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Abstract

An Exponential Formula for Random Variables Generated by Multiple Brownian Motions
By

Maximilian Lawrence Baroi

Claremont Graduate University: 2022

The frozen operator has been used to develop Dyson-series like representations for random vari-
ables generated by classical Brownian motion, Lévy processes and fractional Brownian with Hurst

index greater than %

The relationship between the conditional expectation of a random variable
(or fractional conditional expectation in the case of fractional Brownian motion) and that variable’s
Dyson-series like representation is the exponential formula. These results had not yet been extended
to either fractional Brownian motion with Hurst index less than %, or d-dimensional Brownian mo-
tion. The former is still out of reach, but we hope our review of stochastic integration for fractional
Brownian motion and our results for the later will provide a framework.

Examining the case of d-dimensional Brownian motion in general, and two-dimensional Brownian
motions in specific, have led to a number of new insights. The first of which, is realizing the
component operators in the Dyson-series expansion can be written concisely as iterated applications
of the Gross Laplacian. The original choice of “Dyson-series” as nomenclature was to suggest
some connection between the original results and expressions which occur in quantum field theory.
There have always been connections between financial and mathematical physics, and expressing
the exponential formula in terms of a foundational operator originally used to study the theory of
potentials on Hilbert space suggests another.

The second major insight: is to realize the natural domain of the freezing operator on stochastic
integrals is as an operator over Stratonovich integrals. Freezing a Skorokhod integral has always
been a challenge. The naive assumption of how they interact is wrong, and there was little intuition
in the ensuing calculations. However, the naive assumption does work for Stratonovich integrals.
In retrospect, this is understandable. The mental model for the frozen operator is in terms of

realizations of paths. One would expect the integral which emphasizes the geometric nature of



stochastic processes to be a more natural fit.

These two developments have allowed us to prove an exponential formula for random variables
generated by two Brownian motions, and apply those results to the SABR model. There has been
work in this field, but the extension from one Brownian motion to two Brownian motions was ad
hoc. Our development is more systematic and more readily extended to d-dimensional Brownian

motion.

vi
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Chapter 1

Introduction

A centered Gaussian process {Bf,t > 0} is called a fractional Brownian motion (also written as

fBm) with Hurst parameter H € (0, 1) when the autocovariance function is of the form

Ry (s, t) :==E [BFBf] = = (|s|*" + [t — |t — s|*). (1.1)

N |

When H is fixed or clear from the surrounding context, we may simply write B; or R. We may also
write B; to denote classical Brownian motion, but in those contexts we will explicitly state so, and
any fractional Brownian motion referred to within the same context will be written as Bf.
Though it was examined before, the phrase “fractional Brownian motion” and “Hurst” index first
appears in [MN68]. Within that paper, Mandelbrot and Van Ness state and prove the fundamental
analytical and probabilistic properties of fBm; including the moving average representation

1 -} -}
BH(@W/RQS)+ —(—9) 1 4B(s), (1.2)

of an fBm B} (where (z), denotes the maximum of z and zero) as an integral against a classical
Brownian motion B. Hurst noticed a self-similar pattern in the historical data concerning frequency
and volume of excess discharge from the Nile river [Hurb1]. Hurst, along with coauthors Black

and Simaikah, cataloged further empirical examples of self-similar phenomenon [HBS65]. Fractional
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Brownian motion is not only of empirical interest, but is a natural generalization of classical Brownian

motion. We borrow a diagram which we first found in a much better dissertation [Ros09]. It is a

Self-similar

Stable
processes

Lévy

processes

processes

Brownian
motion

motions

Gaussian
processes

Figure 1.1: Interrelation between families of stochastic processes. Taken from [CT03]

wonderful diagram even if it is only mostly true. There are self-similar Gaussian processes which are
not fractional Brownian motions, such as sub-fractional Brownian motions [BGT04], but we will not
concern ourselves with that class. And the correct characterization of an fBm B} is as the unique

centered Gaussian processes which satisfies the self-similarity condition
Biy ~ |al" By, (1.3)
for every positive a, and whose increments are stationary
B, — Bl ~ Bf. (1.4)

We fix Var[B¥] = 1 to preclude admission of arbitrary scalings. To prove this characterization is
a simple exercise. A process which satisfies the above conditions has some autocovariance function

Ry (s,t). We know Ry (t,t) = t2 Ry (1,1) = t># from the self-similarity condition. Then consider
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Var(Bih — BH). Since increments are stationary, this quantity must equal the variance of B,Il{ ,

which is h2H. And a direct calculation shows

Var B, — B =E [(BE,, — BI')?]
=E [BX ,B%,] - 2E [B2, B"] + E [B B (1.5)

=(s+h)?>" —2Ry(s+h,s) + s>

Combining these two results, we see

R =(s + h)*" — 2Ry (s + h,s) + s*H
(1.6)

= RH(3+h’5) = ((3+h)2H +S2H _ hQH) )

1
2
If we substitute h = t — s, remember how we tacitly assumed ¢ > s, and note Ry must be symmetric,

then we find

1
Ry (t,s) = 3 (" + s — |t — s?H) (1.7)

which is precisely what we wish to prove. A nice and practical consequence of the stationarity
of increments of fBm is we can appeal to more advanced and efficient methods of simulation like
[WC94]. However, our focus is to utilize the frozen path operator introduced in [JPS15a] to avoid
simulations. We want to develop methods to estimate the expectations of random variables using
only deterministic expressions and integrals.

The majority of our attention will be focused on fBm with Hurst index H < % Our goal,

whose time horizon lays beyond this dissertation, is to eventually develop an exponential formula

for random variables generated by a set of fBm with Hurst index H < % To accomplish this

will require us to extend the exponential formulae in [JPS15a] to processes generated by multiple
classical Brownian motion (Chapter 4), and then try to generalize that result using the knowledge
of stochastic integration against fBm with Hurst index H < % (Chapter 3). Underpinning these
two developments will be our general knowledge of isonormal Gaussian processes and re-interpreting
old results under that framework (Chapter 2). Hopefully, this dissertation will provide enough of a
framework to successfully tackle this original problem in future papers.

As we survey stochastic integration of fBm with Hurst index H < %, we will learn more about the
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qualitative differences between the various classes of fractional Brownian motions. An immediate

difference is seen when examining the covariance between disjoint increments.
e When H > %, they are historical; the correlation is positive
e When H = %, they are ahistorical; they are independent
e When H < %, they are anti-historical; the correlation is negative

If we were able to rewrite the literature, we would use the terms “(historical/anti-historical) fBm”

instead of “fBm with Hurst index (greater/less) than 1”. But it is for the best we do not have that

power.



Chapter 2

The Malliavin Calculus on

Isonormal Gaussian Processes

We develop the Malliavin calculus for isonormal Gaussian processes. Our program will mainly follow
Chapter 2 of [NP12], but we will also use Chapter 1 of [Nua06| as a guide. Any result which we do

not ourselves prove will be appropriately cited.

2.1 Isonormal Gaussian Processes

One is first taught to consider stochastic processes as a collection of time-indexed random variables.
But there is a more expansive interpretation which allows us to more readily leverage functional
analytic tools. Instead of indexing over a parameter or set of parameters, we instead consider a
process indexed over a Hilbert space.

We fix a real separable Hilbert space ) with an inner-product (-,-)s, and consider a process
X ={X(h);h € H} indexed by $ (one can also say a process over ). If X is a collection of centered

jointly Gaussian random variables, over some probability space (€2, F,P) such that

E[X(h)X(h")] = (h, )5, (2.1)
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then we call X an isonormal Gaussian process over $). The map h — X (h) is indeed linear since

E [(X(ah) . aX(h))Q}
—E [X (ah)?] — 2aE[X (ah)X (h)] + a®E [X (h)?] (2.2)
=[lah||? — 2a(ah, h)5 + a?||h|3

:0’
and

E[(X(h+ 1) = (X(h) + X(W)))°]
=E [X(h+})?*] —2E[X(h+ W)X (h)] — 2E [X (h + K) X ()]
+E[(X(h) + X(W))°]
=B+ W5 = 2(h+ 1 By — 2(h + I W),
+ (E[X(R)*] + 2E[X (h) X (W)] + E[X (K)?])
=~ |Inl§ = 2(h, 1) — W]
+ RIS + 20k, 1) s + 171

=0.

By construction this linear map is an isometry.

If we had a “traditional” centered Gaussian process X = {X,} with a covariance function
R(s,t) = E[X,X;] we can construct a representation of X as an isonormal Gaussian process. This
representation is entirely induced by the canonical map 1} +— X, which we extend by linearity.
Any simple function of the form h =}, a;1jo,,) is mapped to the random variable ) ; a;X;,. The
space of simple functions has an inner-product defined by (1j9 4, 1j0,4) = R(s,t) and extended by
bi-linearity. We set $ to be closure of simple functions with respect to the norm induced by this
inner-product, and X can be considered an isonormal Gaussian process over §). So we can “embed”

our old notion of stochastic processes within the field of isonormal Gaussian processes.
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2.2 Wiener-Ito Chaos Decomposition

The path before us is laid out in Section 1.1 of [Nua06]. To prove the Wiener-It6 chaos decomposition
we first need some ancillary results and calculations. We start with an isonormal Gaussian process
X over the Hilbert space $. Unless explicitly noted otherwise, we always assume the o-algebra of the
underlying probability space (2, F, P) is generated by the collection X and is complete. Furthermore,
we assume the probability space has no atoms i.e, there is no set A such that P[A] is positive but
P[B] is zero for every proper subset B C A.

In general, if we let Y and Z be standard normal random variables then sY + ¢tZ is a normal
random variable with mean zero and variance equal to s? + t? + 2E[Y Z]. e*¥ T'Z is of course log-

normal and therefore

E [esy—éew—%} = ElYZ], (2.4)

2
We know ¢/~ 7 is the generating function of the Hermite polynomials, see Proposition A.7, and

2
therefore et~z = >4 t*Hy(z). Plugging this relation into Equation (2.4) produces the identity

i SUR[HL(Y)H(2)] = i smtm%E[YZ]m. (2.5)
k,£=0 m=0 :

These two expressions must have equal coefficients when considered as power series in s and t, and

we therefore have the following result

Proposition 2.1. For any two standard normal random variables Y and Z

0 ifk#10
E[H,(Y)H(2)] = (2.6)

LEYZF ifk=c

Our process X might be defined on a probability space (£2, F,P), but our results will generally
refer to the probability space (2, G,P) where G is the complete o-algebra generated by the random
variables { X (h); h € $}. Understandably, our results can generally only reference information which
can actually be gleaned from observing X.

Examining the family of log-normal random variables {eX("): h € H} is often useful.
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Lemma 2.2. The family {eXM); h € H} is a total subset of L*>(, G, P) i.e., the span of this collection

is dense in L*(Q,G,P).

Consider an L? random variable Z that is orthogonal to any member of the above collection.
We follow Nualart’s proof of Lemma 1.1.2 in [Nua06]. The crux of the proof is recognizing that an
expression B[Zet1 X ()4 +tm X(hm)] i always zero by assumption. We then recognize this expression
is the Laplace transform of the signed measure u(A) = E[Z14(X (hi),..., X (hm))] on R™ evaluated
at (t1,...,tm). Our choice of parameters t1, ..., t,, was arbitrary and therefore the Laplacian of y is
identically zero and thus p itself is identically zero. Again, our choices of A and the h; are completely
arbitrary, and we can thus conclude E[Z1g] = 0 for any G € G. From this we can conclude Z is
zero. Hence, the span of the collection {eX(");h € $} is dense in L*(2, G, P).

Now we define the family #H,, = {H,(X(h));h € 9, ||h]|ls = 1} for any natural n. H,, is called

the n-th Wiener chaos and our L? space has the following orthogonal decomposition

Theorem 2.3.

oo

L*(Q,6,P) = D Ha. (2.7)

n=0

Orthogonality between the Wiener chaoses follows from Proposition 2.1. We proceed as in the
proof of Lemma 2.2 and consider a square-integrable random variable Z that is orthogonal to every
n-th Wiener chaos. If we then fix a particular h, then E[ZH, (X (h))] is zero for every natural n.
Then E[ZX (h)™] is zero for every n, and thus E[ZeX(")] is zero. Since this holds for any h € $, then
as in the proof of Lemma 2.2, we must have Z equal to zero. Therefore, the only element orthogonal
to the above direct sum is zero, and hence the direct sum is equal to L?(€2, G, P). Define J,, to be the
projection from L?(Q, G,P) to the n-th Wiener chaos, then we can alternatively express our theorem

as

Theorem 2.4.
F=YJ,F (2.8)

n=0

holds for any F in L?(Q2,G,P).

Our eventual goal is to express the chaos expansion as a sum of iterated stochastic integrals

with symmetric integrands. We will finally exploit our assumption that $) is separable. Let {e,}
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be an orthonormal basis of §. Then the countable collection of random variables {X (e,,)} is an
orthonormal system in L?(Q,G,P). Now we generalize the Hermite polynomials. Let J be the
collection of sequences of natural numbers with finite support i.e., @ = (a1,a9,as,...) € J where
each a; is a natural number and all but finitely many terms are zero. Then the norm |a| =, a; and
a! =[], a;! are of course well-defined. We can then define a collection of random variables indexed
by J by the equation

_H@:\ﬂﬂfiﬂw@X@Q) (2.9)

If ¢ and j differ, then X (e;) and X (e;) are independent and so are H,,(X(e;)) and H, (X (e;)) for
any natural m and n. Once again, we appeal to Proposition 2.1 to determine the inner product of

elements in this system.

E [HoHy) = [ | VaibilB [Hy, (X(e) Hy, (X ()

1 ifa=0b (2.10)

0 ifa#b.

Thus, the collection of all H, as a ranges over J is an orthonormal system.

The next step is to show {Hg;|a| = n} is a complete orthonormal system for the n-th Wiener
chaos H,. The actual argument is a fair amount of low-level calculation. Essentially, given an
element H, (X (h)) in H,, we construct a suitable approximation from elements of {Hg;|a|}. The
crux is to calculate E[H, (X (h))H,| and, while not difficult, it is not particularly illuminating.
So we will relegate the calculation to the Appendix B. Since each collection {Hg;|a| = n} is an
orthonormal system for the n-th Wiener chaos, the overall collection {Hg;a € J} is an orthonormal
system for L?(2,G,P).

We now construct a space of symmetric kernels and define an abstract mapping I,, from the
basis of this space of kernels to elements of { H,;|a| = n}. When $) is the space of square-integrable
functions on a measurable space without atoms, then our abstract operator I,, precisely coincides
with iterated stochastic integrals. But for now we remain as abstract as possible since, asides from

classical Brownian motion, the underlying Hilbert space which generates fractional Brownian motion
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is not of this form.
Let $©™ be the n-fold symmetric tensor product of §. Given an orthonormal basis {e;} of £ we
can construct a basis of H©™. But first, we have to introduce a bit of notation. Now that we have

fixed a basis for H, then for any finitely supported a € J we can define an element

ea = @2 e]". (2.11)

Then ¢4 is an element of H®" (not H®™!) whenever |a| = n. For our second piece of notation, we
introduce the symmetrization operator which takes elements from H®" to §" characterized by its

action on basis elements

1
Sym (e, @ - Qe ) = o Z €igy @ " @ €y (2.12)
" oES,
Here, o ranges over all permutations on the set {1,...,n}. If an expression e is of small enough

width, we will write € for Syme. For those not familiar with this tensor algebra notation, we can
give some examples:

1
Sym(er @ez) = g (a1 @eatea®en), (2.13)

and the slightly more complicated

1
Sym(ei@2®€2) 26(81®€1®62+61®62®€1+€1®61®62
+61®62®61+€2®61®61+€2®61®61) (214)

1
:g(el(g)el®62+61®62®61+62®61®61).

In general, the tensor product is the only reasonable way to define a notion on multiplication for
an arbitrary Hilbert space $). However, if §) is a collection of actual functions we can sometimes have
a more concrete definition of H®" and symmetrization. For example, if § is L?([0, T), which would

mean our isonormal Gaussian process is classical Brownian motion, then $®" is isomorphic to the

10



CHAPTER 2. THE MALLIAVIN CALCULUS

space of square-integrable multi-variable functions L?([0,7]") and symmetrization would simply be

F@i, ) =Y f(@o)s s Tam), (2.15)

ceS,

as we would hope. Quick aside: when $ = L2([0,7]™), then our isonormal Gaussian process is a
Brownian sheet [Khol4].
Returning from our digression; we imbue the space " with the inner product (-, -)gon, which

is defined as n!(-, ) gen. Where the inner product on " has the natural definition

(i® @ frg1 @ @ gn)gen = (f1,91)5  (fas Gn)s- (2.16)

Now, consider the collection {é4;|a| = n}; whose span is obviously dense within H®". Let us do
the immediate ask of determining the inner-product between two elements é, and €. If we write

€a =€, ®---Qe; and ep = €j, ®--- @ e;, then we calculate

<éa, éb>ﬁ®" :n!<éa, éb>y)®n

1

:E Z <eia(1) R ® eia(n)’ejgl(l) R ® ejgl(n)>f)®"
" o,0'ES,
(2.17)

= Z <ei1 X ® Cins Ci, 1y ®--® ejo‘(n)>§)®"

gES,
= Z <ei17ejo(1)>ﬁ T <€inveja(n)>f3'

o€ES,

If @ is not equal to b, then there exists some index k for which ay # by. Here, e, appears aj times
in the tensor product e, and by times in the tensor product ep. So regardless of how we re-order the
factors in ep, we cannot match every instance of ey in ep with a corresponding ey in e,. Hence, each
summand is zero. If instead b is equal to a, and we are calculating ||é,]|?, then a summand is one is
if a permutation of the factors of e, is again e,, and zero otherwise. A permutation would need to
fix the a1 copies of ey, the as copies of es, and etc. There are precisely a! such permutations, and
thus [|€a]|}e. is a!. Therefore, {\/%éa; la| = n} is an orthonormal basis for H©".

Finally, we can introduce the operator I, : §©™ — H,,, defined on the basis by the rule I,,(é4) =

11
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valH,. Our lengthy calculation was to convince ourselves that I, is indeed an isometry between
the domain of symmetric kernels and the n-th Wiener chaos H,,. We can summarize our calculations

into the pithy algebraic statement Hence

Theorem 2.5.

