixed point. They can induce stability switches
in which the zeros of the characteristic equation may cross the imaginary axis as the delay, 7,
increases. Looking at the characteristic equation as a function of 7, and analyzing the location of
the roots and the direction of motion as they cross the imaginary axis (see [35]). Destabilization
will happen at critical values 7. which is when there is a pair of purely imaginary characteristic

values. Following the ideas of papers [35] and [5], let’s rewrite the characteristic equation as

C(A) == (A+1)(A+p3)(A+ps—Ka)+ (1+ e *)K3(A + pe)
= ((A+1)(A+p3)(A+ ps — K2) + K3(A + pe)) + e K3(A + pe)

= P(A)+Q(AN)e M =0. (7.16)
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Then define

Fly) = [P(iy)]* — |Q(iy)|?
= %+ (p2 — 2Kops + p3 — 2Ks + K3 + 1)y* + (K3 — 2K2K3 + 2K3p3
—2K,K3p3 + p3 + K3p3 — 2Kaope + 2KoKaps — 2Kap3pe + pe — 2Kap>

+03P2)y* + (K3p3 — 2KaKspsps — 2Kap3pe + 2Kspap2 + p3p2). (7.17)

We want to use Theorem 12, so we need to check the following conditions:

1. P(A) = (A+1)(A+p3)(A+ ps — Kz2) + K3(A + ps) and Q(A) = K3(A + ps) have no common
imaginary zeros since each p; are real values.

2. Itis quick to see that P(iA) = P(iA) and Q(iA) = Q(iA) for real A.

3. P(0) + Q(0) = p3(ps — K2) + 2K3ps # 0 so this is an important restriction in order to use the
Theorem 12.

4. Referring back to (6.9), we see that there are at most 3 roots of (7.16) if T = 0.
5. (7.17) has at most 6 real zeros for real y.

Therefore, by Theorem 12 from the Appendix, if F(y) has no positive roots, the system is stable for
all T > 0. If F(y) has a simple positive root y, then there exists a pair of purely imaginary roots
+ivg such that vgp = ,/yo. For this vy, there is a countable sequence of {73} of delays for which
stability switches can occur. Also, there exists a positive 7, such that the system is unstable for all

T > 7. Investigating this further, let x = y?

F(x) = x3 + b1x% + byx + b, (7.18)

where by = p2 —2Kope +p3 —2Ks + K3+ 1, by = Kj + —2KoK3 + 2Ksps — 2KoKsps + p3 +
K3p3 — 2Kops + 2K2Ksps — 2Kop3ps + pg — 2Kapg + pipe, and bs = K3p3 — 2KoKspaps — 2Kapape +
2K3p3p2 + p3p2. Note that

F'(x) =3x* 4+ 2b1x + by
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and

Ao = b3 — 3b,. (7.19)
Now analyzing the roots of (7.18),
e If Ay <0, then F'(0) > 0 and F(x) is monotonically non-decreasing. Further,

- if F(0) > 0, then F has no positive roots and all the roots of the characteristic will remain

to the left of the imaginary axis for all T > 0.

- if F(0) < 0, then since lim,_,o F(x) = oo, there is at least one positive root of F and thus

the roots of the characteristic equation can cross the imaginary axis.

e If Ag > 0 then F has critical points

. — —b1+vAg _ —bhi—VAo
1 — 3 7 -

and if x,, > 0 and F(x.,) < 0, then F has positive roots (see [35]).

Stability switches are possible for each positive simple root x; of (7.18) and the cross is from
left to right if F/(vg) > 0, and from right to left if F/(vg) < 0 according to Theorem 12 (see [35]).

Now let’s analyze the characteristic quasi-polynomial (7.16) for A = iv:
C(iv) = A1 — Ay cos(vT) — Az sin(vT) + i[Ag — Az cos(vT) + Az sin(vT)] =0,
where

A1(v) = pape — Kops + Kaps — 0*(ps + p3 — Ko+ 1),  Ar = —Ksps,

A4(v) = 0(p3s — Ko — Kops + ps + pape + K3) — 0>,  Az(v) = —Kso.

