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Abstract

A full asymptotic series of European call option prices
in the SABR model with beta=1
by
Zhengji Guo

Claremont Graudate University: 2019

We develop two pricing formulae for European options in the SABR model with
B = 1 case by means of Malliavin Calculus. We follow the approach of Alos et al
(2006) who showed that under stochastic volatility framework, the option prices can
be written as the sum of the classic Hull-White (1987) term and a correction due
to correlation. We derive the Hull-White term, by using the conditional density of
the average volatility, and write it as a two-dimensional integral. For the correction
part, we use two different approaches. Both approaches rely on the pairing of the
exponential formula developed by Jin, Peng, and Schellhorn (2016) with analytical
calculations. The first approach, which we call ” Dyson series on the return’s idiosyn-
cratic noise” yields a complete series expansion but necessitates the calculation of a

7-dimensional integral. Two of these dimensions come from the use of Yor’s (1992)



formula for the joint density of a Brownian motion and the time-integral of geometric
Brownian motion.The second approach, which we call ”Dyson series on the common
noise” necessitates the calculation of only a one-dimensional integral, but the formula

is more complex.
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Chapter 1

Introduction

European options are traditionally priced and hedged by Black-Scholes [2] (1973) model.
One of the natural extensions of the Black-Scholes model to make volatility stochastic. The
simplest stochastic volatility models assume that the volatility and the noise driving stock
prices are uncorrelated. Moreover, the Hull-White formula [6] (1987) establishes that the
Furopean option price is the expectation of the Black-Scholes option pricing formula with a
time-dependent volatility. An important success of this model is that it calculates European
prices which implied volatilities smile. The development of local volatility models by Dupire
and Derman (1994) was a major development in handling smiles and skews. However its
predictions contradict empirical findings. Thus the SABR(stochastic alpha beta rho) model,
a stochastic volatility model in which the asset price is correlated with its volatility was
derived by Hagan et al [7] (2002) to resolve this problem. Alos [1] (2006) extended the
classical Hull-White formula to the correlated case by means of Malliavin calculus. The
new generalization decomposes option prices as the sum of the same derivative price if
there were no correlation and a correction due by correlation. Another popular model is

the Heston (1993) model. In that model, the volatility is mean-reverting. The general



asymptotic method presented by Fouque, Papanicolau and Sircar (2000) [4] can be used to
analyze Heston’s model. For more information on stochastic volatility models, we refer the

reader to Gatheral [5] (2006).

Nevertheless, there are still terms of conditional expectation of functions of non adapted
processes in the new generalization of Hull-White formula. Jin, Peng and Schellhorn [8]
(2016) showed that under certain smoothness conditions, a Brownian martingale can be
represented via an exponential formula when evaluated at a fixed time. It is a powerfull
tool similar to Clark-Ocone formula that allows us to work with the conditional expectation

of a random variable instead of the random variable itself.

The main goal of this research was to obtain an option pricing formula for the special case
of the SABR model with f=1. We used two different approaches. Both approaches rely on
the pairing of the exponential formula developed by Jin, Peng, and Schellhorn (2016) with
analytical calculations, and starts by conditioning on the path of the common noise term
W. In the first approach, which we call “Dyson series in the return’s idiosyncratic noise”,
we first apply a Dyson series in the idiosyncratic noise term Z and then apply Yor’s [14]
formula (1992) for the joint density of a Brownian motion and the time-integral of geometric
Brownian motion to integrate with respect to the common noise term W. We note that Yor’s
formula is used for pricing Asian options, but it is ideally suited to analyze realized volatility
in the SABR model with § = 1, since volatility is a geometric Brownian motion. Faa di
Bruno’s formula is used for analytical differentiation. The first approach yields a complete
series expansion but necessitates the calculation of a 7-dimensional integral. Two of these
dimensions come from the analytical expression of the joint density of a Brownian motion
and the time-integral of geometric Brownian motion. In the second approach, which we call
“Dyson series in the common noise”, we first integrate away the idiosyncratic noise term

Z and then apply a Dyson series in the common noise term W. This results in a formula



which necessitates the calculation of only a one-dimensional integral, but the formula is

more complex, and we carried the calculation only of the first term of the series.

The organization of this paper is follows. In Section 2 we present a brief introduction to
Malliavin Calculus as well as a representation theorem for smooth Brownian Martingales.
Section 3 is a review of basic option pricing theory and an extension to stochastic volatility
models. In Section 4, we present several Hull-White formulas for European call option
prices with different model assumptions. In Section 5, we derive the Dyson series in the
return’s idiosyncratic noise for the call price. In Section 6, we derive the Dyson series in

the common noise for the call price, and compare numerically all approaches.



Chapter 2

Preliminaries on Malliavin

Calculus

The following section briefly reviews some basic facts of Malliavin Calculus required along
the paper. For a complete exposition we refer to Nualart [10] (1995) and Oksendal [11]
(2008). Let (2, F,{Fi}+>0,P) be a complete filtered probability space where {F;} is gener-
ated by a standard Brownian motion {W; };>0. In Section 2.4, we will enlarge our probability

space to consider two standard Brownian motions.

2.0.1 Malliavin Derivative

Let L2([0,T]") be the standard space of square integrable Borel real functions on [0, 7]" and
let L2([0, T]") € L?([0,T]") be the space of symmetric square integrable Borel real functions
on [0,7]", consider the set S, = {(t1,...,tn) €[0,T]":0<t; <---<t, <T}.

Definition 2.0.1. If f is a deterministic function defined on S,(n > 1) such that ||



f H%Q( fS 2(t1,...,tp)dty - --dt, < oo, then the n-fold iterated Ito integral is de-

T tn t3 to
_ / / / Fltr, . b)) AW, - AWy, dW,, (2.1)
0 0 0 0

and if g € L?([0, T]") we define

fined as

0,7™

Theorem 2.0.2. The Wiener-Ité Chaos Expansion. Let F' be an Fp-measurable random
variable in L?(P). Then there exists a unique sequence { f,}5° of functions f, € L*([0,T]")
such that F' = Y"" In(fn).

Definition 2.0.3. Let u(t), t € [0,7T], be a measurable stochastic process such that for
all t € [0,T] the random variable u(t) is Fr-measurable and F| fo 2(t)dt] < oo. Let its

Wiener-It6 chaos expansion be

= Zln(fn,t) = Zln(fn(',t)). (2'3)
0 0

Then we define the Skorohod integral of u by

T
5(’&) I:/O (5Wt ZLH_I (24)

when converge in L?(P), we say that u is Skorohod integrable and we write u € Dom/(§) if

the series in (4) converges in L?(P).

The operator § is an extension of the It6 integral, in the sense that the set L?(P) of square
integrable and adapted processes is included in Dom(d) and the operator ¢ restricted to
L?(P) coincides with the Ito stochastic integral.

