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ON AN EFFECTIVE VARIATION OF KRONECKER’S
APPROXIMATION THEOREM

LENNY FUKSHANSKY

ABSTRACT. Let A C R™ be an algebraic lattice, coming from a projective
module over the ring of integers of a number field K. Let Z C R™ be the zero
locus of a finite collection of polynomials such that A ¢ Z or a finite union of
proper full-rank sublattices of A. Let K7 be the number field generated over
K by coordinates of vectors in A, and let L1, ..., L; be linear forms in n vari-
ables with algebraic coefficients satisfying an appropriate linear independence
condition over K. For each € > 0 and a € R™, we prove the existence of a
vector & € A\ Z of explicitly bounded sup-norm such that
ILi(x) —aill <e

for each 1 < ¢ < t, where || || stands for the distance to the nearest integer.
The bound on sup-norm of @ depends on A, K, Z, heights of linear forms,
and . This presents a generalization of Kronecker’s approximation theorem,
establishing an effective result on density of the image of A\ Z under the linear
forms L1,..., L¢ in the t-torus R /Zt.

1. INTRODUCTION

Let 1,604,...,60; be Q-linearly independent real numbers. The classical approxi-
mation theorem of Kronecker then states that the set of points

{({nb1},...,{nb:}) :n € Z}

is dense in the t-torus R*/Z!, where { } stands for the fractional part of a real
number. This result was originally obtained by Kronecker [13] in 1884, and presents
a deep generalization of Dirichlet’s 1842 theorem on Diophantine approximation [5];
see, for instance, [11] for a detailed exposition of these classical results.

Kronecker’s theorem can also be viewed as a statement on density of the image
of the integer lattice under collection of linear forms in the torus R?/Z* (compare to
the famous Oppenheim conjecture for quadratic forms). Specifically, if Ly, ..., L;
are linear forms in n variables with real coefficients b;; so that the set of numbers 1
and b;; are linearly indepedent over Q, then for any € > 0 and a € R there exists
x € Z" such that

(1) |Li(z) —a;| <eV1<i<t,

where || || stands for the distance to the nearest integer. A nice survey of a wide
variety of results related to Kronecker’s theorem is given in [9]. There are also some
effective versions of Kronecker’s theorem, where the size of the coordinates of the
vector « in (1) are bounded, under some additional algebraic assumptions on the
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2 LENNY FUKSHANSKY

coefficients of the linear forms: see, for instance, [15], [17]. The main goal of this
note is to extend the previously known effective versions of Kronecker’s theorem in
two ways:
(1) allow for the approximating vector @ as in the equation (1) above to come
from a more general lattice than Z",
(2) exclude vectors from any prescribed union of projective varieties or sublat-
tices not containing this lattice.

To give precise statements of our results, we need some notation.

1. The lattice. Let n > 1 be an integer, and for each vector @ € R™ define the
sup-norm

|z| = 11%1%)(”|332|

Let K be a number field of degree d = ry + 2ry over Q, where r; and 7o are
numbers of its real and complex places, respectively, and write Ok for its ring of
integers. Let 1 < s < w be integers, and let M C K" be an Og-module such
that M @ K = K°. Write Dg (M) for the discriminant of M. Define tx (M), a
fractional Og-ideal in K, to be

(2) UgM)={ae K:aM CO%}.
We let A (M) C R*¥? be the lattice of rank sd, which is the image of M under the
standard Minkowski embedding.

2. The projective varieties. Let m > 1 be an integer. For each 1 <1i < m, let S;
be a finite set of homogeneous polynomials in Rz, ..., 24| and Z(S;) be its zero
set in R¥4, that is,

Z(S;) ={x € R¥: P(x) =0 for all P € S,}.

For the collection S := {Si,...,S8,,} of finite sets of homogeneous polynomials,
define
(3) Zg = 6 Z(S;),
i=1
and
(4) Mg = f:max{degP 1P e S}
i=1

We allow for the possibility that Z¢ = {0}, in which case we take instead Mg = 1.
Notice that Zg is an algebraic set, which is a union of a finite collection of projective
varieties. Assume that the lattice Ax (M) is not contained in the set Zg.