So x; (j = 1,2,3) is a positive root of F(x) = 0 and v; = , /x;. Then v; satisfies (7.20) if its a solution

to the system

A1(v) — Ay cos(vt) — Asz(v) sin(vt) =0,
A4(v) — A3(v) cos(vT) + Az sin(vt) = 0.
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This yields

Al (U)A3 (U) 7A2A4('U)
AT+ AZ(0)

A1 (U)Az +A3 (U)A4 (U)
ATA20)

sin(vT) = cos(vT) =

provided max{|A1(v)A3(v) — A2A4(0)], |A1(v) Az — A3(v) Aa(v)|} < A3+ Ad(v),
Therefore, for every positive root v}, it yields the following sequence of delays {T]”} for which

there are pure imaginary roots (7.16):

1 A1(0) As (07) = A2 A (0)) _
T = vj{arctan(A:(U;)Az+23(vj§Aj(v;) + nn)} forn=0,1,2,... (7.20)

As a result the following statement holds.

Lemma 7.2.1. The system (5.6)—(5.8) with delay and p3(ps — Ka) + 2K3pe # 0 is stable for all T > 0 if
F(0) > 0and Ay < 0 (where A is from (7.19)). The system has stability switches at some {T]"} for every
positive root vj of (7.16). Furthermore, if A = 0, p2 = 0 or ps = pe = 0 then the delay has no affect on the
stability of the system. [51]

7.3 Existence of Periodic Solutions

In this section, by Picard’s method we prove the existence of solutions to problem (5.1)—(5.4).

Theorem 13. [57] Let A > 0, p; > 0, and assumption (5.5) hold. Let

a%(0) + p3ac(0) = o, (7.21)

then problem (5.1)~(5.4) has a unique non-negative solution (a(t), r(t), o(t)) in C2 for all t > 0. Moreover,
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for all time t > 0 there are estimates

Ap6 3A

p3ps + 12AP2(p5 ¥+ 1) [1 - 67P3T] [1 + <P3T>71] < a(t) < E + LIT(O),
Aps _ ,2TY[1 _ ,—PaT -1 < < %
paps + 12Aps(ps +1) e =™ (per) 7] < off) T ac(0) o0 + tern[—ar),(o]aT(t)’

<3
P30 epot)[1 4 (per) 1] < r(t) < P21
Pe Pe

+ 19.

Remark 7.3.1. It is apparent that for a.(t) = ag + A t2e~", where A is a positive number, fitting condition

(7.21) of this theorem is rewritten as

ap = A4 ),00>0,1’0>0.

p3(1+p20070

Theorem 14. Under the conditions of Theorem 13, the system (5.1)~(5.5) has at least one C2-smooth T-

periodic solution, where T # . [51]

Proof of Theorem 14. The main line of proof follows (see [55, pp. 278-280]) (see also [54, Theo-

rem 5]). Rewrite the system of (5.1)—(5.3) in the following form

X (t) = Mx(t) + Bx(t — ) + £f(x(t)), (7.22)
where
a(t) Tipr
07‘2

x(t) = | () | Ex0) = | psy O]

o(t) 0

-p3 0 0 000

M= 0 —-ps 0 [, B=|000

0 0 -1 100

Obviously, the right-hand side of (7.22) is T-periodic with respect to t as it does not depend on
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time explicitly. Without loss of generality, we may assume that
0<t<T.
This is true because otherwise we could represent the T in the form
0<t=nT+m1, wheren € Z", 7y € [0, T).
Then shift to the auxiliary equation
X' (t) = Mx(t) +Bx(t — ) + £f(x(t))

the T-periodic solutions of which coincide with the T-periodic solutions of (7.22).