Theorem 2.0.4. Let u = u(t),t € [0,T], be a measurable F-adapted stochastic process such
that E| fo (t)dt] < co. Then u € Dom(d) and its Skorohod integral coincides with the Ito

integral

T T
/ w(t)5W, = / w(t)dW;, (2.5)
0 0



Definition 2.0.5. Let F' € L?(P) be Fr-measurable with chaos expansion F' = Y 0° I,,(f),
where f. € L*([0,T]"),forn = 1,2,..., we say that F' € Do if || F 15, ,:= 20" nn! ||
In H%Q([O 7y < 00 If F € Dy 5 we define the Malliavin derivative D;F of F' at time ¢ as the

expansion

DF = annfl(fn('ﬁ)% te [OvT]' (2'6)
n=1

We will need the following results on the Malliavin derivative.
Theorem 2.0.6. Product rule for Malliavin derivative. Suppose Fi, Fy € ]D)(l)’Q. Then

Fi,F5 € D12 and also F1Fy € Dy 2 with
Dy(F\Fy) = FADyFy + F» D, F}. (2.7)

Theorem 2.0.7. Chain rule. Let G € D15 and g € Cl(R) with bounded derivative. Then
9(G) € D12 and

Dig(G) = ¢'(G)DiG. (2.8)

Example 2.0.1. Dt< I f(s)dWs)” - n( s f(s)dWs)n_lDt( s f(s)dWs)

=n( T rsam)" 1)

Theorem 2.0.8. The fundamental theorem of calculus. Let u = u(s),s € [0,T], be
a stochastic process such that E[fOT u?(s)ds < oo and assume that, for all s € [0, T],u(s) €
Dy 2 and that, for all t € [0,T], Dyu € Dom(5). Assume also that E[fOT(é(Dtu))th] < 00.

Then fOT u(s)0Ws is well-defined and belongs to Dy 2 and
T T
Dt</ u(s)6W5> :/ Dyu(s)oWs + u(t). (2.9)
0 0
2.0.2 Exponential Formula

A Brownian motion martingale can be represented via an exponential formula when evalu-

ated at a fixed time under certain smoothness conditions.



Definition 2.0.9. Given w € €, a freezing operator w' is defined as:

. Wi(s,w), ifs <t
W(s,w'(w)) = (2.10)

Wi(t,w), ift<s<T.

! is a mapping from Q to Q. The following equations show some

The freezing operator w
properties of the freezing operator:

Proposition 2.0.10. 1. Forp € P, space of polynomials, suppose F = p(Ws,, ..., Wy ),

then F(w') = p(Wy, pts- - W, At):
8 <foT f<s>dWs) (@) = fy f(5)dWs;

3. <f0T Wsds> (Wh) = fg Wds + W (T — t);

4. ( Jy Wdes) (w') = (Wi‘T><wt> = BT

We denote the Malliavin derivative of order [ of F at time ¢ by D!F, as a shorthand notation
for Dy ... DF. We call D ([0, T]) the set of random variables which are F;-measurable and
infinitely Malliavin differentiable.

Definition 2.0.11. A random variable F is said to be infinitely Malliavin differentiable if
for any integer n:

E < fo0. (2.11)

2
< sup \(Dgn .. DEIF)]>
$1,..-8n€(t,T)

In particular, we denote by DY ([0, T]) the space of all random variables F' which satisfy

(14) for all n < N.

The next theorem, or exponential formula, was obtained by Jin et al (2016). The resulting

series (12) is called a Dyson series.



Theorem 2.0.12. Suppose F' € D ([0,T]) satisfies the following condition:

(T —t)*"

(27n!)2 E

2
( sup |(D3n...D§1F)(wt)) ] — 0,
Ui, ..

un€(t,T) n—00

for fized t € [0,T], then

=1
E[F|FR] =) o /[t TV(D; .. D2 F)(w")ds; ...dsq. (2.12)
i=0 '

Example 2.0.2. An example of applying the Exponential formula: Let F = W%, then for
t<s<T:

F(w') = W/ (DIF)(w') = 2,
then by Theorem 2.2 we have

1 T
/ (D?F)(wh)ds = W2 + T —t.
t

EIF|F] = F(') +

2.0.3 Faa di Bruno’s Formula

Lemma 2.0.13. Faa di Bruno’s formula. If f and g are functions with a sufficient

number of derivatives, then

n n! n ) (x "
df(g(w))ZZ'f(z’“—lm’“)(g(x))-ﬂ?:1<g ( )> NCRED

dx™ I m;!

where the sum is over all n-tuples of non-negative integers (my, ..., my) satisfying the con-

straint y ., kmy = n. Combining the terms with the same value of > ", m; = k leads to

a simpler formula expressed in terms of Bell polynomials By, (21, ..., Tn—k+1):
dn = -
o (@) = > P (g(@)) - Bu (9'(33),9”(93), g k“(ﬂf))- (2.14)
k=1

Definition 2.0.14. Exponential Bell polynomials. The partial or incomplete exponen-

tial Bell polynomials are a triangular array of polynomials given by

n! i [T\
Bn,k(ﬂfla T2y Ty fpyl) = Z WH?:I * (z:) ) (2.15)
1=1 '

7+



where the sum is taken over all sequences ji, j2, . - ., Jn—k+1 DOn-negative integers such that

these two conditions are satisfied: Z?:_lkﬂ ji = k and Z?;lkﬂ i J; = n.The sum

n
Bu(z1,... 2n) = Y Bup(a1,22, ., Tn_kp), (2.16)
k=1

is called the nth complete exponential Bell polynomials.

The Faa di Bruno’s formula can be generalized to Malliavin derivative in the following
way:

Lemma 2.0.15. Faa di Bruno’s formula for Malliavin derivative. If f and g are
functions with a sufficient number of derivatives, then for a random variable F € DV ([0, T])

and ¥Yn < N, by theorem 2.0.7 and lemma 2.14 we have

D f(o(F) = 3 £ ¥ (9(F)) - B (9/(F). o (F),...g" 4 (F)) DRF, - (2a7)
k=1
where By, p(21,...,Tn_k11) are the incomplete exponential Bell polynomials.

2.0.4 Extension to two Brownian motions

In what follows, we work with two independent Brownian motions {W;}i>0 and {Z;}1>0
defined in a probability space (9, F,{F;}i>0,P), let {FV} and {F#} be the filtrations
generated by the Brownian motion W; and Z; respectively. Let ]:,}/1‘/ \/]:lg = 0{Ws,, Zs,,51 <
t1,82 < tg,} be the filtration generated by two Brownian motions W; and Z;. When
t; =ty = t, we keep the symbol F; := F}¥ v FZ for the sigma-algebra generated by both

Brownian motions.