L*(Q,G,P) = é@%n (2.18)

n=1

So for any F in L?(Q,G,P) there exists a sequence of f, € H™ such that

F =" T(fn) (2.19)
n=1

This is the Fock space construction which appears in Quantum Mechanics. Our use of symmetric
tensors corresponds to the Fock space derived for a boson. The Fock space for a fermion would
involve antisymmetric tensors instead [Mey95]. We can make a stronger statement if §) is the space
of square-integrable functions over an atom-free measure space (7,5, 1). In this case, an element
of H®" is a square-integrable function on 7™ with the measure u®" which is symmetric in its n
variables. We denote the space of all square-integrable symmetric function ﬁQ(T”). In this case, our
isometry I, perfectly coincides with iterated stochastic integration against our isonormal Gaussian
process X. One only needs to examine how the image of some indicator function 14, x...x4, , once
appropriately symmetrized, under I,,, is precisely X(A4;1)---X(A,). Let us rephrase our previous

result with more earthiness.

Theorem 2.6 (Wiener-Ité6 Chaos Decomposition). Given an isonormal Gaussian process X over
the space L*(T, B, u). If (T, B, i) is atom-free, and F is in L?(Q,G,P), then there exists a sequence

of symmetric functions f, € L*(T™), where fo = E[F], such that

F =" T(fn) (2.20)
n=0

2.3 The Malliavin Derivative

We are now in a place to introduce the fundamental operators we will use; beginning with the

Malliavin derivative. To begin we consider a subspace S of L?(Q2) of all random variables which can

12
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be expressed as f(X(h1),...,X(hm)) where f : R® — R is a smooth function such that f and all
its derivatives have at most polynomial growth. Our usage of “S” to denote the family of smooth
cylindrical random variables is a mnemonic as every random variable within can be expressed as the
application of a function which resides in some Schwartz space [SS03] to elements of our isonormal

Gaussian process.

Definition 2.7 (The Malliavin Derivative). Consider a smooth cylindrical random variable F' € S of

the form f(X(hi,..., X (hy)), then the Malliavin derivative of F is defined as the $-valued process

DF = i af_ (X (1)), ., X (h) )i (2.21)

i=1

Consequently, the p-th Malliavin derivative of F is an element of L?(2 x §©") and has the

closed-form expression

DFFP= )" W(X(hﬁ,---,)((hm))hm Q- ® hyy,.- (2:22)
i1,enip=1 " Uk

Symmetry stems from the realization that f is smooth, so the order of partial differentiation is
irrelevant. The above expression is sufficient for almost all direct calculations. However, sometimes
an alternative expression for DP will ease our burden. If we return to our vector notation, we can

write hq for h% @ --- @ h%m, and hq for the symmetrization of hq. Then

prr=%" %%(X(hl),...,x(hm))iza. (2.23)
la|l=p

When F and f is clear from context, we may denote F, for ng{:(X(hl),...,X(hm)), and more

succinctly write

| ~
prE=Y%" %Faha. (2.24)

la|=p
When $) is a space functions over an interval, then DF is a stochastic process indexed by some

parameter. In that case, we can write DF' = {D,F} where DsF is the random variable the process

13
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DF assumes at “time” s.

If we fix an h € $ and consider the above F', we can calculate the inner product between h and

DF
(DF, h)s, :Z Oz (X(h1), ..., X(hm)) (hi, b)
i=1 g (2.25)
iy L&) el By, X () + €lin, B)5) = F
e—0 € ’

which justifies the interpretation of the Malliavin derivative as a Fréchet derivative of operators on
the space of paths. The density of S in L?(Q) is fairly obvious; S contains our orthonormal system
{Ha}J :

We need to give a suitable domain and topology for the Malliavin derivative. The following
spaces are ubiquitous in the literature though it seems they are rarely given a proper name. Given
the definition and setting, “Malliavin Sobolev spaces” [Imk+16] seems appropriate. For a smooth

cylindrical random variable F' € S we define the norm

Kk »
£ l.p = (E[IFI”} +) E [IIDiFllfa@i]) : (2.26)

=0

In a deterministic setting, these are the norms which define the Sobolev spaces. We define D*? as
the closure of S with respect to the | - ||, norm. Then we can consider D* as a map from D¥? to
LP(2 x H©F). Finally, we define the space D>? as the intersection of all D¥?. Of special interest

are the spaces of the form D*2, since they are Hilbert spaces with respect to the inner product

k
(F,G)=E[FG]+ Y E[(D'F,D'G)gen] . (2.27)
i=1
Chapter 1 of [Nua06] and Chapter 2 [NP12] prove relevant properties like inclusion and compatibility

among the Malliavin-Sobolev spaces.

We conclude with this simple result.

Proposition 2.8 (The Chain Rule). If we have a series of random variables Fy, ..., F,, € DY,

and a continuously differentiable function ¢ : R™ — R with bounded partial derivatives, then

14
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&(F1, ..., Fy) is also in DYP and

DG(Fy, ..., Fp) =Y 0¢ (F,...,Fn)DF;. (2.28)
1=1

— 8951

The proof of which just follows the definitions. So the Malliavin calculus is a first-order calculus,

which already distinguishes it from the It6 calculus.

2.4 The Divergence Operator

Naturally, the next operator we introduce after the Malliavin derivative corresponds to integration.
We define the divergence operator 6” to be the adjoint of the k-th Malliavin derivative D* : D*2 —
L?(2 x H©%). The domain of this operator is denoted Dom §* and contains the processes u in

L?(2 x $®™) such that there exists a constant C' such that

|E [(D¥F,w)]| < C/E[F2], (2.29)

for all F in D*2. Once we fix a particular v in Dom 6%, the linear functional which maps an

L?(Q) random variable F to E [(D¥F,u)] ., is continuous. A routine appeal to the Reisz Repre-

HEk
sentation Theorem implies there is a unique random variable, which will be our §*(u), such that

E [(D*F, u}]ﬁm is equal to E[F¢*(u)] for any square-integrable random variable F. The k-th order
divergence operator 6* : Dom d* — L?(12) is defined by this integration by parts formula.

To actually begin integrating we will need one result.

Proposition 2.9. Let F' be a smooth cylindrical random variable in S, and h be an element of §.
Then
E[(DF,h)s] =E[FX(h)]. (2.30)

This one of the few times we will actually evaluate an expectation as an integral against a
probability density function. Under the assumptions, F' is of the form ¢(X(h1),..., X (hp)). Of

course, we can assume hq, ..., h,, are orthonormal by replacing ¢ with ¢ o O where O is the change

15



CHAPTER 2. THE MALLIAVIN CALCULUS

of coordinates transformation. Then

E[(DF, h)s]

m 96 (2.31)
:Zaﬂ[ﬂ[a (X(hl),...,X(hm))],
i=1 Ti
where each a; is simply (h,h;)s. (X(h1),...,X(hy)) is a standard normal random vector and
therefore
9¢
E X o X
X ). X ()
1 o
= = g(b (21,...,am)e” 2 dx
(2”1) > Jrm OTi ) (2.32)
it =7
:W - O(x1y. . )T P dx
=E[p(X(h1), ..., X(hm))X (h1)].
Substituting these terms back into our previous equation we see
E[(DF,h)s] =E[FX(h)]. (2.33)

We extend to all F' by density, and remembering the definition of the divergence operator, we
conclude 6(h) = X (h).

Of special importance are the family of smooth elementary processes Sg. A process u resides
within Sg if w is of the form Z?:l F;h; where each F; is a smooth cylindrical random variable.
Note, the image of smooth cylindrical random variables S under the Malliavin derivative lies within
Sy. Sg is usually the first input into the “standard machine”, and theorems are bootstrapped from

there.

Proposition 2.10. For any elementary process u = Z?zl F;h; in Sg, u is in Domd and its diver-

gence 18
n

§(u) = Z FiX(hi) =Y (DF;, hi)g. (2.34)

i=1

Let us avoid using more indices than we have to and consider u = F'h, and only then extend to
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S by linearity. We proceed by duality. For any G € D*? we have

E[GO(Fh)] = E[(DG, Fh)g]
=E[(FDG, h)s)
=E[(D(FG),h);u] —E[(GDF, h) syl (2.35)
=E [FG)(h)] —E[G(DF,h)¢u]

—E[G (FX(h) — (DF. b))

By the uniqueness of the divergence we conclude d(u) = FX(h) — (DF,h)g.

Depending on the day, we are either amused or annoyed at how many integration-by-parts
formulae there are within the Malliavin calculus. We currently have one for integrating a random
variable against a deterministic process. We now expand it to one which covers integrating a random

variable against a stochastic process.

Proposition 2.11 (Integration By Parts). Given F € D2 and u € Dom 6 such that F|ul|s, F&(u)

and (DF,u)s are square integrable, the integral of their product is

0(Fu) = Fo(u) — (DF,u)g. (2.36)

As before, we begin by assuming is an extremely elementary process u = F'h. From proposition

2.10 we know

§(Fu) = §(FF'h) = FF'X(h) — (D(FF'), h)g
=F (F'X(h) — (DF’,h)g) — (DF, F'h)g (2.37)

=Fé(u) — (DF,u)g.

As we promised, the proposition holds for Sg by linearity and Domd by density; the standard
machine in operation. The restriction to random variables and processes which satisfy the stated
square-integrability conditions is what makes the algebraic rearrangements true and not merely
formal.

We would be remiss if we did not prove the Heisenberg commutativity principle. This is the rule

17
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of the symbol-pushing game which allows us to interchange divergence and the Malliavin derivative.

Lemma 2.12 (Heisenberg commutivity property). Consider a u € Domé such that §(u) € D*2.
Then

Dé(u) — §(Du) = u. (2.38)

Let u = Fhwhere F € §,s0 F = ¢(X (h1,),. .., X (hm)) for some smooth ¢ of at most polynomial

growth. Nothing to it but to do it. To save on ink, write Fj for 99 (X(hy),..., X (hm)) and Fi

Oz
for aizaﬁk (X(h1,),..., X (hm)). We can use the same trick as before and assume £ is in the span of
hi,...,hy,. Furthermore, for now we let u = F'h;. Then
Dé(u) = D (FX(h;) — (DF, hi)g)
=Fh; + X(h;)DF — DY DF(h;, h;) (2.39)

J

Let us make explicit the rule “first things first”, so §(h®@h’) = X (h)h' and (h, K’ @h" )5 = (h, h')5h".
Making the former choice fixes the other by the duality relation which defines the divergence. Usually,
everything is already symmetrized so all our arbitrary choices lead to the same result. But for right
now, we should specify. We also use the convention that taking a derivative “adds a variable at the
end” while integrating “consumes the first variable”, which is how we would normally calculate if $

was a family of univariate functions.

§(Du) =Y 6(Fh; @ hy)

J

= Fid(hi @ h;) = Y (DFj,hi ® hy)g
! ! (2.40)

=X (hi) Y Fihj =Y Fixlhe, hi ® hy)g
J Jk

=X (h))DF =Y Fjih;.
J

Our desired result immediately follows.

Iterating on this idea we have the following result.
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Lemma 2.13 (The better Heisenberg commutivity property).
Dé&*u — 68 Du = ké*u, (2.41)

which follows from a simple induction proof with Proposition 2.12 as the base case.

D&* Ly — §¥ 1 Dy = (D6%)ou — 6F 1 Du
=(k6* ' + 6% D)ou — ¥+t Du = ké*u + 6% (Déu — §Du) = ké*u + 6*u (2.42)

=(k +1)6%u.

At the moment, we have two different operators I and §*. The former is defined by mapping
basis vectors of the Hilbert space % to n-th Wiener chaos of L?(€2,G,P). The latter is defined
as the adjoint of the n-th Malliavin derivative. We know prove they coincide. After fixing an
orthonormal basis {e;} of ), we consider the orthonormal basis {\/%éa; la| = k}. In Section 2.2,
I k(\/—laéa) and H, are equal definitionally. What remains is to show 6’“(\/%&,) is also equal to Hy.
Consider two elements \/%éa and ﬁéb of H®F. For the moment, consider a multi-index @ € J

such that |a| = |b| = k. By the definition of §* we have

E {Haé’“ (;léb)] = %E [(D¥Hag, &) ger] . (2.43)
Recall H, = Va![[;°, Ha,(X(e;)). We want to calculate the k-th Malliavin derivative of this
expression. After some relabelling of the e; we can express H, as a smooth cylindrical random
variable of the form f(X(e}),...,X(e),)) where f(z1,...,2y) is equal to \/aHa/l (1) -+ Har ()
where all the @ are positive and aj +-- -+ al,, = k. Then we calculate the k-th Malliavin derivative
directly. From Equation (A.5) we can conclude dd—;Hj () = Hj—i(z) when 7 < j and is identically

zero otherwise. Using Equation (2.23) we see

k! 0% f »

k

D*Ho =) T 9o X (@), X ()l (2.44)
|pe|=F

By a pigeon-hole argument, g%fj is zero unless p is equal to @’ = (a},...,al,), in which case it is
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Vva!. So the only summand which is non-zero is when p is equal to a@’. Then we return to our
original labelling to see

DFH, = ——é,. (2.45)

Plugging this result back into our original equation we find

E {Ik (\;aéa> 5k (;!ébﬂ = z!!b!E[(éa,éwH@k]

2.4
AN 240
- aleaa b €p! on .
Therefore,
1
E [Haék <b'ébﬂ =E[H.Hy), (2.47)
for all |a| = |[b| = k. We can at least conclude the projection of 6*(#ép) onto the k-th Wiener

chaos is Hp when |b| = k. Now consider E[H,0"(£é5)] where |(| < k. As we retrace the steps of
the above proof we see D¥H, is identically zero. And therefore E[H,6%(%ép)] is zero whenever
la| < |b| = k. Finally, we must consider when |a| > |b| = k. In this third pass-through of the proof,
(DFH,g, €p) pren is an element the (|b| — |a|)-th Wiener chaos and therefore has mean zero. We can
conclude for any two multi-indices a, b where |a| = k (we place no restriction on |b|), E[Ha0"(£ép)]
is identically zero unless a = b, in which case, the expression is equal to one. Since the {Hg}ae s
form a complete orthonormal system of L%*(2,G,P) we are forced to conclude 6*(4ép) is Hp, and

therefore Ij, and 6% agree on HOk,

Our next operators are not as common in the literature.

2.5 The Gross Laplacian

The Malliavin calculus admits many different Laplace-type operators. There is the Lévy Laplacian
[Fel05] and its more exotic variants which have no direct finite-dimensional analog. There is the
Volterra Laplacian [Hid+93] which is a proper infinite-dimensional analog of the classical Laplacian
but a bit abstract for our purposes. We will work with the Gross Laplacian [Gro67] which is

more concrete a specialization of the Volterra Laplacian. For a cylindrical random variable F' =
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f(X(h1),...,X(hy)) where all the h; are orthonormal we define the Gross Laplacian to be
AF =S T (X (), X (), (2.48)

which is intuitive enough of a definition to justify the nomenclature.
We now prove that we can loosen the orthonormality requirement. Let F' = f(X (h1),..., X (hm))
be a smooth cylindrical random variable, but let us drop the requirement that the h; are orthonormal.

Let {e;}{ be an orthonormal basis for the span of the {h;}7*. Then F can be expressed as

F=f(X(h),....X(hm)) = f | A] ; (2.49)

X(er)

where the (possibly non-square) matrix A = (a;;) is the change of coordinates between the {k;} and

the {e;}. If we let g = f o A, then

NP
AF = Z oz (X(en), -, X(er). (2.50)

We calculate the first derivatives of g

dg i) " of 9 [«
o (@) = () = Y- (31 (am)) - ( x)

= = (2.51)
:Z <8$](A:c)) aj;
Jj=1
The second derivatives are
82g m 8f
922 902 (Az) | ajiaki, (2.52)
Jk=1 ISk
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and therefore

82 m
BTUZ(X(ez PR Z (890 &rk (hl), RN ,X(hm))> AjiQki- (2.53)
i 1 J

. ¢
Once we recognize that (hj, hy)g = >, ajiar;, we can see

£

Note

m

D*F =Y &% f(h; @ hy). (2.55)

Jk=1
So the Gross Laplacian is some sort of trace of D2F, which corresponds with the classical idea of
the Laplacian as the trace of the Hessian matrix.
If X was a classical BM, then (f,g) fo s)ds and the Gross Laplacian would be equal
to the expression fo D,D,Fds. The Gross Laplacian is actually one of the fundamental operators

within [JPS15a], and we can pithily rephrase a particular result as
1 1
E[F] = w’(e22F) = Z ST WO (AFF). (2.56)

The meaning of w® will be revealed shortly in Section 2.6. For now, we do not know if rewriting
exponential formulae using the Gross Laplacian is only notational concision, or whether there is
some more interesting connection between the exponential formulae and potential theory on Hilbert

spaces.
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2.6 The Frozen Path Operator

Introduced in [JPS15al, the frozen path operator was used for a new representation theorem for
smooth martingales generated by classical Brownian motion. This Dyson series [Zei06] was further
used to characterize solutions for path-dependent parabolic PDEs [JS16] and later extended [JPS15b]
to random variables generated by fBm with Hurst index greater than %

If we have a smooth cylindrical random variable F' = f(By,,...,B:, ) where B is classical
Brownian Motion then we can “freeze” the random variable at time 0 < ¢ < T by defining the
operator w' such that

W (F) = f(Biyats - -+ Brooat)- (2.57)

Alternatively, we may write F'(w?) for w!(F). Section 3.2 of [JPS15b] gives a proof that this operator
is indeed well-defined. Classical Brownian Motion is an isonormal Gaussian process over the Hilbert
space L%([0,7]). So for a smooth cylindrical random variable F' = f(B(h1),..., B(hny)) we have
B(h;) = fOT h;(x)dB(z), where each h; is square-integrable. As we would expect, freezing this

random variable gives us

WHF) = f ( ; hi(x)dB(z),..., hm(x)dB(m)> . (2.58)

0

All claims in this section continue to hold when B is replaced by a fBm B¥ regardless of whether

the Hurst index H is greater or less than %

For an adapted process u, we do have the formula w’ fOT Usds = fot usds + us (T — t). However,
for stochastic integrals of nondeterministic processes, the naive guess that w? fOT usdBg is simply
fot usdBs immediately fails. If we let us = By, then fOT B.dB; = %B% - %, and freezing this result

at time t produces %Bf - %, while fot BydBs = %Bf - % Neither can we approximate the result

of freezing an integral by freezing an approximation. We have the same witness of fOT BsdB; for a

counter-example. Given a partition of [0, 7], freeze the approximation ), By, (By,,, — By, ), then let

i+1

t

the mesh become arbitrarily fine. Once again, we obtain the result %Bf — 5 instead of our desired

conclusion of %B% - % Later, will claim a simple formula for freezing the Stratonovich integral of

an adapted process.
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2.7 d-dimensional BM as an Isonormal Gaussian Process

We wish to make explicit what we have only seen hinted at within the usual references; describing
d-dimensional Brownian Motion within the framework of isonormal Gaussian processes. After this
construction we will examine the rules of “multi-variable” stochastic calculus.