On the set of all vector-valued functions x(t) defined on [0, T], let us define an operator S; by

x(t—1)ift<t<T,
Sex(t) ==
x(t—14+T)if0<t< T

Note that the T-periodic solutions of (7.22) coincides with the solutions of the following integral

equations:

x(t) = T(t,x) := x(0) + / (Mx(s) + B Sex(s) + £(x(s))) ds.
0

The operator T(7,x) maps every continuous vector-valued function x(t) into a continuous vector-
valued function for 0 < t < T, therefore T(7,x) is compact in C. Next, we will show that for all

T-periodic solutions x, (t) there exists R > 0 such that

xp(t)| < R < co. (7.23)
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Really, from (7.3) we deduce that
t

xp(£)] < 1 (0)] +/HM\ Xp(s)] + Bl [Sexp(s)| + [£(xp(s)) ] ds <
0

t
1 1
% O+ [(p3+ P2+ D)} +1] [ xy(5) ds + (42 + (ps + 1))t
0
From here, using Gronwall’s Lemma, we arrive at
xp(D)] < (1%,(0)] + )’ —a,

1

wherea = w, b= (pi+pi+ 1)2 + 1. Hence, (7.23) holds with R = (|xp(0)| + a)e?T —a.
(P3+pg+1)2+1

As a result, by the fixed point theorem the integral equation (7.3) has at least one solution, and

consequently the equation (7.22) has at least one T-periodic solution. O

7.3.1 Periodic Solutions with the Period T = 7

Lemma 7.3.1. If

-1
_ _ A pa(psro—ps) ps ps+1
00 = ar(—T), ar(0) = £ [14 py BB | ) 28 <y 2L

then the problem (5.1)—(5.4) has at least one T-periodic solution.

Proof of Lemma 7.3.1. Note that if a function ®(t) € C?[a,b] is periodic with a period T > 0 then
P(t+T) =d(t) and @' (t + T) = D'(¢t). Let (a(t), r(t),o(t)) be a T-periodic solution of (5.1)—(5.3)

from Theorem 14. Then for this solution we have

4 A
rpmor® — P30 = Tt — pea(t+ 1),

— i T 1 ps = per(t) = — e H 1 ps —per (4 T), (7.24)
a(t—t)—o(t)=a(t+T—1)—0(t+T), (7.25)
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whence

o(t)r(t) =o(t+T)r(t+T), a(t—1) =a(t+T —1).

Let T = 7 > 0. Then from (7.26) for t € [0, T] we have
ac(t) = ar(t), or(B)ri(t) = oa(t+ T)ra(t + 7).

By (7.27) at t = 0 we get

T

a:(0) = a1(0) = e % (0) + Ae™P" / Tpan o)’
0

0
00 =01(T) =€ Top + /aT(s)es ds,

T

T

ro=r1(t) = e PTrg — ps e_péT/ ol + pi;rl (1 —eFeT),

pa-tri(s)oi(s)
0
whence
T 0
__ Ae P37 eP3% ds _ 1 S
aT(O) T 1—e P37 / 1+pori(s)oi(s)” 00 = 1=¢= /EIT(S)B ds,
0 —T
T
_ _eheT | eP6s ds ps+1/ pet
0= H*W[ ”4/ prmae T o &0 D]
0
Hence .
e (op3T _ 118<(0) eP3s ds _
fl(T) T (E 1) A 1+pari(s)oi(s) — 0,
0

0
fo(t):=(1—e")og — /aT(s)es ds =0,

T
. 1 |pstl e d
f3(~() = o [;T(epé-[ — 1) — (epéT — 1)7’0] — / m
0
As f;(0) = 0 and
(0 — 0 (0
fll (T) = ep3r[p3aA( ) - 1+P12r000] =0if pSaA( ) = 1+P127000’
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f2(1) == (00 — ar(—T)) = 0if 0p = a-(—7),

2,27

/(1) -— pP6T | PsH1=peto 1 } i pstlopero 1
T):=e — =0if =
f3( ) [ 0 Pa pa-+r503

P4 pa-+r3o3

then f;(t) = 0 for all T > 0 provided

-1
_ _ A pa(psro—ps) ps ps+1
0y = LZT<—T), ﬂ-[(0> = E |:1 + pZ ps-+1—pero ] ’ % < Tro g e

O]

Example 7.3.1. Let A =1, po = 11, p3 = 1.2, ps = 0.05, p5 = 0.11, and ps = 2.9. Then the initial
conditions are ag = r% <1 + p2 M) 71, ro = % (% + psp—jl), and og = ag. With these parameter
values we solve (5.1)—(5.4) numerically using the Matlab solver dde23 [64]. The resulting periodic solutions
can be seen in Figure 7.1.