Let DY and DZ be the Malliavin derivation operator w.r.t the Brownian motion W; and Z;,

this implies that for a Fr measurable random variable F(w), the 2-dimensional directional



derivative of F' at the point w € Q in the direction y(y1,72) € © by:

F —F
D,F(w) := lim (w+e)

e—0 €

T T
(w) _ / DY F(w) D as + / DZRw) a4, (2.18)
0 ds 0 ds

The freezing operators wf/v and w’, follow the same definition 2.0.9 as the one dimension
case. However, each random variable are depend on the the path of single Brownian motion

indicated by its subscript.

10



Chapter 3

Preliminaries on Option Pricing

Throughout this paper we shall operate in the context of a complete financial market.
Options are an example of a broader class of assets called contingent claims. We will study
European call option pricing under stochastic framework. The aim of this section is to
review the basic objects, ideas and results of the classical Black-Scholes theory, stochastic
volatility models of derivative pricing [3].

Definition 3.0.1. 1. A contingent claim is any asset whose future payoff is contingent

on the outcome of some uncertain event.

2. A European call option is a contract that gives its holder the right, but not the
obligation, to buy one unit of an underlying asset for predetermined strike price K on

the maturity date T'.

11



3.0.1 The Black-Scholes theory

The Black—Scholes model is widely used for the dynamics of a financial market containing
derivative investment instruments. From the Black—Scholes equation, one can deduce the
Black—Scholes formula, which gives a theoretical estimate of the price of European-style op-
tions. The Black-Scholes model with constant volatility under risk-neutral probability mea-

sure is that the stock price S; satisfies the following stochastic differential equation:
dSt = rStdt + O'Stth, (31)

where 7 and o are constants. For reasons of convenience, we make the change of variable

in the following sections, let X; = In S; denote the logarithm of stock price, then

1
dXy =1 — EUth + odW, (3.2)

the price V; of an European call option with payoff (X7 — K)4 at time ¢ for this model with
constant volatility o, current stock price e®, maturity time 7" and interest rate r, satisfy the

risk-neutral pricing formula [13]:
Vi = e "TIE((Sy — K)T|F] (3.3)

And the closed-form solution of Black-Scholes PDE is the Black-Scholes-Merton formula:

Vi = BS(t,z,0) := " N(dy) — Ke 7T YN (d_), (3.4)
where
X, —InK + )T —¢
d:l:(ta U) == nt e (r : )( )7 (35)
oI —t
and
1 T2 1 2
N(z) = — e 2 dy=— e 2 dy. 3.6
@=—= [ Fa=— [ Fu (3.

is the standard normal cumulative distribution function. The derivation consists of finding
a self-financing investment strategy, that replicates the call option payoff structure and

assume that one continuously adjusts the replicating portfolio over time.

12



3.0.2 Stochastic volatility models

That it might make sense to model volatility as a random variable should be clear to the
most casual observer of equity markets. Nevertheless, given the success of the Black-Scholes
model in parsimoniously describing market option prices, it’s not immediately obvious what

the benefit of making such a modeling choice might be.

SABR(stochastic alpha beta rho) Model with g =1

Stochastic volatility models are useful because they explain in a self-consistent way why
options with different strike and expiration have different Black-Scholes implied volatility.
And moreover, stochastic volatility models assume realistic dynamics for the underlying.
Specifically, the SABR model is an extension of the Black Scholes model in which the

volatility parameter follows a stochastic process:

dS, = rSdt + 08P (pdWy + /1 — p2dZy), (3.7)

dO’t = OéO'tth. (38)

The two Brownian motions, Wy and Z; are independent. It can be shown by Lévy’s Theorem
that My := pdW,; + MdZt is a Brownian motion, thus dM;dW; = pdt. Volatility does
note mean revert in the SABR model, so it is only good for short expirations. Nevertheless
the model has the virtue of having an exact expression for the implied volatility smile in
the short-expiration limit 7 := T — ¢t — 0. The resulting functional form can be used to
fit observed short-dated implied volatilities and the model parameters «, 5 and p thereby

extracted.

13



Hagan et al. derived, with perturbation techniques, an approximating direct formula for

this implied volatility under the SABR model in [7]:

ops(So, K) = — g0 — z
(SoK) (=821 4 BBl 2 S0 g (B4 50 4y (z)
(=B of 1 placy  2-3p° o )
[H( 24 (SoK) P 4 (SoK)(1=H)/2 51 @ )T O], (3.9)

where 2 := — & (SoK)1=9)/2log(52) and 2(z) = In <@).

K

For the case of at-the money options, i.e. when Sy = K, this formula reduces to

o0 (1-8)2%0¢ pBacy 2-3p* ,
oBs(50,50) = ——=5 - [1 < - -t o
(50, %) Sy7" 245577 45,77 24

)7’ + 0(72)]. (3.10)

In the special case § = 1, the SABR implied volatility formula reduces to

s (S0, K) = ou [1 n (ipaao Tk jp2a2)f ¥ 0(72@ , (3.11)

Exponential functions of Brownian motion

Marc Yor’s discovery (1992) of an integral formula for joint density of the distribution of a
Brownian motion and the integral of exponential Brownian motion taken over a finite time
interval has been computed in the case o = 2.

Proposition 3.0.2. Marc Yor’s formula. Applying Brownian motion rescaling [12], this
joint density of ( fg eWsds, Wt> , 0 >0 can be written for an arbitrary volatility parameter

g as

1 t
bro(x,y) == ]P’(/ e"Wsds € dx, W; € dy)
0

dxdy
/2 52
_ O At 4e%Y/= ot 319
= — o2z . _— .
22° ( olx 4 )’ (3.12)

14



forx >0,y € R,t >0, where

O(r,t) = r e% /00 6_% e TeoshEginh ¢ sin ﬂ—fdg,r,t > 0. (3.13)
V2m3t 0 t

By Lyasoff [7], (3.13) is equivalent to the following:

roox [P 2 . 7§
H(T,t)—mez ; e 2 -coshfcos(rsmhf—2t>d§,r,t>0. (3.14)

From computational point of view, the Z-formula: (3.12) with 6(-) defined as (3.14), may
be preferable to the m-formula: (3.12) with 6(-) defined as (3.13).