The underlying Hilbert space we will use is the space L?([0, T]; R?) of R%-valued functions h such
that fOT |h(x)|?dx is finite. It may feel backwards to specify an indexing Hilbert space to generate a
Gaussian process instead of determining the underlying Hilbert space given a Gaussian process, but
Proposition 2.1.1 of [NP12] provides a simple construction of a Gaussian process given a real sepa-
rable Hilbert space and a sequence of i.i.d. standard normal random variables. If we let eq,...,eq
be the standard basis R?, then a function h € L2([0,T];R¢) has a component-wise decomposition
h = Zle hie; where each h; is a square-integrable real function on [0,7]. Well, L?([0,T]) is the
underlying Hilbert space when considering classical Brownian Motion as an isonormal Gaussian
process. Intuitively, an isonormal Gaussian process over L2([0,T]; R?) should contain d copies of
Brownian motions.

To begin, let B be an isonormal Gaussian process which has L2([0,T];R%) as its underlying
Hilbert space. Now define the linear map B; : L([0,T]) — L?(Q) by B;(h) = B(he;). When we
want to emphasize B; as a process over time we adhere to the usual notation and write B;(¢t) for
Bi(1j0,) = B(1j0,€i). Then B(h) = ), B;(h;) and in particular B(t) = >, Bi(t). {Bi(h)}nher2(0,1)
is a family of centered Gaussian random variables, and if we look at the auto-covariance of B; we

see

E [Bi(s)Bi(t)] =E [B (1j0,sj€:) B (1j0,n€i)] = (1j0,5€i> Ljo,1€:) 15
(2.59)

T
=/ 1[0,s] (u)1[07t] (u)du = s A t.
0

The only Gaussian process which satisfies these properties is classical Brownian motion. Further-

more, if we consider B; and B; with distinct indices ¢ and j then

E [Bi(s)B;(t)] = (1jo,51€i Ljo,1€5) 12 = O, (2.60)
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which is all we need to conclude that By,..., By are independent Brownian motions.

There is a slightly different representation which [Nua0O6] uses when it briefly comments on d-
dimensional Brownian motion as an isonormal Gaussian process. Which is understandable; there
are many Hilbert spaces isomorphic to L?([0,T];R?). If we let Ng be the set {1,...,d} we can
alternatively consider L?([0,7] x Ny) as the underlying Hilbert space. Then an element h has a

unique decomposition defined by

d

h(t,j) = hi(t) 1 (). (2.61)

i=1

Where, once again, each h; is an element of L%([0,7]) and h;(t) = h(t,i). We want to avoid using
Kronecker deltas when discussing an indicator function on a single point because with the Skorokhod
integral we have too many deltas as is. Obviously the isomorphism between these two Hilbert spaces
is induced from mapping the indicator function 1y to the basis vector e;. Some analysis is easier
when considering L?([0,T] x Ng) but instead of having two notations we write h = Y. h;e; and
trust in the maturity of the reader to understand when we consider e; as a basis vector of R? or
when we consider it as the indicator function on {i} in N4. Let us quickly run through the Malliavin
operators.

Given a smooth cylindrical random variable F' = f(B(h1),..., B(h;,)) the Malliavin derivative

is the following R%-valued process.

DF = B(hy),...,B(hy)) h;. 2.62
> gy (B B0 (262)
Then we can define partial Malliavin derivatives by the relation

D F
DF=| : |. (2.63)

DyF

Each D; F is simply the i-th component of DF'. One slight nuance is to calculate D; F’, F' needs to be

measurable with respect to B and not just B;, and hence F' must be measurable with respect to the
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o-algebra generated jointly by d Brownian motions. Algorithmically, calculating D;F' is equivalent
to calculating the Malliavin derivative as normal but treating all the Brownian motions aside from
B; as deterministic parameters. It is slightly unwieldy, but we also write D; (F’ to denote the value
of the stochastic process D;F' at “time” s.

Now let § be the divergence operator induced by B. Then for a scalar-valued process u we can
define §;(u) = 6(ue;). By construction, for a R%valued process u = Zle u;e; we have 6(u) =
> 0i(u;). We would like to show d; coincides with the Skorokhod integral with respect to B;. To

do so, we consider a square-integrable random variable F' and a process u such that ue; is in Dom §

E [F6;(u)] =E [F5(ue:)] = E [(DF,ue:) 12 o ryz) .

=E [(DiF,u)r2(po,r))] -

In the special case when F' and u are generated only by B; this collapses into the definition of the
Skorokhod integral for a single BM. §; really is the Skorokhod integral with respect to B;. We can

prove it follows the expected integration-by-parts rule

61(F’UJ) =4 (Fuei) =F¢ (uel) — <DF, uei>L2([07T];Rd)
(2.65)
=F6;(u) — (DiF,u)r2([0,17)-

We follow [Nua06] to argue that when v is adapted then 0;(u) is equal to the It6 integral fOT usdB;(s).
It follows from Lemma 1.3.2 after consider the random variable u, as Fg ;)x {i}-

The last component which is essential to computation is determining how D; interacts with ¢;
as operators. Here we follow the proof of Proposition 2.5.4 in [NP12] which we had already seen in

Section 2.4. Take the elementary process Fh where h is in L2([0,T]).

D;6;(Fh) =D; (FB;(h) — (D;F,h) L2 (0,17))
(2.66)
:Bj (h)Dl + FDlB](I’L) — <DiDjF, >L2([O,T])7
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while

§;Di(Fh) =0; (h® D;F) = B;j(h)D; f — (D; DiF, h) 12(jo,1))- (2.67)

D; and D; obviously commute, so when we take the difference of these two expressions, we see

D;6;(Fh) — 6;D;(Fh) =FD;B;(h). (2.68)

When i and j are equal this is the Heisenberg commutativity relation. When they differ, the right-
hand side is 0 and thus D; and §; commute.
For a cylindrical random variable F' = f(B(hi),...,B(h,,)), we want to arrange the terms of

the Gross Laplacian in a particular way. We express each h; as ), hi;er, and then see

m 82
AF = Z f ] (B(h1)7...,B(h7n)) <hi7hj>L2([0,T];]Rd)
' (2.69)

d m an
- Z Z 0x;0x; (B(h1), - ., B(hm)) (b hieg) L2 (0, 77) -

Each summand will be denoted Ay F', which is equivalent to the Gross Laplacian of F' if the Brownian
motions other than By were constant. Then we could express the Gross Laplacian as A = Ay +
-+ + Ay. The freezing operator is even simpler and behaves like freezing all the Brownian motions
at the same point in time.

To express a chaos expansion of a random variable generated by d independent Brownian motions,
we should have a better idea of what symmetric kernels look like. Switching back to our scalar

notation, the second symmetric kernel would be of the form

f((57i)v (tv.])) = Z fk,€(57t)ekl(i7j)' (270)
W)
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In this case, the constraint is f((s, %), (¢,7)) = f((¢,J), (s,4)) and

F(1.0). (5.9) = 3 fuelt Dew(i.d) = 3 fuelt,s)er(i,5)
~ Wt (2.71)
= Z fék(tv S)ekl(i7j)'
k.,

As this expression is equal to f((s,1), (¢,7)) we must have fo(t,s) = fre(s,t). To provide a concrete

example to disabuse us of faulty intuition, consider the following matrix-valued function

fs,t) = : (2.72)

Not all the components of f are symmetric functions nor is f generally a symmetric matrix. But if

we write f as

f(s,t) = ® - ® - ® , (2.73)

then we can readily see f is a symmetric element of L2([0, T]; R?) ® L2([0, T]; R%). Our key point is f
is a symmetric kernel, but that neither implies that all the components of f are symmetric functions
nor f must always be a symmetric matrix for any fixed value of s and ¢.

We wish to rewrite the n-chaos I,,(f,) in terms iterates of our operators d1, ..., 04 applied to the

components of f,. f, is of the form

fn(Sl,.-.7$n) = Z fjl"'jn(817"'7Sn)ej17"'jn' (2'74)

1<g1,-09n<d

We repeat our previous symmetry argument in a more long-winded fashion. Consider f, as a
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symmetric scalar-valued function on ([0,7] x N4)", and take a permutation o on Ny. Then

Tn((86(1)sta(1))s -+ (Sa(n)> to(n)))

= Z fj1-~~jn (80(1), ey sa(n))ejl...jn (i0(1)7 ey io(n))

J1i,dn
o (2.75)
= D Firin o) Som)€s1 () o1 () ({15 - sin)
jl)'vjn
= Y fot)oln) (So1)s s Som)€simn (i1 in).
J1i,dn
So the symmetry relation among components is as follows: for any multi-index (j1,---,jn) and
permutation o, we must have
f(.,(jl)”_g(jn)(sg(l), RN Sa(n)) = fj1---jn (81, ceay Sn) (2.76)
For the second symmetric kernel fo = e fre€re we have
I>(f2) =6 <Z5 (Z fke%) ®ee> =0 <Z (Z 5kfu> ez)
¢ k ¢ k (2.77)
= 066k fre-
k¢
Generalizing, we see if fy =32, . fj,..j,€j..j, then
L(fa)= Y. 60 L (2.78)
1§j1,...,jn§d
Now to exploit the symmetry condition we have established. For any index ji,...,J, there is a
permutation ¢ such that j,q) < -+ < jon). Let us call this reordering ji,---,j’. If we examine
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the contribution of fj,...;, to I,(fn) we see

6jn e 5.71 f]l]n
T T
[ [ st (s1) 0B, (50)
0 0

T T
:/ / Fio()jo(m)(So(1)s -+ Sa(n))0Bj, (1) -+ - 6Bj, (sn)
0 0 (2.79)

T T

:/0 /0 figegn (Sa(1)s -+ 80(n))0Bj, 1y (So(1)) - - 0Bj, ) (So(n))
T T

= [ [ B Gor 3By (s1) -8B (50)
0 0

=0, - Ot [y -

To recap; we exploited the symmetry condition, re-ordered integration (one only needs to exam-
ine elementary process to see re-ordering is valid), and re-labeled dummy variables. Thus, two
components contribute equally to I,,(f,). We call a component f;,...;, whose index satisfies the
constraint j; < --- < j, a canonical component. A canonical component can be indexed by a vector
= (p1,...,1mq) € N such that j; = --- = Ju, = 1, the next po indexes are all equal to 2, etc., and
where the last pq indexes are all equal d. Then we can label the canonical component f,,, and we

have

|
L(fa)= Y. l}é“fu, (2.80)
pend uj=n H

where 6# = ¢//* - - §"*. The symmetry relation manifests quite nicely for a canonical component. For
fu, the function is symmetric under any permutation of the first p; variables. f,, is also symmetric
under permutation among the next us variables, and so on. The Z—', is the number of components
whose contribution is equal to that of f,,. The advantage of this representation is there are no
redundancies between components. It is the same combinatorial exercise as when expressing the

higher-order Malliavin derivatives in terms of the symmetric basis. We can conclude this excursion

with the chaos expansion in terms of these canonical components.

Theorem 2.14. For a square-integrable random variable F' generated by d independent copies of
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Brownian Motion. There is a unique decomposition

]!
F=>" ﬁcsi‘f,“ (2.81)
peNd
where the kernel
fu(sle ey Sl,ll«l’ 82)1, ey 82#27 ceey Sd’]_, ey Sd7ﬂd)’ (282)
is square-integrable on |0, T]““ and is symmetric among the first variables s1 1, ..., 51,4, , symmetric
among the next variables, sa1,...,52,,,, and so forth.

There is really nothing in this section unique to classical Brownian Motion. We can, repeat
this construction to utilize a Malliavin calculus for random variables and processes generated by
d independent copies of fractional Brownian Motion with Hurst index less than % Dealing with
classical Brownian Motion is a better introduction, and it feels fairer to proceed with d-dimensional

fBm after we are more intimately acquainted with stochastic calculi specific to fBm.
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Chapter 3

A Survey of Stochastic Integration

for Fractional Brownian Motion

Until now, we have tried to work as abstractly as possible; partly to emphasize the elastic nature of
the Malliavin calculus, and partly to inspire ourselves about possible generalizations of later results.
However, now we turn away from the analysis of isonormal Gaussian processes in general to the
study of fractional Brownian motion with H < % in particular. For the proceeding sections we now

fix the Hurst index H < 1

2 — H. « is then an extremely

and we often employ the variables o = %
crude measure of how close our fBm is to classical Brownian motion. Many of the following results
will collapse into the standard ones after setting « equal to zero.

Every survey of stochastic calculus on fractional Brownian motion should reference Coutin’s
[Cou07]. One of our many failings in writing this dissertation is not discovering this reference
sooner. We are able to extend on Coutin’s survey in some aspects, but we have the slight advantage
of writing over a decade after her.

Our trouble begins when realizing fBm is not a semimartingale when H differs from % Analysis

of fBm then falls outside the scope of the usual machinery of stochastic analysis via Ito integrals.
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3.1 Representation of fBm with H < % and the Transfer Prin-
ciple

We have worked somewhat backwards. We have our desired autocovariance function, and there is
an isonormal Gaussian process which has this autocovariance function. Ontology is not a problem,
but to better analyze fBm with H < % we need a better understanding. If we return to isonormal
Gaussian processes as our lens then our fBm B¥ is an isometry between some Hilbert space § into

the space of square-integrable random variables generated by our fBm. We need to characterize $).

3.1.1 Primer on Fractional Calculus

The usual guide on fractional calculus for the uninitiated is [SKM93]. Consider a function f in

LY([0,T7]). Definition 2.1 in [SKM93] of the fractional integral is

Definition 3.1 (The Riemann-Liouville fractional integral). The left-sided fractional integral of

order « is the function

while the right-sided fractional integral of order « is
o L fw)
0@ = 5 | (3.2

For our purposes, a will lie in the interval (0, %), but this definition is for any positive «.
A simple calculation proves the Riemann-Liouville fractional integrals enjoy the semigroup prop-

erty for any positive g and ~:

0,0 f =200 f and I I} f=1I01F. (3.3)

T—"T-
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The proof follows:

BT = [ EE g,
// ) ~dvdu (3.4)

1
F( (x —u)=B(u —v)=7

’ 1
F(B)F('Y)/o f(v)/v (z —u)- 'E(u—v)l Wdudv.

The last line is non-trivial and is an application of Dirichlet’s formula and noting f(v) is independent

© into the inner integral. The differential is ds = xdf“

v?

of u. We make the substitution of s = ==

then end points become s = 0 and s = 1. = — w is equal to (z — v)(1 — s) while u — v is s(x — v).

Therefore, the inner integral is

/“m (z — U)lfﬁl(u N du

/1 (x —v) ds
o ((z—v)1=8)""(s(x—v)""

) L (3.5)
:m/o (1—s)"ts71ds
__ B
C(z—w)i=A
where B is the Beta function (Euler integral of the kind). Then

5 o BB [T I0)

BB 50 |, G 35

=T f) (=),
LT ()

where we use the relation B(3,v) =

FAT) The proof of the right-sided fractional integral is
similar, and would collapse to that of the left-sided fractional integral once one exploits what is
referred to as the reflection operator.

We also need an appropriate fractional analogue of the classical derivative. The domain for the
operator is more restricted since we need to assume a modicum of regularity. But the definitions are

intuitive, if we integrate a function to order a, we expect the result to be differentiable up to order

Q.
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Definition 3.2 (The Riemann-Liouville fractional derivative). Fir p > 1, then define ¢ (LP) (or
I$_(LP)) to be the image of LP([0,T]) under the operator I, (or Z$_). If f is in Ig (LP) (or

I (LP)) then we define the left-sided (right-sided) Riemann-Liouville fractional derivatives as

/ fx_uw > (3.7)

T — f(u
(D2_f)(z) = 1“(11_ S ((Tffx;)a +a/ Mdu) . (3.8)

Unlike integration, this definition only holds for « in (0, 1).

05 N0 = o (12

and

We write the definitions differently than in [SKM93]. Our presentation is the same as the one
found in [LNO06]. To extend the fractional derivatives to higher orders we break the order ~ into
v = |v]+{7}. Here, |7v] is the largest integer no greater than v, {v} = v—|v] is the fractional part
of 7. Then we define D), f = 42D f and D) f = (1)1 L DI f. The slight difference
in definition is due to our desired for left-sided derivative to generalize -2 7 while the right-handed

should extend —%. With all these definitions in place, we can state the most basic of the fractional

versions of the fundamental theorems of calculus

LI f = f, VS e L0, 1))
Dy f = f, Vf €T (L)
Dy I¢ f=f VfeL'(0,T)

I DS f=f VfeIs (LY.

The Clark-Ocone-Haussmann Theorem for fBm will come later, but its more technical arguments

rely on a series of function space embeddings which we present now since we are currently on the

subject of fractional calculus. If a < 1%, then ¢ satisfies 1% + % = « (so ¢ is similar to a Holder

conjugate of p) then the following inclusion holds

S(LP) = T3 (L?) € L9((0,T)). (3.10)
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Conversely, if a > % then

5. (L) U TR (LP) € €75 ([0,T)), (3.11)

and we have the following inversion formulae

D +Ig+f = fa vf € Lp([O,TD
DS f=f VfeTo (I
Dy-Ip-f=f, VfeLP([0,T])

(3.12)

I8 DY f=f VfeIP (LP).

Appendix B of [Bia+10] collects a nice summary of relations in the fractional calculus. The left-sided

and right-sided derivatives are further related by the integration by parts

T
/ F(2)(Dg ) (x)de = / (D% f)(@)g(x)de, (3.13)

for f € Z¢_(LP) and g € Z¢, (L?) where % + % <1+4+a, a€(0,1), and p,q are both greater than 1.

The corresponding integration by parts formula for fractional integration is

/ [ ()T g) (@) = / (T2 f)(@)g(x)dr, (3.14)

for f € LP([0,T)), g € L*([0,T]) where % + % < 1+ o where a must be positive and p, g greater
than 1.

We will use results from papers like [CNO5] which decline to use Riemann-Liouville fractional
derivatives and integrals for functions on bounded intervals. Instead, they consider fractional calculus
on the whole real line. Ultimately the difference occurs because while we consider fBm on a fixed
time interval [0, T they opt to consider fBm as a stochastic process whose time domain is the entire

real line. Consequently, their fractional calculus is based on the Marchaud fractional derivatives

DS (X l—a/ f@ qu:Fu)du, (3.15)
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and the fractional integrals on the entire real axis

@ L
1 /°° f(u)du

() (u —z)l-o’

(Z8f)(x) =
: r (3.16)

(T°f)(a) =

Translating results will not be difficult, but for completion we should mention this nuance.