If we perturb the parameters by a bit, the periodicity changes. We illustrate a periodicity change by using
the parameters A =1, po =7, p3 = 1.2, ps = 0.05, p5 = 0.51, and pe = 3.1. Then the initial conditions
are ay = % <1 + p2 M) ) ,T0 = % (% + p%l), and oy = ag. The resulting periodic solutions
can be seen in Figure 7.2.

Periodicity of solutions can also be illustrated by plotting delayed function versus no delay function or

function versus derivative as seen in Figure 7.3.

7.4 Numerical Analysis

In order to concretely understand how the delay is affecting stability, let’s set the parameters in
equation in the equation (7.16) to p3 = 0.41, pe = 0.91, K, = 0.81, and K3 = 0.41. We then proceed

with our calculations using these values to illustrate the dynamics of eigenvalues with respect to
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Figure 7.1: Plot of the solutions a(t), r(t), and o(t) with the parameter values in Example 7.3.1 part
a.
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Figure 7.2: Plot of the solutions a(t), r(t), and o(t) with the parameter values in Example 7.3.1 part
b.
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Figure 7.3: Plots using parameter values A = 1.5, pp = 1.8, p3 = 0.2, ps = 5, p5 = 0.11, ps = 0.9
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Imaginary Part

Real Part

Figure 7.4: Contour plot for T = 0.

the time delay. Taking the real and imaginary parts, we rewrite equation (7.16) as a system

(

—Kaps  +Kspe + paps — Kox + Kzx + p3x — Kapsx + pex + papex + x>
CKox® 4 3 4 pex® + 1% — 2 + Koy® — pay? — pey® — 3312
+e ™ Kzpg cos(ty) + e~ " Kzx cos(ty) + e ™ Kzy sin(ty) = 0,

—Kyy +Ksy + psy — Kapsy + pey + p3pey + 2xy — 2Koxy + 2p3xy
+2psxy + 3x%y — y® + e~ K3y cos(Ty) — e~ K3pg sin(Ty)

| —e~ ™ Ksxsin(ty) = 0.

The red lines represent the solution curves for the first equation and the blue lines represent
the solution curves for the second equation for different values of the delay 7 in Figures 7.4-7.9.
The eigenvalues for the system (5.6)—(5.8) are roots of (7.16) and correspond to the intersections
between the red and blue lines.

When there is no delay, i.e. T = 0, we only have three eigenvalues A ~ —0.9,—-0.2 £ 0.8i
(see Figure 7.4). Note that zooming out on the graph would not show additional crossings of the
solution curves. If we were to classify these three eigenvalues, they would all be attractors, with
one traditional attractor and one spiraling attractor.

When the delay is non-zero, i.e. T = 1.3, we notice that an additional pair of complex eigenval-

ues appears from —co. This is shown in Figure 7.5. It isn’t as clear, but the original two complex

157



Imaginary Part

Imaginary Part

Delay=1.3
1

]
|
1
\
\)

]
/
]
!
1
|

-5 0 5
Real Part

Figure 7.5: Contour plot for 7 = 1.3.
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Figure 7.6: Contour plot for T = 2.
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Figure 7.7: Contour plot for T = 4.5

pairs of eigenvalues have also moved slightly toward the imaginary axis. As T increases to T = 2
(see Figure 7.6), the original pair of complex eigenvalues is about to cross the imaginary axis
while the other pair of complex values are closer. When the pair of complex eigenvalues crosses
the imaginary axis, the once stable system is no unstable.

When we skip to T = 4.5, it is obvious (see Figure 7.7) that countably many eigenvalues will
originate from —oo and move toward the imaginary axis as T increases. When 7 = 8 (see Figure
7.8), we can see that there looks to be two pairs of complex eigenvalues crossing the imaginary
axis. It isn’t as clear, but between T = 8 and T = 10.8 the first pair of complex eigenvalues that
crossed the imaginary axis have crossed back into the stable region while another pair crossed into
the unstable region.

The eigenvalues can cross the imaginary axis only at the points y; ~ +0.7 and y» ~ +0.25
which are real roots of the equation (7.17). It is easier to see these values in Figure 7.10 and 7.11.
The density of complex eigenvalues around these crossing points y1, y» is increasing as the T gets
larger.