3. The linear forms. Let K; = K(Ag(M)), i.e. K is the number field
generated over K by the entries of any basis matrix of the lattice Ax(M). Let

B

1,b11,...,bywq) are linearly independent over Ki, and let £ = [E : Q] where
E = Ki(bi1,...,bywaq)). We will also write £, = [E, : Q,] for the local degree
of E at every place v € M(E). Define ¢ linear forms in wd variables

wd
(5) Li(itl, . ,xwd) = Zbijmj S R[.’El, Ce a$wd] V1<i<t.

j=1
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Our first goal here is to prove the following effective result on density of the image
of the set Axg (M) \ Zs under the linear forms Ly, ..., L; in the torus R*/Z*. Let
h denote the usual Weil height on algebraic numbers, as well as its extension to
vectors with algebraic coordinates; we recall the definition of height along with
other necessary notation in Section 2.

Theorem 1.1. Let a = (ay,...,a;) € Rt and e > 0. There exist x € Ag(M)\ Zs
and p € 7t such that

|LZ(:B) — a; —pi| <e€
and

|ZB| < ClK(t,f,5> (SdMs‘DK(M)

N /

Y (wd)a(B)) ex (MLt e,
where the exponent & = (%(t + 1) — £ and the constants are

(t+ 1)1

sd—1

(t ¢ S) — 22t(£—1)+sr1ﬁ+ 5

aK

and
cx (M, ¢ t) = min {fL(oz)(ﬁ'~'1)s‘i_1h(oz_l)ﬁ o€ LlK(M)} .

One special case of Theorem 1.1 is when Zg is a union of linear spaces, which means
that the point  in question is in Ax (M) but outside of a union of sublattices of
smaller rank than Ax(M). What if the rank of such sublattices is equal to the
rank of Ax(M)? The next theorem addresses this situation.

Theorem 1.2. Let a = (ay,...,a;) €R ande > 0. Let m >0 and I'y,..., T, C
Ax (M) be proper sublattices of full rank and respective determinants Dy, ..., Dy,
and let D = Dy---Dy,. Then for every a € Uy (M) there exist x € Ag (M) \
UL, Ty and p € Z' such that

|Li(x) —a; —pi| <€

and

3 7 DE*EJrl
2| < (bK(t,e,s,w) (h(@)h(a~ )h(B)Ea(M, T, ..., T})) Rk +1> Ea,

where the exponent & = (2(t + 1) — £, as in Theorem 1.1, the constant
brc(t, 0, s,w) = 21D FEFomra g g )31 (1) (1) 5

and E, =

sry—

(6) En(M,T1,...,T) =275 h(a)**~YDg (M)

"\ D !
3 _ _ sd
(; DM 1) + D,

Here is a sketch of the proofs of Theorems 1.1 and 1.2. We first construct
a point y € Ag (M) of controlled sup-norm, which is outside of Zg or [J;-, T,
respectively: in the first case, we use the classical Minkowski’s Successive Minima
Theorem and a version of Alon’s Combinatorial Nullstellensatz [1] (we use the
convenient formulation developed in [7]), while in the second we employ a recent
result of Henk and Thiel [12] on points of small norm in a lattice outside of a union
of full-rank sublattices. We use y to construct an infinite sequence of points ny
satisfying the above conditions, and use an effective version of Kronecker’s original
theorem to obtain a value of the index n (depending on € > 0) for which the
required inequalities on values of linear forms are satisfied. A convenient effective
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version of Kronecker’s theorem that we use is worked out in Section 3. It should
be remarked that the most important feature of approximation results such as our
Theorems 1.1 and 1.2 is the exponent on ¢ in the bounds for |z|. As we show,
this exponent is the same as in the corresponding bound of the effective version of
Kronecker’s theorem that we use.

Remark 1.1. As mentioned above, there are some effective versions of Kronecker’s
theorem in the literature, such as the one produced by Malajovich [15]. Vesselin
Dimitrov also informed me that a similar result can also be obtained using the
Erdos-Turan-Koksma inequality in discrepancy theory (see Theorem 1.21 of [6]).
The version derived in Section 3 however has a substantially better exponent on ¢;
this argument, based on Liouville’s inequality and a homogeneous-inhomogeneous
transference principle was suggested by the referee.

In Section 2 we introduce the necessary notation and provide all the details of our
setup. We then prove Theorem 1.1 in Section 4 and Theorem 1.2 in Section 5.