3.1.2 Representation of fBm with H < %

Let £ denote the family of step functions on the interval [0, T]. We can induce an inner product on
& be defining

1
(Ljo,5) Ljo,g)e = Ru(s,t) = 5 (" + 21—t — 5?7, (3.17)

and then extending by bilinearity to all of £ x £. Rpg is of course the auto-covariance function
for a fBm with Hurst index equal to H. We let $) denote the completion of £ with respect to the
norm derived from the above inner product, and (:,-)g denote the inner-product of this resulting
Hilbert space. Given a fBm B we can consider the map Lo, + BH. The above map can be
extended to a linear transformation from ) into square-integrable random variables generated by
the process { B }o<;<7. Let us abuse notation and denote this map by BY : § — L%(Q). Again,
let us abuse notation and consider the image of this map B¥ = {Bf(h);h € }. By construction,
E [BH (h1)BH (h2)] = (h1, h2)s. B is therefore an isonormal Gaussian process over the underlying
Hilbert space $. Our current goal is to characterize $).

$) is called the reproducing kernel Hilbert space (RKHS). The nomenclature refers to our search
for a square-integrable kernel K on [0,7]? such that our fractional Brownian motion B can be
expressed as the Volterra process

t
BtH:/ Ky (t,s)dWs, (3.18)
0

where W is a classical Brownian motion. Furthermore, the kernel will satisfy the identity

Ru(s,1) = /O N Kt K (s, (3.19)
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Examining Ky as H varies can often explain qualitative differences between different fBms than
the auto-covariance function. Later on, we will see a sharp distinction between fBm with H < i as
opposed to i < H< % The differing regularity of Ky in those two cases will explain the differing
behavior of fBms from between those two classes.

Our detour into fractional calculus now pays dividends. Proposition 6 of [AMNO1] states $) is
the space Z%_ (L?) where a = 2 — H. So §) is the image of L?([0,7]) under the right-sided Riemann-
Liouville fractional integral of order a. To emphasize the dependence of the RKHS on both the
interval [0, 7] and Hurst parameter (and to save some more ink), we will write AY = IZ%: H(Lz).
We are not often blessed when considering fBm with H < % instead of H > %, but here we have
a small grace: the RKHS is an actual space of classical functions. When H > %, the RKHS is a
space of proper distributions. We can enjoy the simple pleasure of evaluating an element of Af[ at
a point. When H > % we often need to modify an argument to consider only the subspace of the
RKHS which can be represented by actual functions.

Then we wish to define an operator K3 : A — L2([0,T]) such that 3.18 generalizes to
T
B (h) = / (K3h)(t)dW. (3.20)
0

At that point we will have a way to calculate elements of the first chaos by calculating an associated
element of the first chaos generated by classical Brownian motion.
[Nor4-99] and Section 5.1 of [Nua06] trudge through the necessary calculus. [DU99] proves the

Relation (3.19), while we present the kernel ex nihilo:

Ky(t,s) = Cy (i)_a (t—8)" + as® /: %] , (3.21)

where

o 2H
TN (1 =2H)8(1 —2H,H + L)’

and f is the usual beta function. With kernel in hand we now turn our attention to the map K7;.

(3.22)

The transformation is centered around the mapping (K7 110.4(7)) = Kg(t, 7)1, (r). To verify this
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initial choice, consider times ¢ and wu.

E

T T
/ (K1 j0.0)(r) VY, / <K;1[o,t]><r>dwr]
0 0

=E

T T

/ Ky (s,7)1j0,4(r)dW, / KH(t,r)l[O,t](r)dWT] (3.23)
0 0

tAu

= Ky (t,r)Kg(s,r)dr = Ry (t, s).
0

So the process t — fOT(Kgl[Oyt])(s)dWs does have the same distribution as fBm. When we extend
this definition from step functions to all of AY we are fortunate in that we actually do have a

closed-form formula for this map Kj;. The inner product on A is given by

(9, h)arr = (K9, Kiph) r2((o,1)) (3.24)

where

(Kh)(s) = CuT (1 — a)s® (DF-u~*h(u)) (s). (3.25)

The foundation with which to understand fBm with H < % as an isonormal Gaussian process is now
complete, and we can now begin to consider the particulars of the Malliavin calculus specific to fBm

with H < 3.

3.2 The Russo-Valois Symmetric Integral

We turn our attention to the integration of stochastic processes against a fBm B with Hurst index
less than % A naive attempt to define integration against fBm path-wise fails immediately. We need
only consider fol BHABE. Consider a partition 0 < ¢y < --- <ty = 1, and suppose we approximate
the j;t“ BffdB{" by (aBfl + BB{! )(Bfi, — B[l) where a 4+ # =1 and both parameters are non-

negative. So the “point of evaluation” is some convex combination of the values at the end-points

of the interval. Since this is only a sketch, we can make life more pleasant and assume the partition
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t; = ﬁ The expectation of the approximation would be

N—-1

E (aBf + B[ (B!
0

tit1

74+1 74+1 1+1 1
*ﬁ(RH( NN )RH<N’N>)>

Nl((i+1)2H i2H 1 > (3.26)

N2H N2H ~— N2H

N2H  N2H + N2H

B~ ((H— 128 2H 1 )
2

N B N
(1-5m) +3 (14 )
+

Since H < %, the term N1=2H grows without bound. The only way for our approximation to actually
converge to anything would be if a = § = %7 which would correspond to Stratonovich integration.
Our exercise hints that the way forward with respect to path-wise integration of fBm will be some
notion of a symmetric integral.

We will remark upon Stratonovich integration later, and rough-path theory in general, but our
chosen method is the Russo-Valois symmetric integral [RV93] [RV95]. With Gradinaru and Nourdin,
Russo and Vallois were able to extend their results to arrive at an It6 formula for H > % [GRV03]
[Gra+05]. This is one of the few results we are aware of which manages to pierce the boundary at
H = i. Given continuous processes X and Y we can define the forward integral by the limit in

probability of the quantity

1 T
g/ YU(X(1L+€)/\T - Xu)duv (327)
0

as € approaches 0 from above and is denoted fOT Y.d~ X,,. Similarly, we define the symmetric integral

as the limit in probability of

1 T
276/ Yu(X(u+é)/\T _X(u—é)VO)duv (328)
0
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as € approaches 0 from above and is denoted foT Y,d°X,. We are restricting ourselves to fBm
considered as a process on the interval [0, 7]. The definitions in [CNO5] are slightly different, but
as that paper explains in Remark 5.2, the differences are superficial when we consider continuous
processes. The correction term between the forward and symmetric integrals is Russo and Vallois’s

covariation [X,Y];, which is the limit in probability of

1

T
;/ (X(u+€)AT - Xu)(Y—(u+E)AT - Yu)du7 (329)
0

as € shrinks to zero. The relation between the three quantities is what you would expect as gener-

alization of the It6 and Stratonovich integrals.
T T 1
/ Yod°X, — / Yd X, + X, V], (3.30)
0 0

When X and Y are continuous Martingales, the above relation is precisely the translation between
It6 and Stratonovich integration. But the above expression can also hold for processes X,Y which
do not have a finite quadratic variation. Theorem 5.3 of [CN05] is a fundamental theorem of calculus

result:

Theorem 3.3. Let g € C*([0,T]) and 0 < a <b < T, then
b
o(Bf1) - o(Bf1) = [ o (BB, (331)

when % < H < L, and the integral does not exist if H <

1
27 6°

We must now fine some method of comparing our new path-wise integration with the divergence

operator.

3.3 Extending the Divergence Operator

We have explored an interesting framework but the standard Malliavin calculus has a slight short-
coming: even simple stochastic integrals like fOT BffdBF is undefined when H < 1; see Proposition

3.2 of [CNO5]. We know what it would be if it could be. The only answer which can possibly make
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sense is Ho(BY , TH) = 1((B¥)?—T?). However, the process Bf! is not in Dom 6 for such small H.
So our algebraic method of integration currently has a more restricted domain than our path-wise
method introduced in the previous section.

There has been much work on extending the divergence operator. The introduction to [CNO5]
surveys some attempts to extend the Malliavin calculus. [CNO5] builds upon [AMNO00] [AMNO1].
This extension is the basis for a Clark-Ocone-Haussmann theorem for random variables generated
by fBm with H < % It is also a fairly natural extension based on the same ideas of duality as the
normal divergence operator. Also, it is not an operator on Hida distributions. If we can get away with
extending integration without entering the realm of functional calculus on spaces of distributions,
we probably should. This approach is a more specific instance to the technique Leon and Nualart
use in order to extend the divergence operator for arbitrary isonormal Gaussian processes [LN05].

Pedants, i.e. anyone who would read a mathematics dissertation, would note the extension in
[CNO5] uses a different set of fractional derivative operators. Our characterization of the RKHS used
the Riemann-Liouville fractional derivative, while the paper uses the Marchaud fractional derivatives.
Cheridito and Nualart consider fBm as a two-sided process on the entire real line, while we restrict
our attention to the interval [0, T']. The Marchaud derivative better handles functions rapidly growing
functions but that concern is moot when a maturity date is fixed from the start. [LN06] use these
results but have the same RKHS A%{ as us and the same fractional calculus operators as we do.
So we are keeping kosher at least as rigorously as Leon and Nualart. We can go through [CN05]
and convince ourselves the results translate. The analogous subspace inclusions, and integration by
parts formulae hold for the Riemann-Liouville fractional derivatives. Ultimately, the Hilbert space
they consider is the A = I*(L?*(R)) = I$(L*(R)); the image of L?(R) under the fractional integral
under the entire real-axis, and A% = {h € Ag;hljr)(-)}. So elements of AZ are functions on the
real-line supported on the interval [0, 7]. Then if we consider the Marchaud derivatives in Equation
()3.16), we have the relation

(g,h)am = ¢} (D% g, D h) 2wy, (3.32)

where ¢ is a normalization constant. Pipiras and Taqqu [PT00] have done the analytical verification

for us. We interchangeably consider g and h as both functions on [0,7] and as functions on R
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supported on [0,7]. As a sanity check we verify this alternative representation when f and g are
indicator functions on [0,77]. Let g = 1jg4, then the Marchaud derivative of g is
> 1po.4(x) — 1.z + u)

I(1 — a)(D* 1) (z) =a /0 2 du. (3.33)

This is obviously zero when = > t. If x < 0 then

N > Lo, (z +u)
D1 =)D o)) = —a [~ 224

t—x 1
=— a/ du (3.34)

ul—i—a

—T

= ((t —x) % — (795)7a) )

Finally, if 0 < 2 <t then

[6% Rl 1-1 0,t (CE + U)
(1= 0)(D" L)) =53 70[)/0 0at T
> du
—a / — (3.35)
=({t—xz) "

If we let denote max(a,0) as (a)+ then we may write

(D21jo,)(2) = ﬁ ((t—2)3 = (=2)3%). (3.36)

To find the normalizing constant, consider

(10,77, Lio, 1) A

=c (D211 (@), (D2 1j0.1) (%)) L2 ) (3.37)

c? —a —on2
:71_‘(1 fOé)Q/R((Tu)+ — (—u)y ) du.
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First make the substitution © = Tv, then

(10,77, Lo, ) A
2

:ﬁ/R (T = Tv);* — (=Tv);%)* Tdv

&, - ) (3.38)
:777 —ax 1 o —ax (T« d
T [ (== (o)
:C%I/ ((1 —0) 7 — (_U)—a)Q doT?H
F(l — Oé) R + +
That is promising. Another substitution of w = —wv leads us to
'l—o
ch = U-o) (3.39)

Definition 3.4 (Extended Divergence Operator). First, let A* be the image of the elementary
functions € in L*(R) under the fractional integration operator I® where v is our customary quantity
% — H. Let u be a measurable process. We say that u is in the extended domain Dom”™ § if and only
if there exists a random variable, denoted §(u), such that §(u) € Up>1LP(Q) and for all natural n

and h € A with unit length |h||ax = 1, the following conditions hold
o u,H, 1(BH(h)) is in L'(Q) for almost all t € R
o E[uH,_1(B"(¢))|DyD*h is in L'(R)
o ¢ [ EluHy—1 (BY (h)| DD h(t)dt = E[5(u)H,(BY (h))]

The trade-off for the simpler form is the Marchaud derivative of a function in AZ is not necessarily
supported within [0, 7]. The Marchaud derivative does smear.

The end result of this work is an Ito formula connecting the Russo-Valois symmetric integral
and the extended divergence operator. There is a regularity requirement and a growth condition.
The growth condition is fairly generous. A function f: R — R satisfies the growth condition on an
interval (a, b) is there exist a positive ¢ and A such that A is bounded from above by (|a| V [b]) =2/

and |f(z)] < ce*® for all real z. This ensures f(BE) is in L?(Q) for any t in the interval (a, b).
Theorem 3.5 (Itd formula for extended divergence). If f satisfies the above growth condition, and
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f € C?(R) then the Ité formula for the extended divergence operator is

b
5 [f' (B au )] =f(B)") — f(BI) - H/ f/(BEY - 1qt
‘ (3.40)

b b
= [ rmmest-n [ pwhetae
We reserve the right to rewrite 2Ht?2~1dt as the differential d|t|*?, and the above result as

b
S L1/ (BI )] =7 (B = S(B2) — 5 [ £ (B

, o (3.41)
_ l Hy jopH  — " H 2H
= [ rwiest =5 [ rmhae

When we develop exponential formulae, we will need to know how the freezing operator acts on
the divergence of a process. The above equation gives us a way forward for a large class of problems.
We will extend this further by developing an Ité for processes of the form t + f(t, Bf). The Clark-
Ocone-Haussmann formula for fBm with H < % will provide a path forward for even more general

processes.

3.4 The Clark-Ocone formula for fBm with H < %

Given a random variable F generated by a fractional Brownian motion B¥ with Hurst index H < %,

there is a chaos decomposition of f

n=0

where each f,, is an element in the symmetric space (AH)©n.

Ideally, we would have a suitable Clark-Ocone formula for representing F' as F' = E[F]+ fOT us6 BH
for some suitable process us.

In the case of classical Brownian motion, the process us is the conditional expectation of the
Malliavin derivative at time s, given the history up to time s. But the conditional expectation of
fractional Brownian motion is not pleasant [GN96]. However, there is a more tractable quantity to
utilize. [LNO6] introduces the fractional conditional expectation of a random variable F' generated

by an fBm with H < i. The fractional conditional expectation is denoted either as E[F|F.] (to
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remind the reader of the concept’s origins), and is defined in terms of the chaos expansion of F'
E[F|‘F9] = ZI7L(f11[O,s]")- (343)
n=0

Then E[D, F|F,] replaces the customary integrand in the Clark-Ocone formula. The main result
of that paper is the following Clark-Ocone formula for random variables generated by fractional

Brownian motion with H < %:
T ~
F =E[F] +/ E[D,F|F,6BX. (3.44)
0

This quantity E[D,F|F,] is also written as D) F and should be understood as the predictable

projection of the Malliavin derivative of F' at time s.
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Chapter 4
Exponential Formulae

4.1 A Sketch and Intuition for an Exponential Formula

Remark 2.3 of [JPS15a] provides a simple sketch of the exponential formula by considering expo-
nential martingales. The proof is then made rigorous in [JS16], but there is value in returning to
the sketch to guide us on what the exponential formula should be. This does not qualify as a proof
of the exponential formula since, as we have remarked repeatedly, the frozen operator is not closed
as an operator on L%(Q). Given a function f € L?([0,7]) (we will assume f is continuous for the
sake of our argument), consider its image under the exponential e(f) = exp fo s)dBs). Now
exp(f(;t f(s)dBs — 5 fo 5)%ds) is a Martingale, so E[e(f)] = exp(3 fo 5)2ds). Note the Malliavin

derivative of €(f) is

T
D:e(f) =D exp </o f(s)st>
T T
—exp < /O f(S)st> D, /0 f(s)dB, .
=e(f) (f(t) +/O th(s)st>

=f(s)e(f):
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Freezing the exponent results in

T .
wo/o f(s)dBs = — w0</0 fdBs, B)r

1
2
1 T

=— §w0/0 F(8)d(f (), B.)s

:O7

since f has bounded variation. Now consider the expression

2 2%‘11'!“0 (Ae(f))

i=0
1 oo .
_;%, /[O’T]kw (D% -+ D2 e(f)) dsy - - ds;
=> 1 (51)2 -+« F(:)2° (e(f)) dsy - - - ds;

Therefore

for all continuous f in L?([0,77]).

(4.3)

(4.4)

€(f) was chosen because linear combinations of such random variables is dense in L?(2). The cor-

responding family of exponentials when considering random variables generated by two independent

copies of Brownian motion is

e(f,g) = exp (/OT FdBi(s) + /OT gng(s)> ,
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where f and g are each in L?([0,7]). We write €(f,g) = FG where F = exp(fOT fdBi(s)) and
G = exp( fOT gdBs(s)). Linear combinations of such exponentials is dense in the family of L2(£2)

random variables generated by B; and B;. We can leverage independence to see

T T
E[e(f,0)] = E[F|E[G] = exp (; | rras+g [ g<s>2d5>, (16)

and we reuse the univariate sketch to prove

E[F]E[G]
= i ,1wOoAiF iiwooAjG
£~ 211 ! £~ 2ij! 2

o0 1
_ 2 : 0 i 0 J
A 2l (0 &1 F) (“’ °A2G)

_ i ﬁwwo o ((A§A§> (FG)) 4.7
i,5=0

— 1 K i ng
:;ﬁw ° Ek: Z-Tj!AlA% e(f.9)
=0 i+j=k;i,j >0
=1
:Z ﬁwo o (Ake(f, 9)).
k=0 ’

The same sketch applies in the multivariate case as in the univariate case, we should expect the
form of the exponential formula to remain the same, and hopefully we are able to let the univariate

version of the theorem to do the actual heavy lifting.

4.2 The Freezing operator

To be able to apply the frozen operator in the wild, we need to know how it interacts with stochastic
integrals. The simplest counter-example to show the frozen operator and stochastic integration does

not generally commute is
T
1 T
w‘)/ BydB; = u° (2 (B} — T)> = -3 (4.8)
0
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while

T T
/ w(By)dB; = / 0dB; = 0. (4.9)
0 0

So in general we cannot have

T t
wt/ usd By :/ usdBs, (4.10)
0 0

for adapted processes.
We have the right operator, but are considering the wrong integral. Suppose we were to define

the operator w! in terms of the Stratonovich integral. That is, if we have an adapted process u, then

T t
wt (/ usdoBs> ::/ usd° By. (4.11)
0 0

We then claim that this new definition coincides with our old definition of the frozen operator, at

we define

least for large classes of random variables and processes of interest. Intuitively, the frozen path
operator is best visualized as an operator on paths. It makes more sense that it would behave nicely
with the integral which emphasizes the geometric nature of stochastic processes (Stratonovich) than
the integral which emphasizes the probabilistic nature (It6).