When the delay T < 7" =~ 2 (where 7" is a critical value found as a solution of (7.20) with
v1 = +/|y1]) all eigenvalues are stable. The first stability switch happens at T* ~ 2 when two
complex conjugate eigenvalues cross the imaginary axis at y; ~ £0.7 changing the sign of the real

part from negative to positive. At a later time 7" ~ 11 (where this 7" is a critical value found as a
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Figure 7.8: Contour plot for 7 = 8
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Figure 7.9: Contour plot for T = 10.8
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Figure 7.10: Tracking two complex eigenvalues to see how the value of their real part changes.
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Figure 7.11: Tracking two complex eigenvalues to see how the value of their imaginary part
changes.

solution of (7.20) with v, = \/w ) this complex pair will cross the imaginary axis back changing
the sign of the real part from positive to negative (see Figure 7.9).

Solving (7.20) and taking into account the periodicity of the arctangent function one can ob-
tained the infinite sequences of delays associated with v; and another infinite sequence associated
with v, at which stability switches may happen. At time delays associated with v; a complex
conjugate pair of eigenvalues may cross the imaginary axis from left to right and for time delays
associated with v the pair may cross the imaginary axis from right to left. If the derivative of F(y)
(see (7.16)) does not change sign at the corresponding v* from either of the two sequences above,

then the crossing of the imaginary axis does not happen.
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Chapter 8

Conclusions

After our investigation into both the multistring systems and the HPA axis system, we have a
thorough understanding of their respective spectral properties and the affect they have on the be-
havior of the solution. We looked at operator couplings to ensure the model would still be self
adjoint if we coupled a discrete string with a continuous string. Then we utilized Nevanlinna
functions to describe the full spectrum of connected Stieltjes strings for any number of strands
with various number of beads on them. Utilizing these Nevanlinna functions, we showed an al-
ternate/improved inverse solution to the connected Stieltjes string problem. Finally we looked at
the HPA axis system. We investigated the stability of the solution without a time delay parameter
and then looked at the affect the time delay parameter would have on the stability of the solution.

All of this work just touches the surface of work left to be done in this field. The ability to
couple two different operators and have the result be self adjoint is great, but it would be even
better to couple more than two operators. The current method for calculating the boundary space
only allows for 2 operators. Coupling more than two operators will require developing a new
method of calculating a boundary space which would ensure the coupled operators will be self
adjoint.

While we performed a decently rigorous study of multistring systems, we can take it one step
further. Rather than have the edges of the strings be fixed, how does the system behave if the edges
of the strings are connected to their neighbor edge? We could also study a multistring system in
which some strands are continuous while others are discrete.

Biological processes are mysterious compared to physical phenomena in that we don’t have
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concrete governing equations. There are mathematicians whose research field is deriving the best
model to explain a biological process. Although it may not have been very clear, the mathemat-
ical model of the HPA axis we studied is just one of many that mathematicians claim accurately
explain the HPA axis. For future work, we can perform similar analysis on the other models of the
HPA axis. Depending on the results of the analysis of another model, we could also compare the

findings with the model considered here.
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11

12

13

14

15

16

Appendix A
Appendix Matlab Code

Modeling N Strings

clear all;

close all;

clc

% Wave Equation for N strings connected in the middle
% u_tt=cN2u_xx

% x in [0,xend] xend=length of individual string

% t in [0, tend]

% u(x,0)=f(x) u_t(x,0)=g(x)=0

%SetUp Conditions

N=6; %number of strings meeting in the middle
c=1; %wave speed

tend=12; %time endpoint

numt=100xtend ; %number of time steps

xpts=25; %number of x grid points per string (not including

joining pt)
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17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

numx=Nxxpts+1; %number of x grid points
xend=pi; %length of individual string
xstart=0; %always starts at 0

x=linspace (xstart ,xend,(xpts+1)); %generates x values

dx=x(2)—x(1);
dt=tend /numt;

u=zeros (numx, numt) ;