2. NOTATION AND SETUP

Let the notation be as in Section 1. Here we introduce some additional notation
needed for our algebraic setup. Let the number field K have discriminant Dy,
real embeddings o1,...,0,, of K, and 72 conjugate pairs of complex embeddings
TLy T 1y« -+ Trgs Ty, then d = 11 + 2ro. For each 7y, write (7 ) for its real part and
(1) for its imaginary part. Let us write M (K) for the set of all places of K, then
the archimedean places of K are in correspondence with the embeddings of K, and

we choose the absolute values | [y,,...,| [v, ,,, so that for each a € K

|alo, = low(a)| V1 <k <

and

|alo,, i = ITu(a)] = VR(7(@)? + S(k(a))? ¥ 1 < k <,

where | | stands for the usual absolute value on R or C, respectively. For each
v € M(K), we write K, for the completion of K at v, and for each n > 1 we define
a local norm | |, : K7 — R by

laly = max |a;|o,

for each a = (ay,...,a,) € K?. Then the extended Weil height on K™ is given by
ha)= [ max{1,lal,}*/?,
veEM (K)

where d, = [K, : Q,] is the local degree of K at v, so that Zv‘u d, = d for each
u € M(Q).

For each integer n > 1, define the standard Minkowski embedding p% : K" —
R"™ by

pic(a) = (07 (a),..., 07, (a), R(7{' (), 3(7{ (), ..., R(7], (a)), (7], (a))

We will now use Minkowski embedding to construct lattices from Og-modules and
outline some of their main properties; see [8] for further details. Let 1 < s < w be
integers, and let M C K" be an Og-module such that M @ K = K. By the
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structure theorem for finitely generated projective modules over Dedekind domains
(see, for instance [14]),

M= "By, y; €O%, B €T,

Jj=1

for some Ok-fractional ideals Z;,...,Z, in K. By Proposition 13 on p.66 of [14],
the discriminant of M is then

(7) Di(M) =Dk [ [ N(Z;)?,

where N(Z;) is the norm of the fractional ideal Z;.
Let Ax (M) := p% (M) be an algebraic lattice of rank sd in R*¢, then a direct
adaptation of Lemma 2 on p.115 of [14] implies that the determinant of Ax (M) is

S
i =27 Dk [ N@),
j=1
where the last identity follows by (7) above. Let @ € Ag (M), then & = p¥%(a) for
some a € M and

(8) det(Ax (M)) = 27°"2[Dg (M)

1 —1
(9) || > ﬁh(a) :

for any o € Ug (M) by inequality (54) of [8]. Let v € M(K) be an archimedean
place, and assume first that it corresponds to a real embedding o for some 1 < j <
71, then |al, = |x|. On the other hand, if v corresponds to a complex embedding 7;

1/2
for some 1 < j < rg, then |al, < (ijjl x?) < vwd |x|. Hence for each v | oo,

(10) 2] < laly < Vod |2,
Let Lq,...,L; be the linear forms defined in (5). For each 1 <4 < t, we define
|Lil, = 151%?;(1 bij v,

for each place v € M(E), and define the height of L; to be
h(Li) = H(Lbi, ... biwa) = [] max{L,[Li|,}*/".
veEM(E)
We similarly define the height of the matrix B to be
h(B) = H(1,b11, ..., bs(way),
then h(L;) < h(B) for all 1 <4 <t. We are now ready to proceed.

3. AN EFFECTIVE VERSION OF KRONECKER’S THEOREM

In this section we derive an effective version of Kronecker’s theorem, which we
then use to prove Theorems 1.1 and 1.2. Similar to the setup in the beginning of
Section 1, let 1,6q,...,60; be Q-linearly independent real algebraic numbers. For
each 1 < j <t, let f;(x) € Z[z] be the minimal polynomial of 6; of degree d;, |f;|
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be the maximum of absolute values of the coefficients of f;, and A; be the leading
coefficient of f;, so A; < |f;|. By Lemma 3.11 of [18],

1 )
24 il < h(6;)% < \/dj + 1],

for every 1 < j <t. Define A to be the least common multiple of Ay, ..., A;, so
t t
(11) A<TI A< TT@re))%.
j=1 j=1