We can verify their coincidence for the usual classes of random variables of interest. It is a
simple exercise to show that this claim holds for geometric Brownian motion. We have to be careful
about any argument which leverages density since we have shown than the freezing path operator is
not closed in the L? sense. However, we can show that the claim holds true for smooth cylindrical
random variables via a direct argument. First consider a smooth cylindrical random variable of the
form F = f(By,...,Bt,,) where 0 =ty <t <--- <tp =T is a partition of [0,7]. Without loss

of generality, we can rewrite F' as
F:f(Btl _Btoal" 7Bt1\/j _BtM,1)~ (412)

We claim F = f(0,...,0) + fOT usd°® Bs where

M
0
Ug = Z 1[ti—17ti]87£ (Btl — Btou ey Bti,1 — Bti727 BS — Btifl,(), ey O) . (413)
i=1 '
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Then we integrate us over the interval [0,¢] with respect to the Stratonovich integral. There exists

a K such that tx_1 <t <tg, and

t
/ usd° By
0

ti (9f
:/tKl Do (Bt; = Big,- B,y — By,_,, Bs — By

i—17

0,...,0)d°B,

K-1 t; 8f
+ ; /t . (Bi, = Bigy s Bi , — Bty 4, By — By, ,,0,...,0) d°B,

=(f(Bi, = By, B, , — B, 5, Bs — By,_,,0,...,0)

—f(By, = By, ..., By,_, — B, ,,0,0,...,0))
K—-1
+ (f (B&, = Btgs---, By, = By,_y, By, = B,_,,0,...,0) (4.14)

=1

—f (Bt1 —Byy,..., By, , — B¢, ,,Bt, , — Btifz,O,...,O))

= (f (Btl _Btoa“wBti,l _Bti,zyBs —Btifl,O,...,O)

—f(By, = Byy,....Bi,_, — By, _,,0,0,...,0))

i—1

+ (f (By; = Biyy---»Bi,_, — By, _,,0,...,0)

=f (B, = Biy,...,Bi,_, — By,_,, Bs — By,_,,0,...,0) f(0,...,0).

i—27

Thus

T
WH(F) :f(O,...,O)ert/ ugd® By
0
t
=f(07...,0)+/ usd° By (4.15)
0

=f (Bt1 — Biyy ooy B —Btkfz,Bt—Bthl,O,...,O),

which precisely coincides with the old definition of the frozen operator.
Now consider an adapted process ugs which is a continuous semi-martingale, the Skorokhod

integral coincides with the Ito integral, and we can exploit the connection between the two integrals
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to see

T t 1
wt/ usdBs :/ usd® By — —w'(u., B.)rp
0 0 2

(4.16)

K 1 1

:/ wsdBy + ~(u, B — ~wt(u., B)r.
0 2 2
In our instance, we will only consider ¢ = 0, which further simplifies this equation to
r 1
wo/ usdBs = f§w0<u.,B.>T. (4.17)
0

If we look at the involved calculations in [JS16] and squint, we can see some of the more involved
calculations are essentially trying to find a closed expression to iteratively applying the above equa-
tion to I,(fn). Of course, this is all well and good, but we need to consider the multidimensional
case. The reader should refresh themselves on Section 2.7 on the multivariate Malliavin calculus.

We consider a d-dimensional Brownian motion

Bo=| 1 |, (4.18)

By (d)

and the random variables and processes generated by it. The best way to state our definition is to

first consider a continuous integrable adapted R%valued process

uy(s)

uls)= | |, (4.19)

uq(s)

so each component u; is a continuous integrable adapted real-valued process. Then the Skorokhod
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CHAPTER 4. EXPONENTIAL FORMULAE

integral of u(s) is

d
=D Gilw) (4.20)

4 0 r 0
/0 u(s) - d°B(s) = E/O ws(5)dBi(s). (4.21)

We define the operator w! as

T d t
wt u(s)-d"B(s) | = u; (8)d° B, (s). .
(/ <>dB(>> ;/ (5)d°B;(s) (4.22)

Since our assumption was that w, is adapted and continuous, the Skorokhod integral corresponds
to the Ito integral. The translation between the It6 and Stratonovich integral remains the same in
higher dimensions; see any standard text on rough paths [FV10]. This allows us to take the frozen

path of multidimensional stochastic It6 integrals.

(4.23)
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Now that is a formula with which we can work. Let us this formula and examine a simple exercise
which will show us how we can apply the frozen operator in the multidimensional case, and show it
is compatible with the conjectured exponential formula given in the preceding section.

Our chosen example is F' = (B#(T)—T)(B3(T)—T) because it is a martingale with nice analytical
properties, and therefore we can readily check if the answer we produce after cranking the wheels
of our machinery is correct. It is also the simplest example which has a non-trivial second-order
Gross Laplacian. So it is a nice choice for an example of how these freezing operators and Gross
Laplacians work in practice. We would desire w!(F) = (B#(t) — T)(B3(t) — T'), which we will prove

from Equation (4.23). The Clark-Ocone formula in the multivariate Malliavin calculus is

T
F =E[F] + / E[D,F|F,| - 6B(s)
0

i (4.24)
=E[F] + Z/ [D; oF|F,] dB(s).
i=170
For our chosen F we have E[F] = 0. And the Malliavin derivative in our case
e | Due ((BYT) - T)(B3(T) - 7))
Das ((BY(T) = T)(B3(T) = T))
- (4.25)

2B, (T)(B5(T) - T)

2By(T)(BY(T) - T)

Each component is the product of independent martingales, so we see the conditional expectation
of the Malliavin derivative is
E [2B,(T)(B2(T) — T)|F,
pip.rz,  |B BB - TIE]
E [2B\(T)(B3(T) - T)|Fs]
(4.26)
Bi(s)(B3(s) — 5)

Bay(s)(Bi(s) = s)
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Therefore
T T
WF =2 (w o/ B1(s)(B3(s) — s)dB1(s) —|—w0/ By (s)(B?(s) — S)dB2(5)> . (4.27)
0 0

Let us calculate that first summand.

T
20" Bi(s)(B3(s) — s)dB(s)

22/0 Bi(s)(B3(s) — s)dBi(s) + (Bi(s)(B3(s) - s), B(s)), (4.28)
—w’ (B1(s)(B3(s) — s), B1(5)>T .

To calculate the quadratic variation, it is best to have a martingale representation of By (s)(B3(s)—s).

Again, we use Clark-Ocone.

Bi(s)(B3(s) — 5)
=E [B1(s)(B3(s) — s)] + /S E [D, (B1(s)(B3(s) — s)) | F] - dB(r)

0

=0+ [ E[D1,s (Bi(s)(B3(s) — s)) |F] dBi(r)

o\m

0 (4.29)
—i—/ E [Ds,s (Bi(s)(B3(s) — s)) | F] dBa(r)
0

— [ B (B30 - IR dBitr) +2 [ B[ Balo)| 7 aBa(r

0

/(Bgu—r)dBl +2/ B () Ba(r)dBa(r)
0
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Then
(B1(s)(B3(s) — 5), Bi(s)),
—{ [ Br) —raBi) +2 [ Bi(r)Bo(r)dBar), Bi(s)
(I / )
:</OSB§(7‘)—rdB1( ), Bi(s )> +2</ B1(r)Ba(r)dBa(r), Bi(s )>t .
:/Oth(r)—rd (By(- +2/ Bi(r)Bs(r ), B1())e |
/;B%(r)rdr+2/0 Bi(r)Ba(r)d0
:/Ot B3(r)dr — g
and
200 /OT By (s)(B3(s) — s)dBi(s)
) /0 " Bu(s)(B2(s) — s)dBa(s) + Ot B3 (r)dr — %
ot (/TBg(r)dr - TQ)
_2/ fal (B2(s) — s)dBy(s) + /32 dr—— (431)
_/0 W' B2 (r )dr+T7
—2/ B(s)(B3(s) — s)dBi (s /Bz dr—*
/ B2(r dr—/ B2(t) dr+—
_2/ Bi(s)(B3(s) — 5)dBi(s) — Bj (t)(T t)—g—T;
Similarly

T
2w0/ By(s)(B3(s) — s)dBsa(s)
t ’ (4.32)

2 [ Ba(s)(B3s) — )il - BT -0 - 5+ T
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Combining these two results

WwtF

2 2
2/0 Bo(s) (B (s) — $)Ba(s) ~ BY((T — 1) — & + =

:/t |:231(8)(B§(S) _S)dB1(S) .
0

2B5(s)(Bi(s) — s)dBs(s) (4.33)

- / " [DL(BAE) — 1)(B3(1) — 1F] - dB(s) — (Bt) — BAO)T — 1) — 2+ T
0

—(BA(t) ~ 1)(B3(t) — 1) — (BA(t) — By(O)(T — 1) — £ — T°

—B2(1)B3(t) — t(B(t) + B3(t) + 2 — (BA(t) — B3(1)(T —t) — £2 + T°

—BY(1)B3(t) - T(BY(t) + B3(1)) + T°

=(Bi(t) = T)(B3(t) = T),

which is positive evidence towards our approach to freezing. To corroborate our conjecture of the
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exponential formula, let us calculate all the non-trivial the Gross Laplacians:

T
AVF = / D2, ((BA(T) — T)(BA(T) — T)) du

=2 /OT(BS(T) — T)du
=2T(B3(T) ~T)
ASF =2T(BX(T) - T)
AF =A\F + AyF
=2TB¥(T) + 2T B3(T) — 4T?

A’F = / ’ D}, (2T(B3(T) = T)) du

(4.34)
=0
A3F =0
T
AsAF :/ D3, (2T(B; —T)) du
0
T
:4T/ du
0
=4T"
A’F =AIF + 2A,AF + A3F
=872,
and all higher-order Laplacians are zero. Then plugging this into the exponential formula
S
0 k
k=0
0 L L 02
=w F+§w AF+§w A“F
(4.35)

=w’ (B{(T) - T)(B3(T) - T)) + %wo (2T B} (T) + 2T B3(T) — AT?) + éwo (87%)
=T+ %(—4T2) + 177

207
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which is precisely E[F].

4.3 An Exponential Formula for 2-Dimensional Brownian Mo-
tion

To prove our analogue, consider Wiener chaos decomposition Y~ I,(f) of a random variable F.
If we return to our previous exposition on the Malliavin calculus on d-dimensional Brownian Motion

(Section 2.7), then f,, is a tensor-valued function of the form

fu(st, ..o 8n) = Z fiain(sy, ... sn)en @€, (4.36)

1<it,nnyin <2

In which case, we have

L(fa) = > GG fm (4.37)
1<ty ,enyin <2
From Section 2.7 we know that for any permutation o on {1,...,n} we have
510(7z) T 510(1)fi“(1)...i5(”) = 5in, e 6i1 fil"'in' (438)

To refresh, we exploit this symmetry and consider what we refer to as a canonical component.

Consider the summand of the form " ,

f1~-12~-~2 (4.39)

where of course £ 4+ m = n. We can denote this summand by (™). From the above reasoning, we

can rewrite I,,(fn) as

L= ¥ (G )apatsem. (1.40)

l+m=n

The advantage of writing I,,(f,,) in this form is each summand is unique. Furthermore, each term

f(e’m)(rl,...,rg,sl,...,sm), (4.41)
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is invariant under any permutation of the first £ parameters, and is also equal under any permutation
under the last m parameters which simplifies some analysis. Lastly, when writing in this format it
feels “obvious” how to proceed in the d-dimensional case.

Let us show our exponential formula directly. We have our symmetric kernel

O, o re, 81,005 8m), (4.42)
then
Wl o systf
T Sm So
:m!”%/ / / OLF (51, 5m)dBa(s1) -+ dBa(sm) (4.43)
m'

R </ A BF (51, 8, 0)dBa(s) 2, Ba(v >> ,

Ap—2(8m-1) T
where A, _2(Sm—1) is the simplex {(s1,...,8m—2);0 <s1 < -+ < 89 < Sp—1}, and not the Gross

Laplacian. Then, if we take a partition IT = {0 = vy < v; < vy = T}, the quadratic variation is
the limit of all approximations (-, )11 as |II| = sup, |v;+1 — v;| tends towards zero. The value of this

approximation would be

</ / 6{.]0(')817"'7Sm—17v)d32(8)®(m1)5B2(U)>
0 Am72 Smfl) I

M-1 Vi+1
Z BQ szrl B2 Uz (/ / (Sef( S1yeeeySm— 1,UZ+1)dBQ( )®(m D)
k=0 A 2(5m 1)

/ / S F( 815 Sm_1,v:)dBy(s)®m™1)
Ap—2(Sm—1)

Vi1
(B2(Ui+1) — Ba(vy)) / / SEf(ys1,. ., sm_l,uiJrl)de(S)@(m—l)) (4.44)
v; Ap—2(Sm—1)

I
EMs
TN TN

M—1 it
- (B2(vit1) — Ba2(vi)) / / SLf(, 81,y Sm_t1yit1 )dBa(s)®m™Y
k=0 Vi Am—2(Sm—1)
M-1 o
+ Z Bs(vit1) — Ba(v;)) (/ / (5ff('7817-~-,8m71,vi+1)
k=0 0 JAm-2(sm-1)

_65][‘(’ S1y-++ySm—1, Ui)dBQ(S)®(m_l)>> ’
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Let us consider the first sum. It has a natural approximation via

M-1 it
(Ba2(vit1) — Ba(vi)) </ / 8Cf(- s1,. .., 57,,_1,vi+1)d32(s)®(m1)>
k—0 v; Apm—2(sm-1)
M-1
~ (B2 (vig1) — Bz(w))2/ S5 F (-1 815+ Sm—2,Vi, Vit1)dBa(s)®M ™2
=0 Am—2(vi)
M—1
. 4.45
= (BQ(UH‘l) _BQ(UI'))Q/ 6ff('a317~-~787n—27vi7vi)dB2(5)®( 2) ( )
k=0 Am—2(vi)
M-1
+ Z (Ba(vit1) — Bz(vi))2/ (65F (151, Sm—2, i, Vis1)
k=0 Am—2(’l}i)

O F (81, s S0, Vi, vz)) ng(s)®(m_2).
Then using the differentiability of f, we have

M—

=

(Ba(vis1) — Ba(vy))? / SEF (51, -+ $ms, s, 03)dBa(5) 20"

k=0 Am—2(vs)

M—-1

+ > (Ba(vig1) — Bz(vz‘))Q/

(6€f(7 81y ySm—2,Vi, Ui+1)
k= AWL—Q('Ui,)

[=)

—(S{f(, S1y-+-38m—2,0;, ’UZ')) dBQ(S)®(m_2)

S

-1

~ Y (Ba(vit1) — 32(%))2/ 8L f(y 81, Sm—2, i, v;)dBa(s) ("2
0 A,,,L,z(vi)

(4.46)

b
I

=

+ ) (Ba(vig1) — Ba(vi))?* (vig1 — vs)

/ (Sf <af(-,81,...78m_2,’l}i,vi)> dBQ(S)®(m_2).
Ap_a(vs) 8Sm

If we consider the L? limit of the first series, it is precisely

ol
Il
<]

M—-1

> (Ba(vigr) — BQ(Ui))2/ 1 (1815 s Smo2, i, 0;)dBy(s)® (")

Am_g(’vi)

’“*79 (4.47)
%LZ/ / 5ff(',51,~~-7Sm—zvvav)dB2(5)®(m72)dU-
0 Am,g(v)

As for the second series, each term (v;11 —v;)(Ba(vis1) — Ba(v;))? has variance 3(v; 11 —v;)?*, and the
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iterated integral has bounded convergence. So overall, the second series has variance on the order
of O(|II|?). Tt is a mean zero process since the mean of each iterated integral is zero. Therefore, the
limit of this second series is simply zero.

We have determined the limit of the first series of Equation (4.44). We must determine the limit

of the second series. Once again, we exploit the assumption that f is differentiable.

M-—1 o
Z (B2(vig1) — Ba(vy)) (/ / (5{f(.751’ e Sy Vig1)
k=0 0 Ap—2(8m—1)
76{‘]0(7 Sly-++ySm—1, 'ij)dBQ(S)(g(mfl)
b (4.48)

=~ Z (Vit1 — vi)(Bz(UHﬂ — Ba(vi))

k=0

/ 5 (W(.7517...,sm_2’yi,vi)) dB2(8)®(m—2).
Am—2(sm-1) a5111

By a similar argument to before, the (v; 1 —v;)(Ba2(viy1) — B2(v;)) are independent of their adjoining
iterated integrals, and have variance (v;11 — v;)?, and therefore the variance of the entire series is
O(|I1]?). As before, it is also a mean zero series and therefore the limit of this series is identically

zero. From this argument we see

/ / (51, s, 0)dBa(s)2m D, By(v)
0 Ap—2(8m—1)

T
:/ / 8f (- s1,... v, U)ng(s)®(m72)dv (4.49)
0 Am,g(v)

1 /T / y 2
- 8L F (- v, 0)dBy ()2 D dy
(m . 2)| 0 [071;]”1*2 1 ( ) 2( )

Of course, our choice to first deal with integrals with respect to By was completely arbitrarily, and

a similar result applies to B;. Consequently, we have

Wl o sTot f

_ T (4.50)
- W/ ”0/ 81 f (v, 0)dBa(s)*" P d.
0 [0,0]m—2

By running through the proof with the example 613% f, we see that random variables frozen image
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is zero. So by repeated applications of Equation (4.50) we see

<
SH
~—
U
<
®
|

2
2

) T U% V2
wooéénéff :(_1)71/ / / w06{f('7vl7vl7”-71)%
Ol 0 (4.51)

2
m:

:(—1)'527;(7”)'/[\0,11]7él LL)O 05{f(',7]1,1117...,U%,U%)dv 2,

when m is even and zero otherwise. This perfectly coincides with Proposition 2 of [JS16]. Of course,
we can repeat the same procedure for By, which leads us to our foundational result for verifying the

exponential formula.
Lemma 4.1. Given a differentiable symmetric kernel f in L2([0, T]?*) ® L2([0, T)*™)

0 §2m 20
w0 0" f

(201)(2m1)
2+ m (!

(4.52)

‘ ‘
=(—1)t™ / f(ul,uh...,u§,u§,vl,v1,...,v%,v%)du dv™
[0,71¢x[0,T]™

and is zero when either 2¢ or 2m is replaced by an odd natural number.

To verify the exponential formula, we first need to check the formula holds for a component
6570% f where f is a symmetric kernel on the product L2([0,T]¢) and L2([0,T]™). We also write the

exponential formula differently. We first saw this alternative expression in Equation (4.7)
Efsysif] =3 Wwo o (A}Ag (6575¢ f)) . (4.53)

i,7=0

When ¢ = m = 0, this identity holds trivially. When ¢ or m is non-zero, then the left-hand side of
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the equation is zero. First, let us consider the non-trivial case of Lemma 4.1 and examine 63™ 6% f.