Proposition 3.0.3. A straightforward application of the Cameron-Martin-Girsanov theo-
rem implies that the joint density of (fg eoWs=hs s, Wt> , 0> 0,1 €R, which we denote by
brop(T,y), x>0,y €R, can be connected with the density ¢¢ o(z,y) = ¢r00(z,y) through

the formula

©

w2t
Gropu(T,y) = e V202 By po(z,y — §t>- (3.15)

Models of volatility with mean reversion

Mean reversion stochastic volatility models relax the constant volatility assumption in
Black-Scholes model and the asset price S; satisfies (3.7) but with the following volatil-

ity process:

oy = f(V1), (3.16)

dY, = a(m — Y)dt + ... dW,, (3.17)

where p € [—1,1] is denoted as the instantaneous correlation coefficient between W; and
My := pdW; + /1 — p2dZ;. The drift of Y; is defined in a way guarantee its mean-reverting

property. Here « is called the rate of mean reversion and m is the long-run mean level

15



of Y;. And f is some positive function so that is volatility of stock price can never be
negative. Different choices of function f and Y process will result for different models such
as Heston models with Y; follow Cox-Ingersoll-Ross process, among them some have very

nice properties.
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Chapter 4

Hull and White Formula and

Extension

The no-arbitrage price at time ¢ using the risk-neutral theory for any derivatives with

terminal time 7" and payoff function h(z) is given by the risk-neutral formula below:
Vi = Ele "I On(X 1) | F). (4.1)

Thus V; is a no-arbitrage price for the contingent claim. In what follows, we consider the
pricing of a call option, i.e.:

h(X7) = (X7 — K)* (4.2)

4.0.1 Hull-White formula: uncorrelated volatility

Under the assumption that the volatility o; is uncorrelated with the asset price driven by
another Brownian motion Z;, i.e. when p = 0, the pricing formula (4.1) can be further

simplified. By conditioning on the path of the volatility process and using the iterated
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conditioning property, the European call option price is given by
V(t, Xe,00) = e "TOE[E[(eXT — K)YF v FY] (4.3)

The inner expectation is the Black-Scholes computation with a time-dependent volatility.

Since o is a Markov process, we can apply the Black-Scholes formula, and obtaine:

where
2 1 4 2
Vy = m ] Og dS, (45)

is the root-mean-square time future average volatility.

4.0.2 Hull-White formula: correlated volatility

In general, the situation is more complicated when volatility is correlated with the Brow-
nian motion W; driving the stock price. Again we can use iterated expectation to price a

European call option.

V(t,z,y) = E[&BS(t,x; K& ', T;6,)|Y: =y, (4.6)
where
T . 1 T
§t = exp <P/ osdZs — 02/ a?ds),
t 2 t
2 1 T 2\ 2
5—p_ﬁ ) (1—p)08d3.

The Hull-White formula is of practical use for Monte Carlo simulation of prices in a corre-
lated stochastic volatility model since only one Brownian motion path has to be generated.
However, it does not directly reveal any information about the implied volatility curve like

the uncorrelated case.
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4.0.3 A generalization of Hull-White formula

The classical Hull-White formula for option pricing can be extended, by means of Malliavin
Calculus, to the correlated case. The main problem is that average future volatility is not
adapted, however, this issue can be resolved by anticipating stochastic calculus. And this
method decomposes option prices as the sum of the same derivative price if there is no
correlation and a correction due by correlation. The following theorem is due to Alos et al
(2006).

Theorem 4.0.1. Consider model (3.7)-(3.8) with B = 1, and assume the following hy-

potheses hold:
1. The payoff function h : R — R is continuous and piecewise C!;
2. There exists a positive real constant a such that a < 0,52 forallt €[0,T);
3. 0% € Ly7([0,T));
4. For allt € [0,T] there exists a positive constant C' such that for all s € [0,T],

T
E[(/ D?fafdr>as

7l|<e

Then, for all t € [0,T],

T
Vi = E[BS(t,Xt,Ut)’]:t] + gE |:/ €_T(S_t)H($,XS,’US)ASdS
t

]—"t} , (4.7)

where v} is the future average volatility defined (4.5) in Subsection 4.0.1 and

3 0?
H(S,Xs,'l)s) = (8:1}3 — W)BS(S,XS?US),

T
< / ngafdr> Os.

As -
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Notice that formula (4.7) does not reduce the dimensionality of the problem but identifies

the impact of correlation. When p = 0, it is the same as (4.4).

20



Chapter 5

Dyson series in the return’s

idiosyncratic noise

5.0.1 Application of Marc Yor’s formula

Throughout this and next section we denote by V;, 1, 1= fttf o2du a cumulative time integral,
from t; to to, of future volatility, i.e. Vi = v2(T — 5). The aim of this paper is to extend
Theorem 4.1 to a deterministic form by specifically assuming the underlying asset and

volatility process follow (3.7), then o; is a square integrable process adapted to {F}V }.

Lemma 5.0.1. The conditional probability density function of V1 is %wVS,T(%)'

where v, (0) = [ 61 szm (v, (5.1)

One straightforward application of (5.1) is using the conditional density of Vi 7 to obtain

the first conditional expectation in (4.7):
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Theorem 5.0.2. The conditional expectation of BS(t, Xi,v;) is

o v 1 v
E[BS(t,Xt,’Ut)‘Ft] = /0 BS(t, Xt, H) ;?ww’T(;g)dv (52)

5.0.2 Application of exponential formula

Theorem 5.0.3. Fort < s, define G(s, Xs,vs) = > 0" ﬁgn(s,Xt,vt), where g (s, X¢, v¢) =
wh o f[t,T}" Di’gﬂH(s,X&vs)m'@". Let G, Hy be the short notation for G(s, Xs,vs) and

H(s, Xs,vs), then the option price (4.7) can be further simplified as the following:

T

Vi = BBS(t, X, v)| 7 + 2 / ¢ B[A G| Fi]ds. (5.3)
t

Now we use Malliavin calculus to deduce a full asymptotic series for G(s, X, vs) and use it

to obtain E[A;Gs|F:] in (5.3), which gives us an deterministic formula for European option

price. By (3.2) and (23),

S 1 S
X, =X, —1—/ r— Eagdu +/ ou(pdWy + /1 — p2dZ,,)
t t
1 S
= Xi+1(s =) = FVis + Lo — ) + ﬂ/ 0udZy. (5.4)
t

Note that the volatility process in (3.7) is the differential notation for oy — o9 = fg o, dW,,

and obviously for 0 < t < s,0, — 0y = [ aoydW,. And accordingly by (5.4) and (3.5),

v (T—
dy (s, Xs,vs) = XS?IHKH;%T?)(T %) Therefor by Theorem 2.0.7,

S
DZX,=D? | ou/1—p2dZ, = o:\/1— p*1yy, (5.5)
t

DIZXs, _ ory/1=plircy

D?d, = D?d_ = =
T T vV T — s v/ T — s
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Lemma 5.0.4. Let two real-valued functions p(t,z, o) and q(t,x,0) be defined as following:

d? (z,t)

Fln(—d_(z, 1)), (5.7)

1
q(t,z,0) = VIR (T — 1)

p(t,:E,O') =T —

e, (5.8)

Then the 2nt" order Malliavin derivative of Hg can be expressed as:

Dz%Zan = (1 - p2)anB2n (p/(')vp”(')v s 7p(2n)('))H;ﬂzlaiﬂ{ngs}a (59)
ﬂ when j =1, 2;
4 (SVord_ ) J
where pY) (s, X, v) = >0 (5.10)
(=) G-t 1)J+1 (U= 1)'

for j > 3.