Let FF = Q(64,...,60:) be a number field of degree e > t + 1, then e < H;:l d;.
Let 6441,...,0._1 € F be such that

1=100,01,...,0,0t11,...,0c1

form a Q-basis for F. Let o1,...,0. be the embeddings of F' into C. We recall
Liouville inequality. For any m = (myg,...,m,0,...,0) € Z¢,

e

(12) A T[S o0ymy| > 1.

i=1 =0

and so

U6V >

e—1
(13) A€ <(t +1) max |0i(9j)|> |m|e_1||m191 + o mgbe]] > 1

Now observe that

(0.)] < h(9.)%
1s¢£§%}§j§t|al( i)l = 1252 (6%,

and so define

e—1 t
(14) C1=C1(01,...,0) := ((t +1) max h(aj)dj> (2h(6;))°% .

1<5<
VAN j=1

Then for any 0 # m € Zt,
(15) [ma61 + -+ myby|| > Cp |~

We will now apply a transference homogeneous-inhomogeneous argument. A trans-
ference principle of this sort was first described in Chapter V, §4 of [3]; the particular
stronger result we are applying here is obtained in [2]. Let us write

t
M(y) =Y iy
i=1

for y = (y1,...,y) € Z', and let
Lj(x) =0z, 1 <j <t

for # € Z. Then (15) guarantees that for any 0 # y € Z! with |y| <Y,
[M(y)| > crty b,

Now applying the transference Lemma 3 of [2] to these linear forms, we have that for
every a = (ag,...,a;) € R there exists x € Z such that |x| < 27((¢t + 1)!1)2C; Y1
and

. _a:ll <ot !2 —1.
wa 1,(@) - 0, < 274+ DY
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Letting Q = (2°((¢t + 1)!)_2Y)e_1, we obtain that

1
. —_all< O =
pax [[L;(z) — oy < Q7
for some 0 # x € Z with |z| < 27¢((t +1)!)?¢C;Q. Taking ¢ = Q™1 immediately
yields the following effective version of Kronecker’s theorem.

Theorem 3.1. Let 1,604,...,0; be Q-linearly independent real algebraic numbers,
and let e = [Q(61,...,6:) : Q]. Let Cy be given by (14) above, and let € > 0. Then
for any (ai,...,a;) € R! there exists ¢ € Z\ {0} such that
(16) llab; —a;ll <e, 1<j<t
and

|q‘ < 2—et(<t + 1)!)26(:!18—6"1‘1.
In particular, if h(0;) < H for all1 < j <t and max{e,d,...,di} < ¢, then

gl < (2D (4 1) ()2 )

Remark 3.1. Stronger non-effective results can be derived as corollaries of Schmidt’s
subspace theorem. For instance, results discussed in Chapter 6, §2 of [16] together
with the transference principles of Chapter V, §4 of [3] and [2] imply, for any
€ > 0 and a € R’ under the assumptions of Theorem 3.1, the existence of ¢ € Z
satisfying 16 such that
lal < C'(8)e™",
for any 6 > 0, where the constant C'(0) is non-effective. This would result in
the same exponent on ¢ in the bounds for |g| in Theorems 1.1 and 1.2, but with
non-effective constants.

4. PROOF OF THEOREM 1.1

Here we present the proof of our first result. Since Ax(M) € Zg, Ax(M) ¢
Z(8;) for all 1 < i < m, and so for each i at least one polynomial P; in S; is not
identically zero on Ag(M). Clearly for each 1 < ¢ < m,

Z(8;) C Z(P) = {z e R": P,(z) =0} .
Define

P(x) = HPi(w),

so that Ax(M) ¢ Z(P) while Zg C Z(P) and deg(P) < Mg. We will next
construct a point y € Ax (M) of controlled sup-norm such that P(y) # 0.

Let V = spang Ax (M) be the sd-dimensional subspace of R”¢ spanned by the
lattice Ax(M). For a positive real number p, let us write

Cv(p) ={z eV :l|z| < pu}

for the sd-dimensional cube with side-length 2u centered at the origin in V', so
Cy(p) = pCy(1). Let 0 < A; < A < -+ < Ay be the successive minima of
Ag (M) with respect to the cube Cy (1). In other words, for each 1 < < sd,

i :=min{u € Ryq : dimg spang (A (M) N Cy(n)) > i} .
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Let vy,...,vsq be a collection of linearly independent vectors in Ag (M) corre-
sponding to these successive minima, then |v;| = );. Since the volume of sd-
dimensional cube Cy-(1) is 2°¢, Minkowski’s Successive Minima Theorem (see, for
instance, [4] or [10]) implies that

sd
W < [[1vil < det(Ax(M)),
' i=1

where %h(oz)_1 < |vy| < -+ < |vsal, by (9). This means that

(17) 1] < - < v < (\/ih(a))Sd_ldet(AK(M)).