> 1

> 2i+ji|j|“0 ° (AiNi (‘gmfﬁzf))
A 15!

4,J=

= Z 21+]Z']'w o (A AJ 5§m52éf))

0<i<l;0<j<m

= 2 sz'y' </[0T] / 0.7)3 Dao, Do D Mlé%mé%de@ClU@J) o

0<i<l;0<5<m

- (20)(2m
N 2“‘3@!].(26 22).(2m—2]).

S0 9sm

2m—2j 20— 2i i 7, ®j
o/ / 55 67 Fl un,un, .U, U, -, 01,01, ., U5, Ug)du® do®
(0,17 Jjo,1)s

Then use Lemma 4.1 to evaluate the frozen images.

B (21 (2m!)
N Z 20+34151(2¢ — 20)!(2m — 27)!

SiseUsgsm

(20 — 20)!(2m — 2j)!
267 m A (¢ — )l (m — j)!

. (71)67i+m7j

(4.55)
/ / f(’LLl,Ul,...,U[,U@,'Uh’U],...7’Um,’Um)du®(€)d’U®(m)
[0,71¢ Jo,T
. . 1
=(20)!(2m)!C (—1)f-i+m=i —
OSiS;OSjSm 268mal (€ — i)l (m — j)V
where C' is the integral which appears on the penultimate in Equation (4.55). Continuing
:(26)!(2m)!0 Z (_1)Z_i+m_j £'m!
Lim)2t+m e g1l — )l (m — j)!
4 m
20!1(2m)!C i _. m!
_— 7 ~ 7 —1 vt -1 m—j
Lm!126+m ;( ) (£ —1) ggo( ) (m—j) (4.56)
_eoeme,
= i DD

=0.
Therefore, by a direct calculation, we have shown

Lemma 4.2. Given a differentiable symmetric kernel f in the product space of ﬁ2([0,T]5) and
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f/2([0,T]2), the exponential formula holds for 6565 f. The proof follows since there are only finitely

many terms in each infinite series,
E [0 0 6551 f]
- S L 0 LAJ (§2m 520
- T o(A1A2 (62m52 f))

=0 (4.57)
w’ o A (6567 f)

So we have at least proven the exponential formula is true within each chaos, and is therefore at
least true for any random variable whose chaos decomposition contains finitely many terms. As is
usual in analysis, the difficulty is taking the argument in the limit, and proving the relation holds
for a random variable whose chaos decomposition is an infinite sum.

We start by defining a series of linear transformations w?. Each w® will map a subset of the n-th
Wiener chaos H,, to R by working backwards from the result in Lemma 4.1. So w? is the linear map

induced by the relation

wyy (85763 f)
(20" (2m!)
20+mmlp!

(1)t (4.58)

/ f(uhul,...,ug,ubvl,vl,...,vm,vm)duedvm,
[0,T)¢x[0,T]™
where 20+2m = n, and f is a differentiable element of L2(]0, T]2¢)® L2([0, T]2™). We set w° (67" 6% f)
to zero when ¢/ +m/ = n, either ¢ or m is odd, and f is a differentiable element of L2([0,7]¢) ®
L2([0,T)™). We let Domw? be the subset of 7, for which this mapping is finite.

Then our hands our tied. Given a random variable F' generated by two independent Brownian
motions F', which has a chaos decomposition F' =~  I,,(f,) where f, € Doma&" for each n, and

the series
oo

> W (La(fa)), (4.59)

n=0
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converges absolute, we say F' € Dom 4" and define

@'F = wn(In(fa)- (4.60)

n=0

Since wO agrees with w® on the n-th chaos, we can write

O(F) =Y @ (In(fa)); (4.61)

n=0

foran F =3 I,(f,) in Dom&°.

We then define a series of space beginning with Dom® @° := Dom &°, and say a random variable
Fis in Dom* ™! @0 if F is in Dom @°, and AF exists and is in Dom” @°. Then we define Dom™ @° as
the intersection of all these spaces. So if we have an F' € Dom™ &° with the usual chaos expansion

F =" I.(fn), we can safely say each series
O(AFF) = WO(AFLL(f0)), (4.62)
n=0

converges absolutely. We simply plug F' into the exponential formula and remember Lemma 4.2

implies the exponential formula holds for each chaos I,(f).

o0

1 .
Z WWO(AkF)
k=0 ’

oo 1 o0
=> o 2 W (AL (f)
k=0 n=0
— 1 4.63
=33 s (AL (f) (4.63)
n=0 k=0
= Z E[L(fn)]
n=0
=E[F].
There was a lot of scaffolding to erect in order to swap summation signs.

Theorem 4.3. For a random variable F' generated by two independent Brownian such that F lies
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with Dom™ &°, F satisfies the exponential formula

E[F] =" 2%14;!(”0 o AF(F)
k=0 (4.64)

1,,0
—e2¥ °AF.

Future work should characterize the space Dom™ &°, but there are robust families of random
variables already known to lie within Dom®™ &°. Polynomials in B; and By are automatically within

the space, as are exponentials.

4.4 An Exponential Formula for d-dimensional Brownian Mo-
tion

The notation is somewhat scarier, but the logic is the same as the two-dimensional case. We start

with a random variable F' generated by d-dimensional Brownian motion and its decomposition

F=>Y" @Mfﬂ. (4.65)

peNd

Where || = pi1 + - + pa, p! = p!- - - pg!, and 0 = o5* - 6.

Each symmetric kernel is of the form

fu(sl,lv cee STy 82,15 - - -5 Ss 0yt 5 S8d, 1, de,ud)? (466)

and is square integrable. Here, f* is invariant under any permutation which maps each set of
{Si1s---, 8, } to themselves. Furthermore, we make the restriction that f is differentiable f#.
We follow the same path as in the proceeding section, and first try to obtain a closed-form

expression for * f#. If we repeat the reasoning behind Lemma 4.1 we obtain the following formula.
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Lemma 4.4. Given a differentiable symmetric kernel f in ®%L?([0, T]*")

WOodf
2v)!
:(_1)|V‘ ( V) f(ul 1,UL 15y ULy s UL gy e ooy Ud 1, Ud1y - -+ 5 Ud,vg s Ud,y, )du?uidugudv
2T Jig e T v B ot
(4.67)
and is zero when either 20 or 2m is replaced by an odd natural number.
An alternative way to express this relation is
1
w0 0% f = (1) 2‘V‘V'A"(52"f. (4.68)
So if we have a multi-index pp < v (1 < v1,..., 14 < v4) and write the iterated partial Gross
Laplacian A* = Af¢... A" then we have the identity
WOARSV f
2v! / 0 520—2 ® ®
= WY T () duPH duSHe
(2v —2p)! [0,7]1ml JOdw d
Wl (—1)Hl(2m — 2pu)! (4.69)

= . du®l/1du®l/d
(v —2u)!  2v—nl(v — p)! /[O’T]V f()duy d

_ (_1)|V—l"| v S2v
=gy = A

and note if there exists some index p; that is greater than v;, then A#6?¥ f is identically zero. We
trust if the reader has made it this far, then they know what arguments are being integrated without
having to bleed into the margins by fully writing out the arguments to f. We were not explicit, but
the above identity is what we used in the proof for the two-dimensional case.

Then we apply the appropriate analogue of the exponential formula for such an f. For d-
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dimensional Brownian motion it is

1
> 2‘“‘N!MOA“52VJC

peEN
1 0 2
= w AB§ f
1 (_1)|V*Pf| v 2v
:Z 9lul ) 2lv—nl AYOTf
= 2 ( p)!
IV ]
AV 2v
0 f‘; |u\,,,,| V—u)!
AV (=)l (4.70)

- ovy! = pl(v —p)!

Au52u
=T 2 e

V;
Py bd;0< s <vy t=1 'u7 v

AV52V
== H(l — 1)

2vp!

Vz /hy |

A formal manipulation of series will show

oo

ZWA = 2|u|u| K (4.71)

peNd

where we have the total Gross Laplacian A = A; +---+ Agz. When each of these series is applied to
0%¥ f, there are only finitely many non-zero terms, so we do not have any problems of convergence,
and 62" f is mean zero. And the case where there exists an odd component somewhere in the multi-
index is trivial, since freezing such a random variable or any of its Gross Laplacians is always zero.

Therefore, we can say

Lemma 4.5. Given a differentiable symmetric kernel f in @2, L?([0,T]")

Epf] =3 ﬁw“ o AF(8¥ ). (4.72)

k=0
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From here, we proceed with constructing a freezing operator on a subset of L?(2) in the same

fashion as in the previous section. So we construct a space Dom &° such that the relation
(o]
@O (F) =Y w(In(fn)), (4.73)
n=0

holds for any F € Dom&° with chaos expansion Y. I,(f,). From there we construct the d-

0

dimensional version Dom® &". Thus, we can extend the final result by linearity to

Theorem 4.6. For a random variable F € Dom™ &° generated by d independent Brownian motions

with a chaos decomposition

=y el s
F= Zd ﬁ(s f*, (4.74)
peN
F satisfies the exponential formula
S 10
E[F] =) Wuﬂ o AF(F) = e2¥ °AF. (4.75)
k=0 ’

4.5 SABR model with =1

We would like to apply our developed analytical tools to the SABR model with 8 = 1; continuing
the work done in [GS19]. We break with the traditional notation of the domain to be consistent
with the notations within this work. The SABR model [Hag+02] is traditionally expressed as the

following SDEs driven by the Brownian motions W and Z

dFt :O'tFjﬁdZt
dO't :CVO'tth (476)

th dZt :,Odt7
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with 8 in [0,1]. F should be interpreted as the forward rate, while oy is stochastic volatility. We

take 8 = 1 because we wish to eventually graduate. We will write

dFt UtFt \/idBl +deQ( ))

dO't =Q0¢ dB2 (t) y

(4.77)

with 8 in [0,1] and Fy = 09 = 1, and we set X; = log F;. The volatility has the closed-form
expression

o = erO‘BQ(t)_aT’Qt, (4.78)
and X; satisfies the SDE

1
dX; =0y(\/1 — p2dBy(t) + pdBs(t)) — 5a—,%dt

) (4.79)
—0,dZ; — iafdt.

Our goal is to calculate the price at time 0 of a European call option on F' and maturity 7. For
the sake of simplicity we assume the call is “at the money” and normalize so K = Fy = 1, and
thus Xy = 0. To do so, we apply Theorem 6 of [A1606]. We introduce the following quantities from
[A1606):

xif’i(T—t)

o]

BS(t,z,0) =e¢*N(d;+) — N(d-)

di(t,z,0) =

1 T
v? S / o2dr (4.80)

- ? 0
‘:(37Xsavs) = ((8l‘3 - 87) BS) (Sastvs)

T
A, :08/ ngsofdr:2ozas/ der

T
Vo =E [BS(0, Xo, v0)] +g/ E[=,A,] ds.
0
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The application of our results is to approximate Vg using the exponential formula for random vari-
ables generated by multiple Brownian motions. For a random variable G, the identity revolving

around the exponential formula is

1 1
E[G] = Z WoA"G =wlo (G) + iwo o (AG) + gwo o (AQG’) + - (4.81)
The resulting approximation of Vj is the expression

w0 (BS(0,0,v0)) + %wo o (ABS(0,0,vp))
(4.82)

p [T 1
+*/ <w0 o (EsAs) + iwo oA (ESAS)> ds.
0

To break up the calculation, we introduce the following variables for the terms in the approximation

A =’ 0 (BS(0,0,v))

B =w’ o (ABS(0,0,v0))

(4.83)
C =w o0 (Z,A,)
D =w’ o A (E,A,),
and to finally calculate
1 p [T 1
A+-B+ - C+ =D | ds. (4.84)
27 "2, 2

It will behoove us to further break down the calculation of D. A(Z,A;) is the sum of A;(EA,) and
As(Z5As); the Gross-Laplacian with respect to By plus the Gross-Laplacian with respect to By. So

we further write

E=w’0A, (2sAs)
F =u’ 0 Ay (E,A,) (4.85)

D =E+F.

72



CHAPTER 4. EXPONENTIAL FORMULAE

4.5.1 Preliminaries: The Greeks

We will make common use of the identities

N'(2) :V%efé
N"(z) =—2zN'(z) (4.86)
ddx(t,z,0) 1

ox CovT —t

We will also need to know the partial derivative of di with respect to o

6di €T 1
=— + —vT —1t
0o o2T —t 2
__1 <3”F+§"2(T_t)> (4.87)
o ovT —t
_dx
o g

Our approximation will necessitate calculating the various derivatives of the Black-Scholes function
BS; the Greeks. For better or worse, only the Greeks up to the third order have names. Though it
seems the taxonomic effort started waning half-way through the second-order Greeks. Most tables
express the Greeks in terms of the price F' and not the rate X, so we will proceed slowly and verify
and translation. Tables will be used more as a sanity check on our algebra. Consulting [Hau07], we
see the stochastic process Zg is the difference between the speed and the delta. We leave it to our

betters to explain any possible interpretation. The first derivative with respect to the rate (delta) is

@ =e"N(d4) + ewN’(d+)% — N’(d,)%
or or ox
1 2 2 (4.88)
="N(d )+ ——— ("2 —e 2 |.
e*N(dy) oV2m/T —t <6 ¢ )
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We recall the basic identity dy — d_ = o+/T —t, and therefore

x—ﬁ :2:10—(d,+0\/T—t)2

2 2
22— (d? +2d_oVT —t+0*(T — 1))
- 2
2z — (dz, +2(x — %ﬂ(T — 1))+ (T — t)) (4.89)
- 2
o
-

Thus, e N'(dy) is N'(d_) and therefore the delta is

0BS

Using the previous calculation we find the second derivative with respect to the rate (gamma) is

0’BS *N'(d
T2 _e"N(dy) + e"N'(d+)
Ox oI —1t
N'(d_) (4.91)
=e"N(dy) + ——=.
e*N(dy) oJT — 1
Finally, the third derivative with respect to the rate (speed) is
BS N'(d-) N'(d-) dd_
——— =e"N(dy) + —d_
ar5 ¢ (d) oVT —t ovVT —t Oz (4.92)

. N'(d_) d
=N+ = (1 - am) '

So if we express the process Z; as b(s, X, vs) where b(t,x,0) is a deterministic function, then

ot z0) = (22— 2 BS(t, 2. 0)
gf(ﬁ)?) ) o
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We will also need the derivatives of BS with respect to volatility . The first derivative of B.S with

respect to o (vega) is

OB e yriay 20 _ o 20
o0 ¢ N'(dy) 0o Ni{d-) 0o
_dN'(d-) | dyN'(d-)
g g (4.94)
N'(d_
M) g, —a

=VT —IN'(d_).

dyd_

o

The second derivative with respect to the volatility (vega) is the vomma multiplied by

82BS —_—

od_

i d 9o (4.95)
=T — t—T*N’(d_).

There will be higher derivatives which will be relevant for specific calculations. However, these are

the derivatives of BS which are common to multiple calculations.

4.5.2 Preliminaries: The RMS volatility

The stochastic volatility o is ubiquitous throughout every calculation; usually as a sub-term of a

more complicated process. The frozen path of oy is
a2
WO(oy) = ope™ 71, (4.96)

and of course w®(02) = e,
The RMS volatility appears in all calculations. In general, v? is an easier term to manipulate

than v, itself. Freezing v? results in the deterministic process

T
202 = [ eear
S

T—s
2
S — ( —a®s _ —QQT) 4.97
a?(T — s) € € ( )
WO (vy) — 90 \[e—a?s _—aT,
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We will also need to know the first and second-order Malliavin derivatives of v,. v, itself is a function
of the stochastic volatility o, which is entirely generated by the second Brownian motion. So D ,vs
is identically zero. To calculate D, ,vs we first calculate Dg,uvf. What is important to note is how

u compares to s.

(4.98)

2a T 9 T 9
-7 1[07s](u)/ O’rdT+1[s,T](u)/ odr

T—-u
=2« (1[075] (U)UE + 1[57’1“] (U) T _ S’Ui) y

which is a sort of interpolation, or bridge, between v2 and v2. Freezing this quantity results in the

expression

wlo Dg’uvg

=2a (1[0,51 (w)w® (v7) + s 1y (U)T — uWO(“i))

T—s
_20% (4 ( )M 1y () B e=’u _ =T (4.99)
- a2 [0,s](U T _g [s,T]\¥ T_ s T _u
— 20-8 —a?s —a2T —a?u —a?T
(T —s) (1[0751 (u) (e - ) + 15,7 (u) (6 —e ) )

To calculate D5 v, itself we express v, as . /USQ. Then since the Malliavin calculus is a first-order

calculus we have

Dy ,v2
D2,uvs :D2,u\/E = ;771}2 (4100)

76



CHAPTER 4. EXPONENTIAL FORMULAE

Then freezing this would result

w0 Dy v :0—(2] (1 (u) <67°‘25 - efQQT)
(T — s)wO(vy) [0,5]

+1s,77(u) (e_a2“ - e_“zT))

od ay/T — s _ _
= 0 > 5 (1[075] (u) (6 a’s — € a2T)
T = 8) ggv/e—o%s — g—a®T (4.101)

+1s,7(u) (e*O‘Q“ - e*O‘QT))

g0

B VT = sve—@?s — ¢=o’T (1[0’5] (u) (6—0423 B 6—02T)
15,7 (u) (e_“2“ - e_O‘ZT)) )

It is a value judgement on how far to elaborate these expressions. We could have just left the first
line in the above calculation. However, by finishing the calculation we do see some results of interest.
w® 0 Dy ,vs has a linear dependence on g, while the initial leading factor depending on a power of
« has disappeared.
The second Malliavin derivative of v? is
2 2 2 T'—u 2

D27u’u5 =2« 1[015] (U)Dg,u’us + 1[S,T]mD2,uvu . (4.102)
We get to exploit the short-circuit 1 q(u)1[s7(w) = 0 in the first summand. And in the second
summand we have Ds ,v2 = 2av2. Therefore,

T —
D3 v =4a® (1[0,8] (u)v? + 1[S’T]T—ZU§) : (4.103)

That is, D3 ,v2 = 2aDs ,v2, so w° 0 D3 02 = 20w’ o Dy ,v2.
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For the second Malliavin derivative of v, itself

2
D27u1]3 :D27u <

Doy

2 2
_ D2,uvs

2
ul2
2v,

(DQ,uvg)DQ,uvs

AT

2
D2,uvs
o _

2
202

(Da,uv7)?