(\/Vs,md—
for d_ evaluated at (s, Xs,vs).

The second step to calculate G(s, Xs,vs) is to apply freezing operator th to DQ%ZnH for
n=0,1,2,.... Let X be any random variable depend on Brownian motion {Z;};>0, denote
X7 = th o X be the random variable X applied by the freezing operator th, by Proposition

2.0.10,
1 S S
Xy =Xi+r(s—t)— 2/ oldu + B(O'S — o) +who | ou/1—p2dZ,
t @ t
1 P
=Xi+r(s—t)— ivt,s + a(as — o), (5.11)

and accordingly we have

X9~ InK + (r+%)(T - s)

A4 (s, Xs,vs) = du(s, X, v5) = : (5.12)
V Vs,
s d o w2 _dw " dw2
Hy = YT 70 x-S . (5.13)

s VoV r " VarVer
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Therefore in general, for n =0,1,2,...,

Df_gnH“ =who [(1 — pY)"H,Bo, (p/(s, X, 05), .., (s, X, vs))Hyzlai]

= (1 - p2>anJan (p/(87 X?? US)7 s ’p(2n) (37 X;J, ,US)>H?=10—723]1{7'1‘§5}7 (514)

where pl9) (s, X%, v,) 1= thop(j)(s, X, vs) is given by (5.10) except that d_ is now evaluated

at (s, X, vs). Thus, by (5.14), we are able to compute G in the following:

oo
B Z 1 t 2n,7 ®TL
Gs= n=0 2nn!wz ° /[t,T]n DT®nH(S’XS’ vs)dT
ZOO (1-p)" 2 2
- WH;UBQH <p/(s7 XS) US)) .. ’p( ") (87 XS’ US)> /[t T] Hgl:lan]l{ﬁgs}d,r@n
n=0 ’ '

sz 2%' C(Wi)” Bon ((5, X2, 0,), .., (s, X2,0,)). (5.15)

5.0.3 Option pricing formula for SABR model

w w dw2
Lemma 5.0.5. Let LY =V, 1 HY = %exs -+ and f(s, Xs,vs) = Vs rG(s, Xs,vs), given
that G is a function in terms of X, and Vs 1 in (5.15), then conditional expectation of the

product of As and G can be calculated as the following :

ENGIF] =20 [ [ h(ot.0u0) 0y i), (5.16)

whereh(Vts,as(W Wt>— I <s Xy(Vis, 0s), M)wvﬂ(;g)dv.

Remark. Equation (5.11) shows that X¢ is a function depends only on two random vari-

ables: Vi s and og, i.e. X¥(Vis,05) = Xp+1(s— )— L [P okdu+ L P(os—oy). While o itself
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is a function of Wy —Wy. The joint density for (Vi,s, Ws—t) is given by Marc Yor’s formula,
Proposition (3.0.2) in Section 3, with properly parameters.
Remark. X3 represent a real-valued function of (s,z,y) which mimic the definition of X%

but replace Vi s and Wy — Wy with x and y.

Theorem 5.0.6. Full Dyson Series Expansion. For SABR model (3.7)-(3.8) with
B=1,letc= (T=t)\/1-p*

e and assume that
" / (2n) n 2 2
TE[( sup |HyBon (p'(s, Xs,05), ..., 0™ (8, Xg, v6)) 107 Liri <) } — 0.

n. ne(t,T) n—00

Let p(-) and f(-) be defined in Lemma 5.0.4 and Lemma 5.0.5, respectively, then for all
€ [0,717],

v, = / / BS(t X, T”_t>¢T tQWQ(: )dzdv
+pa/ / / / / (s,v, z,2z,y)dzdvdydzds, (5.17)

where

e~ T(s—1) v

(%
l<3a v, z,x,y) = ’ f(sa X;:’ya T _ S) : ¢T—s,2a,oz2 <§7 Z) ’ ¢s—t72a,a2 (a:,y)
s

os(y)

Example 5.0.1. First Order Approximation. Let m > 0, define

P )WVs)"

fm(s, Xs,vs) :—sz 2n '

Bon (1/(X2),0"(X2), 0™ (X2)), (518)

then the first order approximation fi(s,vs, Xs) is calculated as following:
1— 2V, 2
lss X = 2 (1 S22 (0 x)?+p20x2))

1—pWisrs 1—=d2 \2  —1—d%
= o (14 S )+ )])
2 VVerd-) (v/Vsrd-)
—d¥ o d? (1 —p?)\Vpsd¥? — 3>
= —— (14 7 . (5.19
\/271'6 < 2 Vs ( )
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Chapter 6

Dyson series in the common

noise

6.0.1 First order approximation pricing formula for SABR model

One obvious drawback of formula (5.17) is that the option price is a 7-dimensional integral
when the volatility is correlated with underlying asset, which could be computationally
expensive, even for the first order approximation. In this section, we reverse the order of
the two major steps that have been used in previous section by first using the conditional
probability density to solve one Brownian motion, then apply Exponential formula to the

T

remaining. For simplicity, we denote J = £E| [, e "D H A, ds|F,| as the correlation

correction term of option price (4.7) in Theorem 4.1. Therefore the option price is the sum of
conditional expectation of Black-Scholes and the correction term: V; = E[BS(t, X¢, v¢)| Fe]+
J.

d2

Theorem 6.0.1. Let () = \/%?paKe_T(T_t), Qs = E[ — d_€777|./—"¥v U ]-“f], then the

correction term can be written as J = C} ftTE[aSQS .7-}} ds.
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Lemma 6.0.2. Let Cy = —(2_p+3/2, C3 = —m, k=X;—InK +r(T —t) and define

(o o1
Y(Vis, Vsr,06) == rta (s gt)VQ(Vt’SJFVS’T), for simplicity, we write v instead of y(Vy,s, Vs 1, 05)
s, T

hereafter, then Qs defined in the above theorem is calculated as Qs = 02760372.

Theorem 6.0.3. For Vt < s, define R(s, X, vs) = "5025, let Rs be the short notation for

R(s, X5, vs), define rn(s, Xy, vp) = wlyy o f[t,T]" ng/‘;deT‘@”. Let ¢ = (T\/%t), assume that

ijE[( sup \DE%VZLRS)Q} —— 0, then the correction term of the option price in (4.7)
Tie(t,T) n—o0

can be further simplified as the following:

T T 1
J = cl/ E[O'SQS ]-"t} ds = 0102/ > grirals: X vi)ds. (6.1)
t t n=0 .