Let I(Mg) ={0,1,2,..., Mg} be the set of the first Mg+ 1 non-negative integers.
For each & € I(Mg)*?, define

sd
v(§) =) &,
i=1
then

(18) |v(§)] = max

1<j<wd

< sd|€||vsa| < sdMsg (\/ﬁh(a>)8d71 det(Ax (M),

sd
> Givi
i=1

by (17). Assume that P(v(£)) = 0 for each £ € I(Mg)*!. Then Theorem 4.2
of [7] implies that P(x) must be identically zero on V, which would contradict
the fact that P does not vanish identically on Ax(M). Hence there must exist
some £ € I(Mg)*? such that P does not vanish at the corresponding y := v(§),
and |y| < sdMg (ﬂh(a))Sd_l det(Ax (M)) by (18). Since P(x) is a homogeneous
polynomial, it must be true that P(ny) # 0 for every n € Z~¢. On the other hand,
by our construction

sd
ny = nZ&'vi € spany {v1,...,0sq} C Ag(M),

i=1
and so {ny},; . gives an infinite sequence of points in Ax (M) outside of Zg.
For each such point, we have

L;(ny) =nL;(y), V1<i<t.
Let us define, for each 1 <i <,

wd
(19) 0;:= Li(y) = Y bijy; #0,
J=1

since y; € Ki, not all zero, and b;; are K;-linearly independent. Notice that
01,...,0; € E, and hence all of them are algebraic numbers of degree < /.

Let o € g (M). Then, by (10), for each archimedean v € M (E),

max{L, |0;l,} < max{L, (wd)?|Lilu|yl} < (wd)* max{L, [y|} max{L, |Li],}
(20) < V2 (wd)? h(a)|y| max{1, |Li], },

by (9). By (18), |y| < sdMs (v2h(a))*" " det(Ax (M)), and hence

(21)  max{1,|0;],} < sd(wd)? Ms (\@h(a))m det(A g (M) max{1, |, }.
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Now suppose v € M(F) is non-archimedean. Then ay; is an algebraic integer for
each 1 < j < wd, and hence |ay;|, = |a|y|y;l, < 1, meaning that

max{1, [Y1lv, .- |Ywdlo} < max{l, |a|;1}.
Then
max{17|9i|v} < max{la|Li|v}max{1v|yl‘va~'~a|ywd|v}
(22) < max{l,|a_1|v}max{1,|Li|7j},

for each non-archimedean v € M(FE). Taking a product over all places of E, we
obtain:

ho;) =[] max{1|6il, V= [ max{1,16:],}* x [ max{1,|6:],}*

vEM(E) v|oco vfoo

< sd(wd)}Ms (VIh(e)) " det(Ax (M)(L) [] mae{1,]a~"],} #
vtoo

< ( ) (o™ 1) det(Ax (M))h(L;).

Recalling that h(L;) < h(B) for all 1 < ¢ < ¢, we obtain
(23) h(0;) < 2% sd(wd)? Mgh(c)**h(a™') det(Ax (M))h(B),

for each 1 < i < ¢, where the choice of a € Ui (M) is arbitrary.
We will now show that 1,64,...,60; are Q-linearly independent. Suppose not,

then there exist cg,c1,...,c € Q, not all zero, such that
t
Zcﬂ = ZZ% i
=1 j=1

where not all ¢;y; are equal to zero. Recall that y € Ax(M), meaning that coor-
dinates of y are in K, hence all ¢;y; are in K;. This contradicts the assumption

that 1,011,...,b1(waq) are linearly independent over K;. Hence 1,01, ...,0; must be
linearly independent over Q.
Now let @ = (a1,...,as) € R® and € > 0, as in the statement of our theorem.