Vs

3
4v3

(4.104)

Again, we exploit the short-circuit 1jg 5 (u)1s 7)(u) = 0. Using equation (4.98) for Dy ,v7 we see

202
2 _
DQ,uvs =

S

402
4v3

which when frozen is

T

1 211 -
( 0,61 ()5 + g,y () 75—

wlo D%uvs =o¢2w0(vs)1[0,s] (u)

+a? (2—

T —uw®(v?)

u

T —uv\ (T —u)v?
T_Mg> ),

4.5.3 Calculating A = w° o BS(0,0,vy)

By far, A is our most trivial term.

A =’ 0 BS(0,0,v0)

=N(d4(0,0, WO(US)) -

Now d4(0,0,0) = i%a T, so

78
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(4.105)
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4.5.4 Calculating B = w’ 0o ABS(0,0, vp)

The Gross-Laplacian A is the sum, A;+As, of the Gross-Laplacian with respect to the first Brownian
motion and the Gross-Laplacian with respect to the second Brownian motion. The key to saving
ourselves a lot of effort is to realize the stochasticity of B is entirely dependent on vg. Since vg is
entirely generated by By, BS(0,0,v0) is entirely generated by Bs. The Gross-Laplacian satisfies the
identity A;G = fOT Dzquu, and from the above reasoning, we have D; ,,BS(0,0,v¢) is identically
zero. Therefore, A1ABS(0,0,vg) is zero, and thus ABS(0,0,v) coincides with the Gross-Laplacian
of BS(0,0,vg) with respect to By only. So ABS(0,0,vg) is just A2 BS(0,0,v9). We must consider

oBS
Dg’uBS(0,0J)()) :DQ’U (8(0’07UO)D2’HUO>
dBS ’ 9BS (4.109)
=5 (0,0,00) D3 ,vo + —5—=(0,0,0) (D2,uv0)”
The freezing operator and deterministic integration commute, so we have
0 T o (9BS 0 (P2
P 285(0.0.0) = [ (5 0.0,00) ) o (D8 ,00)
0 | (4.110)
o [0*BS 0 2
+w W(O,O,vo) w” (Dauv0)” du.

Effectively, we are allowed to simplify before integrating. Now we have already calculated w® (D3 ,v0)
and w° (D3 ,vg) in Equations (4.101) and (4.106). In this instance where we are concerned with vg

specifically, we have

2
2 2
, 0.(2) (e—a u e~ T)

0 _ 4.111
w® o (Dyyv0)? = NIy (4.111)
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We calculate Ds ,,v¢ using Equation (4.97)

—u)w®(v2 T — u)w(v?)
wOO(Dg’u’Uo):OéQ <2_(T ) ( ))(

Tw® (U(Q)) Two (’Uo)
0—(2) o e—a2u _ e—QZT (e_a2u B 6_a2T)
Tu0 () ——
@ (1 — 67Q2T) _ (1 _ 67042”) (1 _ 670(2) + (1 _ efazu) (4112)
\/T 1-— 670‘2T 1— e—a2T
2 2
—a®T —a?u
ch(l_@ ) _(1—6 )
\/T (]_ _ efa2T)% '

OBS

Now we calculate the frozen vega w® o 222(0,0,vg). To calculate this and the frozen vomma we

need to freeze d4 (0,0, vp),

which we calculated in Equation (4.108)

wW?(d+(0,0,v0)) =+ gwo(vo)

From the calculation for the vega in Equation (4.94), we have

And for the vomma, we use Equation (4.95)

(4.113)
4 %m
W0 o ‘?;S(Qo,uo) =VTN'(w’(d_))
. (4.114)
VTN (-2 i ).
w0 8;TB2S(O,O,’U())
wO(dy)wl(d-
T )
§ (4.115)
_ %WO(UO)N’(wO(d_))

- _ ofi\/l _ e—QQTN/ (_(2770,/1 _ e—OCQT)
107 o
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We have calculated all the terms in the integrand, and thus we have shown how to calculate

T
B :/ (wo (6BS(0, O,vo)) w? (D3 ,v0)
0 60' ’

2
+? (e 0.0.0) ) o (D) ) du
(o2

(4.116)

When calculating approximations, we will see that the integral of w® o ABS(0,0,v0) actually has a

closed-form expression.

4.5.5 The log price X,

So far we have only been concerned about terms at the initial time s = 0, at which the forward
rate process X is 0. We now turn our attention to the corrective term fOTE[ESAS}ds. To reason
about this quantity, we must first examine the process X: determine a closed form expression for
this process, it’s various Malliavin derivatives, and the images of each under the frozen operator. X

satisfies the SDE given in Equation (4.79); the solution to which is

S S 1 S
X, =v1-— p2/ o-dBy(r) + p/ o-dBa(r) — 5/ o2dr. (4.117)
0 0 0

If we have defined the frozen path operators in terms of the Stratonovich, then we have

T
1
" o/ YidZ, = —5u° o (Y, Z)r. (4.118)
0
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To freeze, we follow our nose; guided by the properties of quadratic variation as outlined in Sections

2.2 and 2.3 of [Kun90|. Freezing the first integral results in

s 1
W 0/ 0,.dBy(r) = — ~w’ o (0, By )5
0 2
1 .
- _ 5WO o (oo + a/ o-dBs(r), B1)s
0
= — %wo [e] </ UTdBQ(’I“),Bl>S (4119)
0
— 20 o/ o,d(B2, B1),
2 0

:O7

since the joint quadratic variation of two independent Brownian motions is zero. The calculation
short-circuits before we even have to apply the freezing operator. We follow the same intermediary

steps for the second integral

— 2% e 2T gy (4.120)

The third integral has become routine for us

S S
w® o/ o2dr :08/ e dr
0 0 (4.121)

2
g 2
:—g (176 as).
(6]

Therefore, X when frozen is

WO(x,) = 220 (1 - e—%“zs) ~ 2 (1 - e—a%) : (4.122)
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The various partial Malliavin derivatives of X are required to calculate our last term E and F.
Calculating D ,, X is easy. We remember D , 0, is identically zero, and that the partial Malliavin
derivative with respect to B; commutes with integration against By. So D X and its frozen image

is
T
Dl’qu =+/1— P2 (1[073] (U)O’u +/ 1[073] (T)DlyuUTdBl(T)>
0

S 1 S 9
+ p/o DLuO'rdBQ(T’) — 5/0 DLuO'rdT (4123)

=y/1- p21[0,s] (u)au

wlo D1, Xs =00V 1 — p?1jg g(u)e” ="

Then D3, X, is identically zero, as is w’ o D7 , X,. The Malliavin derivative with respect to By is

T
DQ’uXS =\/1— p2/ 1[0,5] (T)DQ’UO-TCZBI (’I“) + Pl[o,s] (U)Uu
0

T T
1
+p/ Lio,s (1) D2,uordBa(r) — 5/ 1j0,5)(r) Do o dr
0 0

. (4.124)
=ay1— p2/ 1[0,r] (u)l[O,s] (T)UrdB1 (’I") + pl[O,s] (U)O'u
0
T T
+ap / 0.5 ()1 01 (w)dBa(r) — a / 0.5 () L0y (w)odr-
0 0
The term 19 4(7)1jo,r(u) is non-zero only when u < r < s, therefore
Dy X5 =1jg,4)(u) <a\/ 1- p2/ 0.dB1(r) + poy
. s (4.125)
+ap/ o,.dBy(r) —a/ der).
So when we freeze we have
a2
wo o D27uXS :1[0,3] (u) (0 + paoefT“
(4.126)

+apu® o/ o,.dBy(r) — a/ wo(af)dr> .
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From Equation (4.120) we see

w® o/ o-dBa(r) = — % (6_7" - 6_75) , (4.127)
while from equation (4.121) we have
s 0’2 2 2
w° 0/ o2dr :—g (e*a v—e @ S) . (4.128)
w o

Therefore

0 a2 go a2 a2
w0 Dy Xs =10, (u) (p00677“ — pa— (677“ — 6775)
e
2

fozg—g (efa2" - 60‘25>> (4.129)
et
2

a? (o 2 2
=1 s —%s _ -0 ( —au _ ,—a“s
[0,s] () (pcroe . e e

N—
N———

Since D X, has a factor of 1j q(u), we can assume u < s when calculating Dg’qu since that

same leading factor will be present.

Dg,qu =19 (u) (O‘\/ 1- ;02/ Ds ,0,dBy(r) + pD2 w0y + apo,
+ap/ Dy ,0,dBs(r) — a/ D27u03dr)

=10,5) (1) (aQ\/ 1- p2/ 0,dB1(r) + 2apoy,

+a2p/ o,dBy(r) 72a2/ der).

Then we freeze this quantity using the previously calculated intermediary results in Equations (4.127)

(4.130)
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and (4.128)

(4.131)
a2 o2
=toat) (O‘WO (6_7“ + e—TS)

—20% (e_azu — e_o‘zs)) :

We are now able to tackle the corrective term.

4.5.6 Calculating C = w'(Z,A,)

Of course w®(Z5A;) = w(Z5)w’(Ay). Remember =, = b(s, X, vs) where

b(t, 7, 0) = 4=tz 9)) <1 - d(t’x’a)) , (4.132)

ovT —t oVT —1t

where we rely on the reader’s mathematical maturity to know when we are referring to the stochastic

process o, and the parameter ¢ which is standard in the financial literature. Then

o = Ve (X)w(w)) ([ d(5,6°(X)."(0)
S v =] e on v = ) R

and we have already calculated every subterm of this expression in Equations (4.122) and (4.97).

To freeze A, is also simple

T
w¥o Ay :chwo(as)/ WO(o?)dr

t
:20620'06_%23/ Uge_azrdT (4134)

And thus we have the factors of C.
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4.5.7 The derivatives of b

The last term that remains is D. As we calculate the terms E and F, which D comprises, we will
need the partial derivatives (up to order two) of our function b(t,z,o) with respect to z and o.
Thankfully, we will not need to also consider the derivatives with respect to ¢ since we were not so
masochistic as to make the time parameter of model a stochastic process. We will make liberal use

of the identities in equations (4.86) and (4.86). To begin

B0 (g (L
or Ox N\oVT -t 2T

d_ 1 d_
- ———(N'(d- - 5
a\/T—t( ( )<a T—t g2T—¢ ) (4.135)

, 1
# ¥ (0- =)
, d_ —1+d2
(d*) <_ 2 + 3) )
o2/T -t 3T —t

and

d_ , d_ —1+d2
=— ——N'(d_) | - 5 + 3
oVl —t o2/T -t o3yT —1t
. 0424 (4.136)
+N'(d-) | - 5 + 1
o3I —t od/T —t

N —1+d2 +3d_fd3_ .
03\/T—t3 04\/T—t4

There is some pattern dealing with polynomials with the parameters d_ and U\/%, but such basic

algebra is beyond us. We will also need the derivatives with respect to 0. We can use the following

formulas to aid in the subsequent calculations

ON() _dds v
0o 4 (4.137)
9 gy -
do* T T o '
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Then the first derivative with respect to o would be.

ob _d,d+N,(d) 1 d
do o T\oVT -t g2yT—¢

1 d_ d
+N'(d_) | - +2 + +
o*VT—t SBVT -1 o3T—1

_ d*d
:N/(d_) d d+ _ — U+ .
VT =t 3T —1
1 2d_ +d,
N'(d_)| - +
+ N'( )( VT =1 o3 %Tt2>

_N'(d_) —1+d_d++2d,+d+—d2,d+ .
- 02\/T—t 0'3*/T7t2

Then the second derivative with respect to o is

@_d,dﬂv,(d) —1+d_dy 2d_+d,—d*dy
do? o - o2 /T — ¢t o3 /7T—t2

~1+4+d.dy d*+d%
+ N'(d-) -2 -
( )< o3VT —t  o3VT —t
32d, +dy —d*dy 2dy +d- —dP —2d_d%
04\/T7t2 04\/T7t2
—d_d, +d*d%> 2d*d, +d_d> —d*>d?
= N'(d_) t Gy | 2y ¥ t—+
VT —t ot/T —t
2—2d_d, —d*> — d?
+ N'(d_ . +
(d-) ( o3VT —t
+—7d, —5dy +d> +3d*dy +2d_d%
04\/T7t2
2—d> —3d_d, —d> + d*>d>
:N’(d)( - s S
o3I —t
| Z7d- —5ds + d3 +5d2dy +3d_d% — d3d3
04\/T7t2 .

(4.138)

(4.139)
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Then finally the cross term

#b 9 N(d) ~1+d_dy N 2d_ +dy —d*dy
dxdo  Ox I\ e2yT -t SNVT =1

d ' )<1+d_d+ 2d_+d+d2_d+)

- — +
ovT —t o?VT —t 03T — 1
0+d_+dy 2+1—2d_dy—d?
+N'(d.) =+ -
o3 —t otT —t (4.140)
d_—d®d, —2d*> —d_d,+d*d '
:N/(d_) : ‘i2‘ + + : +
o3\/T —t oT —t
d_+d 3—d? —2d_d
+N'(d) o+ —
o3\T —t oVT —t
2d_ +dy —d*dy  3—3d* —3d_dy +d*d
—N'(d_) ! e el
o3vVT —t o*VT —t
With these results in hand, we are ready to proceed onto calculating D = E + F'.
4.5.8 Calculating E = w(A;(Z,A,))
We have the following identity
T
A1(Z,A,) = / D3, (E4As) du. (4.141)
0

However, A, is entirely generated by By, and therefore D; ,A; is identically zero. So we can further

simplify and see

T
E =’ o/ D?, (BsAs) du
0
. (4.142)
0

=w (AS)/ w’ o D} ,Eydu.
0
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We have already calculated the leading term w®(Ay), and for the integrand

0 2 = _, 0 2
w” oDy ,Es =w"o Dl’ub(s,X&vs)

0b
:wo o Dl,u <&E(57Xsyvs)Dl,uD1,qu)
o o (4.143)
=w <3 2(5 X, vs) (Dl,qu)2+ &C(S Xsa”a)Diqu>
0%b 0 0 0 2
:@(S,w (Xs),w” (vs))w” (D1, Xs)",
since D} , X, is zero. Thus, using Equations (4.123) and (4.134), we see
0 T % 0 0 0 2
E =w"(Ay) ; @(s,w (Xs),w”(vs))w” (D1, Xs)" du
a2
L { (6_0‘23 — e“’zT)
(4.144)

82

2
b (X, 000V T Pl g )
0 X
Ot2 (Y
=204\/1—p2e”7° (e_ —e T / I Sywo(Xs)»WO(Us))dw

4.5.9 Calculating F = w°(Ay(ZAy))

For our last calculation, there are no real shortcuts, or quick reductions. The term is as general as

it can be. We break F into three summands

—w/DQu_SSd

T
—w (ES)/ w’ o D3, Asdu + 2/ w0 Dy Zsw® 0 Dy Agdu (4.145)
0 0
T
+ wO(AS)/ w’ o D3, Esdu
0

=F1+2F2 + F3.
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We have already calculated w®(A;) in equation (4.134). Let us then calculate w® o Dy, Ag

T
Dy, Ay =2aDs,, <as / afdr)

T T
=2a0,1[0,4 (u)/ odr + 20405/ 1(5,77(r)Da,yopdr
s 0

and

T
:aAsl[O,s] (u) + 4@205 / 1[s,T] (T)l[o,r] (u)afdr
0

T T
:aAsl[OVS](u)-l-ZLOéQJS (1[073](11)/ deT'Fl[s,T](U)/ U?dT)

:3(1/\31[0’5] (’U,) + 40{20'3 /

u

T

oldr - 157(u),

T
a2
WY o Dy As :30&10(/\5)1[0,3] (u) + 40’0y~ T * / age*a%drl[s,T] (u)

a2
=3aw’ (Ay)1p 5 (u) + doje” 7 (e—a% - e_QQT) s 1y (w).

For the second Malliavin derivative of Ay with respect to By we compute

T
Dg’u./\S =3« (304A51[0’5} (u) + 4a205/ oldr - 1sm (u)) Lio,s) ()

T T
+ 402 <aasl[0,s] (u)/ der—i—Qaas/ afdr) s, ()

=9a”A, 10,4 (u) + 8a3/

T

u

O’?d’l‘l[s’T] (u),

using the identity 1jo 4 (u)1}s7)(u) = 0. The frozen image is

M)

w’ 0 D3 Ay = 902w’ (A)1[g 5 (u) + Baoge 7 ° (e’o‘zu - e’a2T) Lo, ().

Now onto the Malliavin derivatives of =,. First

0 =
w- o D2,u—‘s

0b

Ox

(s, WO(XS)a WO(”S))WO 0 Dg X5+

0b

Oo

90

(s, WO(XS)a WO(US))WO 0 Dy yvs.

(4.146)

(4.147)

(4.148)

(4.149)

(4.150)
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The subterms of this expression were previously calculated in the following equations: % in Equa-

tion (4.135), 2 87 in Equation (4.138), w®(D2,X;) in Equation (4.129), and w®(Ds ,vs) in Equation
(4.101). Therefore

DZ,u:'s

=D, (8b (s, Xs,05) D2y, Xs + g (s,XS,vS)Dg,uvs)
2

9]
9%b
a 9.2
0%b
+ W(S Xé,US)(D27uUS)2
b ) b
+ %(SaX&Us)DQ,qu + 870'

(3 Xsavs)(D2,qu) +2 8 b

g (5 X ) (D2,uXo) (D205) (4.151)

(S, X, US)DS’U’US,

and freezing this results in

WO o D2,uEs
8217 0 0 0 8217 0 0 0 2
:@(Saw (Xs)aw (Us))w (D2,uX=,:) ++W(S w (X ) w (’US))CU (Dgﬂﬂ)s)

(5,w%(Xy), wo(vs))wo(ngqu)wo(Dg,uvs)

(4.152)

+ —(s,w(X,),w’ (vs))w o D;UXS + %»

0 0 0, 2
9 aa(s,w (Xs),w™(vs))w” 0 D3, vs.

In addition to utilizing the aforementioned equations, we calculate this result using Equation (4.136)
for 2 BIQ, Equation (4.139) for 2 802, Equation (4.140) for axaav Equation (4.106) for w%(D3 ,v), and
Equation (4.131) for w%(D3 , X).

Then

T
F1=uW"(ZE,) / wo D;u/\sdu7 (4.153)
0

is calculated via Equations (4.133) and (4.149).

T
F2 = / w0 Dy, Zsw’ 0 Dy, Agdu, (4.154)
0
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is calculated via equations (4.150) and (4.147), and
T
F3 = wo(Ay) / w’ o D3 Edu, (4.155)
0

is calculated via Equations (4.152) and (4.134).