%repeat x values in order to evaluate initial wvalues
for j=2:N
for i=((j —1)xxpts+2):(jxxpts+1)
x(1)=x(i =((j —D=xpts));
end

end

%80//dNITIAL POSITION: Add as many loops necessary for each string’s
initial
Ylsloposition
for i=1:(xpts+1)
u(i,1)=(1/10)*(—2%sin(x(i))—sin(2xx(i)))=*(3/2); %String 1 Initial
Position
end
for i=(xpts+2):(2xxpts+1)
u(i,1)=(1/10)*(—2%sin(x(i))—sin(2xx(i)))*(1/2); %String 2 Initial
Position
end
for i=(2xxpts+2):(3xxpts+1)
u(i,1)=(1/10)%(1/4)*(4*sin(x(i))+sin(4xx(i))); %String 3 Initial
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43

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

Position
end
for i=(3xxpts+2):(4x*xxpts+1)
u(i,1)=(1/10)%(3/4)*(4*sin(x(i))+sin(4xx(i))); %String 4 Initial
Position
end
for i=(4*xpts+2):(5*xpts+1)
u(i,1)=(1/10)%(1/2)*(=3xsin(x(i))—sin(3*x(i))); %String 5 Initial
Position
end
for i=(5*xpts+2):(6*xpts+1)
u(i,1)=(1/10)%(1/2)*(3*sin(x(i))+sin(3xx(i))); %String 6 Initial
Position

end

%5/sVHECK STABILITY
alpha=cxdt/dx;
alpha”2xsin (dx/2)/"2

if ( 1< alpha”2xsin(dx/2)"2 )
fprintf( "The stability condition fails.\n" )

end

%WerlBoundary Conditions
for j=1:N
for i=1:numt
u((jxxpts+1),i)=0; %Dirichlet at the ends
end

end
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68

60 YSVFirst Iteration

n for k=1:N

7 if k<N

7 u(2,2)=1—-alpha”2)*u(2,1)+(1/2)*xalpha”2*(u(3,1)+u(1,1));

7 for i=((k—1)xxpts+3):(kxxpts)

7 u(i,2)=(1—alpha”2)*u(i,1)+(1/2)*alpha”2«(u(i+1,1)+u(i—-1,1))
75 end

76 u((ksxpts+2),2)=(1—alpha”2)*u((kxxpts+2),1)+(1/2)«alpha”2x«(u((k=

xpts+3) ,1)+u(1,1));
77 else
78 for i=((k—=1)xxpts+3):(kxxpts)
7 u(i,2)=(1—alpha”2)*u(i,1)+(1/2)*alpha”~2*(u(i+1,1)+u(i—-1,1))
80 end
81 end

2 end

u(1,2)=(1/(3+N)) *(4xu(2,2)—u(3,2) +4xu(27,2)—u(28,2) +4+xu(52,2) ...

®©
@

o —u(53,2)+4xu(77,2)—u(78,2));

85

®

s %56/All Subsequent Iterations
87

ss for j=2:(numt—1)

89 u(2,j+1)=u(2,j —1)+2+(1—alpha”2)+u(2,j) ...
% +alpha”2%(u(3,j)+u(l,j));

o1 for k=1:N

92 if k<N

93 for i=((k—1)xxpts+3):(kxxpts)
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94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

end

SS/Se

u(i,j+1)=—u(i,j—-1)+2«(1—alpha”2)*u(i,j)...

+alpha”2%(u(i+1,j)+u(i—1,j));

end

u((kxxpts+2),j+1)=—u((kxxpts+2),j—1)...
+2x(1—alpha”2)xu((kxxpts+2),j)+alpha”2*x(u((kxxpts+3),j)+

u(1,j));

else

for i=((k—=1)xxpts+3):(kxxpts)

u(i,j+1)=—u(i,j—-1)+2x(1—alpha”2)*u(i,j) ...