Corollary 1. By Theorem 6.0.3, let m > 0, then the m! order approzimation for the

correction term can be obtained by

T m
1
J e~ J, = 0102/ E zn—n‘rn(s,Xt,vt)ds. (6.2)
t =0 ’

Corollary 2. First order approximation by time integral. For Vs € [t,T], there
exists two analytical functions p(s) and q(s), (6.5) and (6.4), such that the first order
approzimation for the correction term of the option price is a time integral of the sum of

those two functions:

T
J1 = %Clcg I:/t [p(s) + q(s)] ds + 2(T — t):| . (6.3)

w
VS.T

’ ) + 4a2v;°fT2Ag;} (T — 5), (6.4)

as) = Rf[ 202 (2c§<w3 N L

w
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p(S) = RY¥ |: pa2eiéa2(87t) (S - t) B 20{0}(%(1 — e—a2(s—t)) — (S — t)e—()tz(s—t))

\/efaQ(sft) — e~ (T-1) \/efoﬁ(sft) — e~ a*(T-1)

— o2 (s— —a2(T—
— 202 (\/Z’i(efﬂsﬂ —e o T=h) + 7“’) el 2—:2:_2)__6(—8#_(260 —
(pa?em 37070 4 agem D) (s — ) = 2 (1 — e~ (7)) /1 + 2059
Ve—a?G=0) _ g—a?(T—0) ] (v“ 7 )+
(pae— 0G0 4 g e=a®(s=1))

+2

(s—1t)— 2&0}(6’%‘12(57” —em3o% (s 4 %(3672‘12(34) — 4" (7D 4 1)

e—a?(s—t) _ pc—a2(T—t)

w P —1a2(s— 1 —a?(s— —a?(T— w

(6C3 + 403~*%) — 20’?56 2o ( t)(g(l — e D) (g —t)em > (T 44
4o}

. [(5(1_6—2(12(s—t))+(e—2o¢2(s—t)_"_6—2042(5—t+T—t)_e—az(s—t)_e—az(T—t))+a26—a2(T—t+S—t) (S—t)).A;)

1
+ (5(1 _ 6—2a2(s—t)) + 2(67042(T—t+s—t) _ 6—042(T7t)) + 012672,12(T7t)(8 _ t))A‘f;} + a2(s _ t)]

3

(6.5)

where

AC3y® +4C3 | [VEn®? +8C3y™ + 6C3, [V

Ale - w 3
Ver
1 N <2C'3’y“’2 + 203, [VE® +1 1 )
"t + :
NN Ve N

1

3 + ’

2037+° + 20??\/ V2 4 Ca(VEr + 3)9 + 3034/ Vi
w _ 9 b b
Q=

C3y91 4203 V;,JTVW?) +(C3 st 3C3)v*? + 4C3 Ve
Ver?
6C5V, +3 1

+
2 )
ey 2, /VerSa

A =




VW(W,& Vs,Ta Us) =

ar + poy(e=39260 1) _ 2 (1 _ ma¥(T-1)

2«

6.0.2 Numerical Approximation

In the following tables we compare the values of the approximate European call option
prices approximated by different approaches. The Monte Carlo Simulation (MCS) used
number of simulation times by N = 10°. We have chosen T — ¢t = 1,In X; = 100,r =
0.1,0¢ = 0.3, =1,p = 0,40.5 and varying values for the strike price K listed in the first
column. Column 2- column 5 are corresponding option prices through MCS, Hagan’s implied

volatility formula (3.11), first order approximation by Full Dyson Series Expansion (5.17)

O-t\/efoﬂ(sft) _ o—02(T—t)

and the one-dimensional time integral approximation formula (6.3), respectively.

29

p=20
K | Monte Carlo | Hagan (3.11) | Uncorrelated pricing formula (5.2)
90 23.573138 23.415000 23.626726
95 20.440334 20.337570 20.457574
100 | 17.562962 17.624483 17.594033
105 15.066565 15.291032 15.063452
110 | 12.885739 13.322697 12.875527
p=—0.5




K | Monte Carlo | Hagan (3.11) | Formula I (5.17) | Formula II (6.3)
90 23.972526 22.025500 23.762565 23.704533
95 20.640584 19.229952 20.539753 20.772327
100 17.500136 16.889528 17.505670 17.792294
105 14.688296 14.952772 14.836533 14.581574
110 12.121686 13.353472 12.884976 11.002132
p=0.5
K | Monte Carlo | Hagan (3.11) | Formula I (5.17) | Formula II (6.3)
90 22.352943 24.228522 22.979063 21.234073
95 20.035690 20.836574 20.304502 18.059835
100 17.186214 17.691469 17.555458 17.124973
105 | 15.172375 14.842598 14.965057 16.082605
110 13.080356 12.333288 12.802697 14.488551

The average calculation speed for each methods are listed below:

Methods Time in seconds
Monte Carlo Simulation 29.117930
Hagan (3.11) 0.008773
Formula I (5.17) 27.315683
Formula II (6.3) 4.220214
Uncorrelated pricing formula (5.2) 4.172000

Although providing high accuracy, both Monte Carlo and Quasi Monte Carlo used in Dyson
(5.17) is time-consuming. While Hagan (3.11) has a great advantage in calculation speed
because the formula is analytic. Notice that it cost almost same amount of time when

comparing 1-Dim integral (6.3) and Uncorrelated pricing formula (5.2), which implies that
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not only (6.3) provides accuracy but also can be viewed as time efficiency.
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Chapter 7

Conclusions

We derived that the European call option price for SABR model with 8 = 1 in two different
approaches by means of Malliavin Calculus. The full Dyson series expansion is a high
dimension integration with its integrand to be a infinite sum of asymptotic series. The
second approach use similar method as previous one but with different order, it yields to
a first order approximation by time integral for the correction part of option price. A big
advantage of the latter is that the integrand is analytic function. Besides, some partial
results can be further extends to fractional Brownian motion case, which will be our future

work.
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Appendix A

Appendixl

A.0.1 Proof of Lemma 5.1

The conditional density of fsT o2du can be obtained by integrating the joint probability
density of ( f(f e"Ws—hs s, Wt) ,t > 0. By Markov property of the volatility process o; and

proposition 3.0.2 we have

T T—s ) v
P o2du < wvlog | =P e2eWw)—eCugy < — Wi < 00
s “ 0 O-g

é 00
_ / / G somnz (@ y)dyde. B (AD)

A.0.2 Proof of Theorem 5.3

Let F = H(s, X5, vs)As, recall that F)V vV FZ = o{Wr, Z;} is the filtration generated by

Wr and Z;, using iterated conditioning we have, for s > t,

E[F\F) = E|E[HAFY v FZ)|F| = EIAG, |7, (A:2)
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where Gy = E [H s FV v FZ ] is a random variable depending only on Brownian motion

{Z:}+>0, and we can apply exponential formula (2.12) to H,. B

A.0.3 Proof of Lemma 5.4

From the framework Black-Scholes Theory we know that % = N(dy)e*, and accord-

, SVor—d a3
ingly Hs = (%—%>BS($,X&%) = \/2‘—7}+5T+6X5_7+, for dy evaluated at (s, X5, vs).