Then, by (23) and Theorem 3.1, there exists ¢ € Z and p € Z¢ such that
|q| < 2€t(€—1)(t + 1)32—1(1;!)2@ %

—0+1

C(t+1)—L
)) e

(24) x (ﬁsd(wd)%Msh(a)Sdh(wl) det(Ax (M))h(B
and

|q9i—ai—pi\<sV1§i§t.
Letting * = qy, we see that ¢f; = L;(x) for each 1 < i < ¢ and || = |q||y|.

Combining these observations with (18), (24) and (8) and taking a minimum over
all & € U (M) finishes the proof of the theorem.
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5. PROOF OF THEOREM 1.2

Let T'y,...,T',, be full-rank sublattices of Ax (M) of respective determinants
Di,..., Dy Let Q@ =N, T, then 2 also has full rank and

D:=7D;-- Dy, > det

We write \; for the successive minima of Ax (M) and A;(Q) for the successive
minima of Q. Theorem 1.2 of [12] implies that there exists y € Ag (M) \ U~ T

such that
det Ag(M) (<= D
_ — — 1 A1(Q).
YIS K@ (ZD " >+ Y

Our first goal is to make this bound more explicit in terms of the parameters of M.
First notice that by Minkowski’s Successive Minima Theorem,

sd 1/sd
A (Q) < <H MQ)) < (det Q)/*¢ < pV/sd,
=1

We also need a lower bound on A;(€2). Observe that A;(Q) > A;, while \; >
%h(a)’l for any a € LUx (M), by (9) above. Putting these estimates together, we
see that

m

sd—1 D 1/ed
(25) ly| < (\/ih(a)) det A (M) <Z} Bt 1) D
for any a € Ug (M).
Since y € Axg(M) and |[Ag(M) : Ty| = D;/det A (M) for each 1 < i < m, it

follows that
9D;

(g Ak (M) :Ti|)y = m

for every g € Z, and hence

(M)y:<w>yeﬁ

for every g € Z. Therefore, it must be true that

yely,

gD "
T om T 1y € Ag(M I,
(rnagraye 1) v < At "y
for every g € Z. For brevity, let us write D’ = W.

From here on, the argument is largely similar to the proof of Theorem 1.1 above,
but with some notable changes. For each 1 < ¢ < ¢, let §; be as in (19) for our
choice of y € Ag (M) \ U/~, ['; satisfying (25) as above, then

Li((gD" +1)y) = (¢D'+ 1)0; V1 <i <.
Using (20) with (25) instead of (18), we obtain that max{1,|6;|,} <

(wd)? ((\/ih(a))Sd det A (M) <§: % —m+ 1> + Dﬁﬁh(@)) max{L, [Li|,}

for all archimedean v € M(FE), while for the non-archimedean v € M(E),
max{1, |0;],} < max{1,|a"t|,} max{1,|Li|,},
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as in (22). Taking the product over all places of E, we have for every 1 <i < ¢
h6:;) < (wd)2v2h(a)h(a)h(B) x

sd—1 m 1
(26) X (\@h(a)) det A (M) Z g -m+1)+Ds |,
i=1 "

and 1,0q,...,0; (and hence 1,D'0;,...,D'0;) are Q-linearly independent by the
same reasoning as in the proof of Theorem 1.1.

Now let @ = (ay,...,a;) € R* and € > 0, as in the statement of our theorem.
Notice that for each 1 <1 <,

|(gD" + 1)0; — a; — pil = [g(D'0;) + (0; — a;) — pi

for any integers p1,...,p:. Then, applying Theorem 3.1 to approximate the vector
(61 — a1, ...,0; — a;) by the fractional parts of the integer multiples of the vector
(D'0y,...,D'0;), we conclude that there exists g € Z and p € Z! such that

|g| < 2£t(£71)(t + 1)3571(15!)22 %

s

@ x ((wd)*vV2h(@)h(a™)A(B)EL(M Ty, ... rm))thH

where £, (M, Tq,...,I'y,) is as in (6), and
lg(D'0;) + (0; —a;) —pi] <eV1<i<t.

Letting @ = (gD’ + 1)y, we see that (¢D’ + 1)8; = L;(x) for each 1 < i < t and
|| = |¢gD’ + 1|]y|. Combining these observations with (25), (27) and (8) finishes
the proof of the theorem.
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