+alpha”2s(u(i+1,j)+u(i—-1,j));

end
end
end

for m=1:N

u(1,(j+1))=u(1,(j+1))+(1/(3+N))*(45u (((m—1)xxpts+2) ,(j+1))—

u(((m=1)xxpts+3) ,(j+1)));

end

0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0,
)/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/C

str=xpts+1;

xnew=zeros (str ,(2*N));

unew=zeros ((Nxstr) ,numt) ;

unew (1 ,:)=u(1,:);

for

end

i=1:(N-1)

unew ((i*str+1) ,:)=u(1,:);

o,
0,

0/0/0/0/0/0,
0/0/0/0/0/0/0
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121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

for

end

i=1:N
theta=((2+1i)—1)*pi/N;
th=[cos(theta) —sin(theta); sin(theta) cos(theta)];
xnew (2:str ,(2+(i—1)+1))=x(((i—1)xxpts+2):((i*xxpts)+1));
for k=1:str
xnew (k, (2% (i—1)+1):(2*(i—1)+2))=thsxxnew (k,(2*(i—1)+1):(2*(i—1)
+2)) 7
end

unew (((i—1)xstr+2):(ixstr) ,:)=u(((i—1)xxpts+2):(ixxpts+1) ,:);

%Plotting

h=figure ;

filename = ’'NStrings.gif”’;

for

j =1:10:numt

plot3 (xnew (:,1) ,xnew (:,2) ,unew(1:26,j), Color” ,[.8 .8 .8])
hold on

for k=2:N

plot3 (xnew (:,(2x(k—=1)+1)) ,xnew (:,(2*(k—1)+2)) ,unew (((k—1)*str
+1) :(kxstr),j), Color” ,[.8 .8 .8])

end

axis ([ —(6xpi/5) 6xpi/5 —6xpi/5 6xpi/5 —2 2])

xlabel ("x")

ylabel (’y ")

zlabel ('u’)

hold off
frame=getframe (h);

im=frame2im (frame) ;

[imind ,cm]=rgb2ind (im,256) ;
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148

149

150

151

152

153

154

10

11

12

13

14

15

16

17

18

19

20

if j==1

imwrite (imind ,cm, filename ,
else

imwrite (imind ,cm, filename ,
end
pause (.05)

end

Modeling Delay Parameter

clear all;
close all;

clc

global A p2 p3 p4 p5 p6 %ca cv R r

"gif’,’Loopcount’,inf);

"gift’,’WriteMode’ , "append ") ;

Vstr gammaH

%alpha0 alphas alphap alphaH

%beta0 betas betap betaH

% A=1;

% p2=15;
% p3=7.2;
% p4=0.05;
% p5=0.11;
% p6=2.9;

A=1.5;
p2=1.8;
p3=.2;
p4=5;
p5=0.11;
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21

22

23

24

25

26

27

28

29

30

31

32

35

36

37

38

39

40

41

42

43

45

46

47

48

49

r0=.5%(p5/p6+(p5+1)/p6) ;

a0=(A/p3) x(1+p2xsqrt (pd*(p6bxr0—p5) / (p5+1—p6xr0)) )" (—1);

00=a0 ;%+Axexp(—1);

history=[a0; r0; o0];

%
%
Yo
%o
%

PO = 93;

Paval = P0;

Pvval = (1 / (1 + R/r)) *x PO;

Hval = (1 / (R % Vstr)) = (1 / (1 + r/R)) * PO;
history = [Paval; Pvval; Hval];

for tau = [4]

sol = dde23( ' prob2f’,tau, history ,[0, 500]);
t=linspace(tau,100,1000);
o=deval(sol ,t);
olag=deval(sol ,t—tau);
figure
plot(o(3,:),0lag(3,:));
xlabel ("o(t)");

ylabel ("o(t—4)");

figure
plot(o(1,:),0lag(1,:));
xlabel("a(t)”);

ylabel (“a(t—4)");

figure

plot(o(2,:) ,0lag(2,:));
xlabel ("r(t)");

ylabel ('r(t—4)");
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50

51

52

53

54

55

56

57

58

59

60

61

62

end

figure
plot(sol.y(1,:),sol.yp(1,:));
xlabel("a(t)’);
ylabel(’a’” " (t)");

figure
plot(sol.y(2,:),sol.yp(2,:));
xlabel ("r(t)");

ylabel ('r”"(t)");

figure
plot(sol.y(3,:),sol.yp(3,:));
xlabel ("o(t)");
ylabel (0" " (t)");
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