It is obvious that Zg—: =g for Vn € N and

(=1)it—d? (z,t)
dp™ _ ) oVT=sd—(@)"
da” (—1)" ! (n—1)!

(ovVT—sd—(z,t))™

when j =1, 2;
for 5 > 3.

2
+

Then q(s, p(s, Xs, vs),vs) = %‘%TQXS—T = H, and by Lemma 2.0.15,

Dzrgnﬂs - DE%an(s,p(s,Xs,vs), vs)
2n
= > a0 Bank (0,0 (s p D)) D2 X,
k=1
2n
= Q('>p<')) Z BZn,k (p,(')ap//(')7 -e e 7p(2n_k+1)('))H?:1(1 - pz)o—%‘ﬂ{n‘SS}
k=1

= (1= o) HBan (0 ()9 (), 02 () )T 102 1 M (A3)

A.0.4 Proof of Lemma 5.5

Note that the volatility in model (3.7) is an exponential martingale, thus A can be further
simplified as Ag := <f8T ngafdr> o5 = <f8T 2a03dr> os = 2aVsr0os. Then, for t <s < T,

by Iterated conditioning property, we have
ENGJ|F] = 2aE[0ElVorGs|Fs||F] = 2aE[0:E[f(s, X5, vs)|Fs]|F), (AA)
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_2 "
where f(s, X, vs) = LYY > OWBgn<p’(s,X;J,v5),...,p(2”)(s,X;",v5)>.

Recall that the conditional probability density of Vi 7 is given by (5.1), therefore the condi-

tional expectation E[f (s, Xs,vs)|Fs], through probabilistic approach, is E[f(s, Xs, vs)|Fs] =

fooo f<S,X5, \/TT_S> 57 ¢V9T< )dv and
E[AG.|F)] = 20F [01 /OOO f<5,Xs7 F)W T( )dv

Denote a5(Ws —W;) = aye®Ws=W=30%(s=0) X2 = X (522, 5,(y)), define h(%vs, os(Ws—
Wt)) = o% fooo f(s,XS(V}’S,US), \/ T >¢V8T< )dv then again using proposition 3.0.2

f] (A.5)

we have
1 [ v v
E [0/0 f<s, Xy 7 S)wVS,T <a§>d” ft} = E[n(Viss 0o (W, = 12)) | 7]
=/ B (072,05(9) ) dart 2002 (3, y)dydz. W (A.6)

A.0.5 Proof of Theorem 5.6

This theorem is an extension result of Theorem 5.0.3, the proof is easily combine of Theorem

5.0.1 and Lemma 5.0.5, then Equation (5.3) becomes

T
Vi = E[BS(t, X, v)|Fi] + £ / e "V EING | Fi]ds
t

= E[BS(t, X;,v,)|F] + pa /tT eT(St)E[UlS /Ooof<s,xs, \/I)wvﬂ( g>dv
- /OO BS(t X, Tvt> 01?1/1\4,T (:tz>du
too [ [ (70,0000 )6 s o)
/ / BS(t Xt,\/TT_)qu tgwg(;’ >dzdv
—I-pa/ / / / / (s,v,z,z,y)dzdvdydxds, (A.7)
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where

efr(sft) v v .
l(S,U, Z,T, y) = Us(y) : f<57X§7ya T _ 8) : ¢Tfs,2a,a2 <O,ga Z> ¢sft,2a,a2 (l‘ay) u

38



Appendix B

Appendix2

B.0.1 Proof of Theorem 6.1

From Theorem 5.3 we see the expression of X and d4, a straightforward algebra calculation

2 2
shows that X — df = —% + (an —r(T — s)) Therefore we have the correction term as
the following:
T a2
P —r(s—1) —d- x5
J—/er El————e"*" 2 2aV, 70| Fi]ds
2 ), N 1ol

T 2
- f’/ e—r<s—t)270‘E[asE[—d,e‘df+(an>‘T<T‘s))|f7WVftz]‘ft] ds
t

2 V2r
=C /tTE[Ust

Fi|ds.m (B.1)

B.0.2 Proof of Lemma 6.2

Recall that X, by (5.4) is a linear function in Z = [” 0,dZ,, where Z is conditional normal

with zero mean and variance of V; 5 i.e. Z ~ N (0,V;s). Denote A(Vs 1) := ,/1‘/:—'0; and for
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simplicity we will write A for A(V; ) in all derivation following, thus

Xy + (T —s)—InK — 1V,
d_(s, Xy, v5) = rT-s) K =-3Var 0 (B.2)

Vs

is also a linear function of Z. Substitute (B.2) into @)s and use the normal probability

density of Z we can solve for Q5. For simplicity, we write a = )\2Vt?8+1, b= M(‘:’“S ,C= 72?75 ,
then
_ (/\Z+’7)2 ) W 7 _ ()\z+'y)2 1 _i
Qs=E[—(NZ+y)e 2 JF VF]=] -Qz+7)e 2z ———xe Msdz
R \/ 277"/15,8

1
= [ (A2 +

7a(z2+2bz+c) a(b2—c) _
T dmme <7fAb>
a

2
_ 0l
-Gt T = O m
—p

Notice that we used the fact that )\QV}/,S =1- p2 and a = 2 — p2 for the substitution in the

second last equality.

B.0.3 Proof of Theorem 6.3

. 2 . . . .
Since R = 087603“Y is a random variable depends only on Brownian motion {W;}:>0, we

may apply exponential formula (2.12) to R such that:

[e.9]

1
ft} = Zomrn(s,Xt,vt). | (B.3)

E [RS

B.0.4 Sketch of Proof of Corollary 6.2

The formal proof use no more techniques than calculating the first and second order Malli-
avin derivative of R, based on the stochastic process of the volatility, and then apply freezing
operator wl;, to Malliavin derivative of Ry for t < s < T', the integration result will be the

correction term of the option price.
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Step 1: Calculation of DZ’W’y(Vt’S, Vsr,0s)

Denote 7 as a short notation for (Vs Vsr,0s) defined in lemma 6.2, and by chain

T 2
D, V. Dro2du
Vor _ s = TTu , then we have
2/ Vs,r 2(f; o2du)2

VVer (DY 05— 3D Vi) — %(%4- V)DXVVS,T

rule(Thoerem 2.7), DY\ /V, 1 =

DYy =
T Y Vor )
2 V. 2
1
T Vg}T 4‘/82T T S,
(£D¥ o, — 4D V) (VVer +7)
- D" Vsr.
Vor
w 1 HW w
oy - p (BP0 ADVY (VR )DIVery Ly,
Vsr 2 Vsr 2
where
Lo, — 1DV, LDV o, — DIV,
M = - DV,
VVsr 2,/V;
1 Vs + DY VVar +
N ( - 7) (DY Var)? + S DV + YL D2V Y
2,/ V3, Vir Vs Vs
Therefore, substitute M and N in (B.6) and combining like terms, we have
D27W’y — p/O[ D2,WO_ - 1 D2’W‘/;f vV VS7T + VDQ,WV T
T /7VS,T T S 92 /7‘/:9,T T S 2‘/:9,T T S,
1 2\/VsT +3
Y W DYV, g+ — DIV, DIV g+ DY TN (e
VfT 2\/VsT 4Vs,T

Step 2: Calculation of D?—’WR(S,XS, Vs)

(B.5)

(B.6)

(B.7)

Let f(z,y) = yxeC”Q, then R(s, Xs,vs) = f(v,0s) and fyy = 0, by Product rule and Chain
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rule, Theorem 2.6 and 2.7,

DIV Ry = fo(7,0) DI+ fou (7, 05) (DY )+ fy (v, 05) D2V 0542 f0y (7, 06) D} 4D o

1 1 1 2C
=R, [(7+203’7)D3’W'y+(603+40§’y2)(DXV 7)2+;D3’W05+2 ( + 37) DY DV as]

s s Os

1 1 1 /Vsr +
—D2Wg <+203’Y> ( p/o D2V, — DE’WW,S—WDE’WVS,T>
s v V Vs 2\/Vsr 2Vsr

+2< 1 +203’Y> <Z(D7WO-5)2 _ %DXVUSDZVVLS

YO0s Os Vs

~ LD o, DY Vir + A DY Vi DY Viir + As(D} Vir)?

= R,

2
(4D 05 — 3D} Vi)
Vs,

> +(6C3 +4C32+?)

, (B8)

where

4G5y +4C3\/Vary® + 803y + 603/ Vor

Aq .
Vor
N 1 _1_04(20372‘1‘203\/‘/3,T7+1 N 1 >
Vi P osVsr os\/Vsrv)’

_ 2C37% 4 2C5\/Vorv? 4+ Cs(Var + 3)y + 3C5/ Ve r N 1

N 2\/Vory

4(C§74 + 205/ Vs o7 + (C3Vsr + 3C3)y* + 4C3 Vs,T'V) +6C3Ver +3 1

+ .
2
4V9,T 2 /V;STV

Step 3: Apply freezing operator wﬁv to DE’WR<S,XS,?}S) to obtain an analytical

As

Az =

expression

Recall that the volatility process o, for ¢ € [0,T] is is defined by (3.8), which implies that

La2(s—t)+a(Ws—Wr)

for0 <t <s<T, o0 =02 . By the structure of o, for ¢t € [0,T], we

42



have the following results:

DVq, = aoslir<gy, D2Wo, = CMQO'S]]_{TSS}, (B.9)
DY Vi = 2aVoas, DIYWVyr = 40*Vops (B.10)
DYVis =20V, lr<sy, DFVie =40V, 1<y, (B.11)

The following results can be obtained by applying freezing operator wf,v to each integral of

square of volatility for t < s < T,

0¥ = why o0, = Ute_%a2(s_t), (B.12)
02 2

Vit = wiy o Vie = G(1— e (70), (B.13)

Ver = wiy o Ve = Zfz(eoﬂ(st) — (1), (B.14)
02 2

Vi = wly o Vir = a—’;(l ) (B.15)

Thus, it is straightforward to calculate v~ (V;s, Vi, 0s) := wh, o ¥(Vis, Vo1, 0s) which we
K b W K b

write v* and AY := wf/v oAy, for k=1,2,3.

K+ §(Us —o01) — %(‘/t,s + Vi)
s,
ok + poy(e739% 0 1) — ZE(1 — =0T

= . (B.16
oy \/efoﬁ(sft) _ e—aX(T—t) ( )

wa(V;f,& VS,T? Us) = w{//[/ o

%

Combine these results with (B.8), we have for 7 > s,

1
DZWR? = wly o DXV R, = RS [(W +2C§7“2> (=202 /Ver+7)) +45 20 ;w] .

(B.17)
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Notice that when 7 > s, DKVUS = DXVVt’S = 0. When 7 < s,

Ver +7°

1 1
o+ <w +2C'3’Yw> < plo alo¥ — 740421/#5 - 4a? T
7 NN Wy

DXV RY = R

L(qo@)? — faa"JQoaV“’ Lagw — Loqyw )?
+2(a( ) "o )>+(603+4C2 2y (2075 2 %)
Vir sT
Z Taod2aVip + A32aVE2a Vi + A3 22V )
1 2 —1a?(s—t) 92 —a?(t—t) _ ,—a?(s—t)
o (L ) (st e
A \/efoﬁ(sft) —_ o—02(T—t) \/efoﬂ(sft) — o—02(T—t)
2 —a?(r—t) _ ,—a?(T—t)
9021 ] Ot (o—a2(s—t) _ o—a2(T—t) w) € €
20 (\/a2 (e € )+ > e—2(5—t) _ p—a2(T—1)
2 —La2(s—t) _ —a?(1—t) _ ,—a?(s—t)
pare” 2 aoy(e e )
+2 — 2 _ —n2 _ )
\/east_ea(Tt)
—Lla2(s—t) —a2(r—t) _ —a2(s—t)})2
2 2w (Po‘e 2 oi(e € ))
+ (603 + 4037 ) e—02(s—t) _ g—a2(T—t)
_ 2Ut 3P 7%04 (s—t) (efaz(rft) o efQQ(Tft))ALf
«
4
+ 4@% (e—aQ(T—t) _ e—a2(s—t))(e—a2(7—t) o e—Oz2(T—t))AL2¢J + (e—a2(7'—t) o e—a2(T—t))2A§J:|
(B.18)
Step 4: A time integral formula for the correction term of option price
Let p(s) := [ D D? WR”dT and q(s f D? WR“dT be the integration of DV R(s, X, Vs)

for both 7 < s and 7 > s case, respectively. By Corollary 1, the first order approximation

for the correction term is

T T T
J1 = 0102/ 1+ ;/ D2W RYdrds = %Clcg [/ p(s) + q(s)ds +2(T —t)|. (B.19)
t t t

The detail integration calculation for p(s) and q(s) is omitted here, a remark for ¢(s) is
that when 7 > s, DZ’WR;" does not depend on 7, which yields an simpler expression of ¢(s)

than p(s). A
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