Then we combine these results to finally calculate

w0 Ay(E4A,) = F = F1 +2F2 + F3. (4.156)

4.5.10 Final Assembly

Now we can finally calculate

W oA(EA,)=D=E+F. (4.157)

With our four intermediary results A, B, C and D we can then approximate the value of the call

option by calculating

w? o (BS(0,0,10)) +w® o (ABS(0,0,v0))

T
+B/ W00 (ZoAy) + w0 A (SA,) ds (4.158)
0

1 p [T 1
=A+-B+=Z C+ =D ds.
+2 +2/0<+2)s

4.5.11 Empirical Results

What we are most interested in is the corrective term £ fOT(C + iD)ds, and the relative contribu-
tion it makes to value of the call option. Define Vo,ig(ar, 09,T) to be A + B; which is an approx-
imation of E[BS(0, Xo,v)] and what we consider the “traditional” value of the call option. Let
Veorr (e, 00, T, p) to be § fOT(C + 1D)ds; which is an approximation of the (corrective or correlated)

term £ fOT E[EsA]ds introduced by Alos. Once we fix a, 09 and T, we can look at the statistic

VCorr

_ , 4.159
|VOrig| + |VC0rr| ( )
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Figure 4.1: Plots of relative contribution of the corrective term S as a function of p for different
values of a and gg. Time to maturity is fixed at T" = 10.

Figure 4.2: Simulations grouped by a as o varies.

to approximate the relative impact of Alos’s term to the overall price as p varies. There is no
absolute sign in the numerator, so the score can reflect whether the correction increases or decreases
the option price.

The longer the time to maturity, the more pronounced the corrective term. Hence, we chose
a fixed time of T" = 10 across all simulations in order to get a better intuition of our score S.
Then, we ran twenty-five simulations for S. One for each o € {0.05,0.065,0.08,0.095,0.11} and
oo € {0.30,0.35,0.40,0.45,0.50}. These choices are fairly realistic values for a and . With every
other parameter fixed, S is plotted as a function of p over the domain [—1,1]. The results are
displayed in Figure 4.1.

We can group these plots by « and overlay them in order to see the effect of oy on the profile of

the score.
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Figure 4.3: Simulations grouped by og as « varies.

Similarly, we can group these plots by oy and overlay them in order to see the effect of a on the
profile of the score.

And finally, it is a bit chaotic, but there is some intuition to gain by overlaying all plots.

04}

03F

Figure 4.4: All simulation overlaid.

We see as o( varies, there is a qualitative difference in the “smile” of S, while increasing «
increases the weight of the contribution, but the shape of the curve remains intact. When all are
overlaid, one can see curves grouped by o with relatively little difference seen as « is varied. This
suggests the score is more sensitive to changes in oy than in . We can infer from Figure 4.4 that
the score S is well-behaved statistics that variously smoothly with changes in o and o, and should
therefore be a good metric for measuring the contribution of Alos’s corrective term on the overall

price.
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This has been a lot of work, but it is worth stopping a moment to appreciate what we have done.
We have successfully simulated the values of a call option for a highly non-trivial stochastic model
using only deterministic techniques. We do not need to generate any paths; our implementation
never makes a single call to a random number generator. Only second-order integrals are used,
so we have thus escaped the tyranny of higher-dimensions. It is somewhat modest to describe
the calculation as a first-order approximation since we do have second-order Malliavin derivatives
present. Our approach is also not ad hoc. The same technique can be used whenever there is a
closed-form expression for the pricing formula and forward rate.

To make a comparison, we estimated the call option value via Monte Carlo simulation. For each
simulation, we fixed parameters a and oy, choose an expiration time 7', and set the time increment to
At = %. We realized a hundred paths for the underlying processes o5 and X, by using the built-in
SDE solver in Mathematica [Inc]. From these, the paths for vs, As; and Xiy were computed. When
deterministic integration was required, we did a simple first-order FEulerian scheme. Simulations

were run over the inputs:

T € {1,10},

a € {0.05,0.065,0.08,0.095,0.11},
(4.160)

oo € {0.30,0.35,0.40,0.45,0.50} U {0.1,0.2,0.3,0.4, 0.5},

p €{—0.5,-0.25,0,0.25,0.5}.

The results were mixed. For some configuration of parameters, our frozen approximation and Monte
Carlo approximations coincide. In general, frozen approximations with 7' = 1 and oy > 0.3 were
within ten percent of the Monte Carlo simulations. a and p were not great predictors of agreement.
When the initial volatility was low (g < 0.2) and the maturity time large (T = 10), there was
usually a divergence between the frozen path approximation and the Monte Carlo simulation. The
closest approximations were when p was 0, which is promising. This may hint that errors may be
more due to accumulated inaccuracies in our (rather simplistic) integration methods, and not in
the exponential formula itself. When we consider classical term E[BS(0,0, vg)], the two methods

never differed more than four percent, regardless of the other parameter values. For this term, the
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only integration is a single deterministic integration where the integrand has highly regular. For the
Monte Carlo simulation of the term fOTIE[ESAS]ds, we have to numerically integrate paths which
have Holder regularity less than %, since they are driven by classical Brownian motion. The exact
integral is ensured by Young, but it would not be surprising if some observed discrepancies were due
to lower order of the truncation error of our first-order Eulerian scheme applied to low regularity

paths.

4.6 The Road Forward

The hardest decision we faced when writing this dissertation was how wide should its scope be.
There is plenty of more exposition to write, theory to extend, and applications to tackle. In terms
of the literature review, we wish we could have done more presenting the theory of rough paths
and its applications to integration for fractional Brownian motion less than é Path integration is
the natural home for the freezing operator. Delving more into that subject might be fruitful for
extending the notion to more general processes.

Application-wise, it is lengthy calculation but the SABR model we chose was the simplest non-
trivial instance. We chose an at-the-money call option with § = 1. Among the first advances we
would wish to make would be to retry our application using numerical methods with higher-order
truncation errors, as well as extending the result by dropping the at-the-money assumption.

Choosing a different 8 would be another challenge entirely. It might be worth-while to examine
8= % and see how apply our methods in a scenario where the underlying forward rate does not have
a closed-form solution. Even our current implementation could be improved for § = 1. We used a
computer algebra system to verify much of our SABR calculations. Now that we have our results
in hand, there could be an advantage of reimplementing our code within some performance-focused
numerical computing environment.

As for theory, we have hinted many times that we would like to prove an exponential formula
for random variables generated by fractional Brownian motion with Hurst index less than % d-

dimensional fractional Brownian motion should follow that. However, we should be honest and

remember we have just partially generalized old results. The original exponential formulae were for
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the conditional expectation of a random variable; not just the overall expectation. We are confident
these results can be extended to conditional expectations, but that bookkeeping still needs to be
performed. Finally, sheets are more interesting than motions. Though we have no idea if that

mountain is presently scalable.
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Hermite Polynomials

We use a Rodrigues formula as our definitional basis.

Definition A.1. The n-th Hermite Polynomials H,, is defined for any natural n by

o= L (). o

By convention, we define H_;(z) = 0 in order to ensure certain relations which hold for positive
n also hold when n is zero.

The first few Hermite polynomials are

Ho(x) =1

Hy(x) =2

Ha(x) :% («® —1) (A.2)
Hy(x) =¢ (+* — 32)

Hy() :% (z* — 62 +3).

An author has the choice of whether to include the % factor in the definition; most choose to
omit. When [PT11] introduce the Hermite polynomials in Chapter 8, the authors provide a brief
survey of the sides in this debate. [PT11], [NOP09], [KS91], and [Kyo75] all omit the factor. The
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books and papers of Nualart are noticeable holdouts. We side with Nualart; partially due to our
contrarian nature and partially because of switching cost. Nualart’s work was our entry point to
this domain. To add to the confusion, there are also the physicists’ Hermite polynomials (ours are
referred to as the probabilists’ Hermite polynomials) which is a completely different rescaling than
what we are talking about.

Given our minority stance and the Hermite polynomials’ ubiquitous presence throughout calcu-
lation and proof, we collect and prove various properties of the Hermite polynomials. What proceeds
can be considered a translation of the results collected in Appendix C of [Hol+10] and Section 1.4

of [NP12] to our chosen rescaling. Our first translation is of the standard recurrence relation.

Proposition A.2.
(n+1)Hpy1(x) = xH,(x) — Hyo1(2), (A.3)

holds for all natural n.

We proceed by direct calculation with Leibniz’s product rule.

(n+ D Hopa (o) = = S e ™ ppe T =S e (w7
(=D a2 " /n dk dnk 2
T ¢7 Z A A A
k=0 (A4)
I N
T ¢ T +ndx”—1
=zH,(z) — Hp—1(x).
We also have the pleasant differential recurrence relation
Proposition A.3.
Hﬁb(x) = H’:L—l(a:)7 (A5)

for all natural n.
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Again, we proceed by direct calculation and Equation (A.3)

_1\n n n—+1
H,'l(x):( D (J?GI; d e —I—e% d _222>

n! dzm dgnt1©
—zH,(z) — (n+1)Hp 11 (z) (A.6)
:Hn—l (CIE)

The generating function of the Hermite polynomials is
Proposition A.4.

o = Zt"Hn(m), (A7)
n=0

which may contain the origin of the dispute over the % factor. We begin by rewriting the original

expression.

2 22 po)2
etr_% =e 2 e = 2 )
2 &1 g 2 (A.8)
2

Ey L
«nl di"|,_,

n=

oe)2

The result immediately follows if we prove the n-th derivative of e— 5 with respective to t

n_d" e*§
dl‘”

evaluated at ¢t = 0 is equal to (—1) . We proceed by induction. The base case is trivial and

the induction step is, once again, handled by Leibniz’s product rule. We apply Leibniz’s rule with

respect differentiation by ¢ and then with respect to differentiation by .

dntt @2 4" Ceen?
2 = — 2

(x —t)e

dtnti|,_,

The equality holds and plugging this result back into Equation (A.8) proves our desired result.
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Our notation is from [MT05] We write 0f = f’ and call 0 the annihilation operator, and refer
to its adjoint (0*f)(x) = —(0f)(z) + xf(z) as the creation operator. Finally, we let v be the

Gaussian probability measure on R, so [ fdy = [ f (m)\/%e édw. We will prove some additional
properties of the Hermite polynomials using only elementary calculus, but the context deserves
explanation. As Chapter 1 of [NP12] makes clear, we will essentially be developing a one-dimensional
Malliavin calculus in a deterministic setting. The Malliavin calculus is a variational calculus, and
the Malliavin derivative is a Fréchet derivative and thus a generalization of 0, while the Skorokhod
integral /divergence operator is the generalization of 9*. We use 0 and 0* to avoid overloading the
operators D and § more than we already do, and also to emphasize there is no stochastic or functional
analytic witchery involved; just introductory calculus. And we write 9, and (9 for their iterates.
Our following proofs also form a sketch of how to construct the Malliavin calculus on isonormal
Gaussian processes. The idea is analogous to developing the Lebesgue measure on R. Constructing
the Lebesgue measure on R provides a simple and intuitive sketch of how to proceed when extending
measure theory beyond R. And in the same way simple functions are the basis of the “standard
machine” in real analysis, the Hermite polynomials are the usual stepping stones when reasoning
about isonormal Gaussian processes.

Let us first verify our claim that creation is the adjoint of annihilation. For two sufficiently

smooth functions f, g in L?(7) we have

R 2y’
01.9) = —= [ F@g@e Far=—— [ @) (o)) ao .
~—= [ W@ —agta)) T o = (f.0%)
Our notation is justified and of course
(Onf,9) = (f.0%9), (A.11)
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follows. Following close behind is the Heisenberg commutativity principle

(00 —00) = (~f +af) ~ (— 4 )
=—f"+fraf = (=" +af) (A-12)
=/,
which can generalized by induction.
Proposition A.5.
00; — 0:0 =nd)_ (A.13)

for alln > 1.

As we said, by induction

00,1 — 0,10 =(00;,)0" — 05, .10 = (nd;,_| + 0;,0)0" — 0y, 0
=ndy + 05 (00™ — 9 9) (A.14)
=(n+1)0,.
We can start to see how 9* is the proper “toy model” of the Skorokhod integral with the following
calculation.
Proposition A.6.
oyl =nlH,(x), (A.15)
for all natural n.

The base case is obvious and by induction

On 11 =nl0"H,(z) =n! (xH,(z) — Hy—1(x))
(A.16)
=(n+ 1)!H,41(x).

One reason we call Definition A.1 a Rodrigues formula is similar to how the Legendre polynomials
are an orthonormal basis for L?([—1,1]), the Hermite polynomials can be made into an orthonormal

basis of L2(v).
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Proposition A.7. {/n!H,} is an orthonormal basis in L?(v).

We simply calculate. Without loss of generality, assume m > n

(Hon (), Ha()) = (01, ()
1

T ml

(A.17)
(1,0, H,(z)).

If m is greater than n then this is 0, and when they are equal then 9, H,(z) = 1, so ||H,|]* = 4.

1
All polynomials are in the span of {mHn} and the polynomials are dense in L?(vy) and therefore

{V/n!H,} is also a basis. Consequently, we have the following representation formula.

Proposition A.8. For any f in L?(v)

f= g%n! (/ and7> H,. (A.18)

For certain well-behaved f, the above can be written as follows.

Proposition A.9. For a smooth f whose derivatives are all in L?(v), we have the following Stroock

[Str87] decomposition
F=> (/ 8nfdv) H,. (A.19)
n=0

The proof is the calculation

As we’ve established, the Hermite polynomials are naturally generated by the derivative operator
and its adjoint on L?(y). This preceding web of relations forms a natural foundation for analysis
on L?(v). Consequently, they should be the appropriate building blocks for an analytical toolkit
applicable to isonormal Gaussian processes.

For convenience, we define a related family of polynomials Hy,(z, ) which we will call the two-

parameter Hermite polynomials.
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Definition A.10. The two-parameter polynomials H,(z,\) on R X Rt are defined as

H,(z,\) = \*H, (

for any natural n.

We will also make use of the following recurrence and differential relations on H,(z, \):

Proposition A.11.

Firstly

secondly

and lastly

0

oA

(n+ V)Hpy1(x,\) =xHp, (2, \) — AHp—1(z, A)

8-E[nJrl

or
alq'n+1

oA

(I7>‘) =

(n+ 1) Hpsr(2,)) =\ <\3}A

(x,\) =H,(x,\)

1
- iHn—l(xv /\)

Hy,(z,\) — Hy1(z, A))

= (A3 H,(z,))) — A (A"T”Hn_l(x, )\))

=xH,(z,\) — AH,_1(z, ),

0
ox

n+1. n-
Hyp1(z,A) =

1 noa

—H,(z,\) = 2 H,_1(z,\)

()
=-A"2 ((n+1)Hn+1<

:2Af (- (5))
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))

)
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(A.22)

(A.23)
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An immediate consequence is the two-parameter Hermite polynomials satisfy the following series of

SDEs

dH,(t, W) =H,,_1(t, W;)dW;
(A.26)

Hy =1.

105



Appendix B

An Orthonormal System for the

n-th Wiener Chaos

We wish to show {Hg;|a| = n} is a complete orthonormal system of the n-th Wiener chaos H,,.
Ultimately, this requires us to compute the inner product of some H,, (X (¢)) and H, where ||¢] =1
and |a| = n.

To calculate, we investigate a familiar-looking expression:

2
Sm

2 avi-d it
E |2~ Tt 172 ... gom¥m— (B.1)

)

where Z is a standard normal random variable and Y = (Y1,...,Y,,) is a standard normal random
2
vector. If we evaluate this value by expansion via the generating function e®®~T = 3", ¢*Hy(x)

then Equation (B.1) becomes

> > USE[H;(Z)He(Y)], (B.2)
j=0 keN™

where s* = s¥ ... skm and Hy,(Y) = Hy, (Y;) - - - Hy, (Y3).

There is another other way to calculate Equation (B.1). Recognize (Z,Y1,...,Y,,) has a multi-
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variate Gaussian distribution with mean zero and covariance matrix

Z
Yl 1 pT
Y=Var| | = , (B.3)
: P Imxm
_Ym_

where p = (p1,...,pm) = (E[ZY1],...,E[ZY},]) and I, is the m-by-m identity matrix. Then
tZ+s51Y1+ -+ 8nYy =tZ 4+ 8sY is another normal random variable with mean zero, and variance

equal to

1 pT| |t t+p-s
[t ST] _ [t ST} — £ 4+ 2tp- s+ s (B.4)
tp+ s

Then reducing Equation (B.1) we find

tZ+s-Y—M tp-s
E |e 2 =e

:et81p1+~~~+tsmpm (B.5)
— E tle‘s
£LEN™ £l

We equate this expression with Equation (B.2). They must be equal when considered as analytical
expressions in the variables t,s1, ..., sy,. Therefore, E[H;(Z)Hg(Y)] is zero if j and |k| differ, and

when they coincide we see
1
E[Hjy(2)H,(Y) k,P H kf (B.6)

Consequently, the n-th Wiener chaos is orthogonal to any family {Hg,;|a| = m} whenever m
differs with n. Now suppose a random variable H,,(X(¢)), where ||¢|| = 1, is orthogonal to each
element in {Hg;|a| = n}. Specifically, H,(X(¢)) is orthogonal to each H,(X(e;)). This would
imply each E[X (¢)X (e;)], and therefore each (¢, ¢;)q, is zero. The only such ¢ would be zero, but
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we assumed ||¢|| = 1. From this we can conclude {Hy;|a| = n} is a complete orthonormal system

for the n-th Wiener chaos.
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An Ito’s Lemma for fBm with

1
H<i

[CNO5] develops an Itd’s formula for any Hurst index H in (0,1). However, their result is only for
processes of the form f(B;) (here, we drop the superscript and consider B an fBm with H < %)
We follow the path in section 4 of their paper to construct an It6’s formula for smooth functions.
While our result is not terribly novel, it is more useful and provides the flavor of proofs involving
the extended divergence operator. To properly extend [CNO05] we would also need to prove a Tanaka

local-time formula and then use those to prove an Ito6 formula for C? functions.

Lemma C.1. Let f € C*°([0,00] x R) satisfy the growth conditions in Definition 4.1 of [CN0OS],
and 0 <a<b<T. Then
of

52 (t.By)1(0() € Dom” 5, (C.1)

and

f(By) = f(Ba)

bof bof 1 [P orf 2H
_/a E(tth)dt—F/a %(taBt)éBt+§/a W(t,Bt)dIH '
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To prove this, we need to show the following equation holds.

b
G [ e [af@,Bt)Hnl(Bw»] (DD ) (1)t

or
b
0
—E <f<b73b>—f<3ma>— / (1, Bost (©3)
b 82
5/ 6;§<t,Bt>d|t|2H> H.(B() |

for all natural n and ¢ € A*>* with unit length. The hardest part of the argument is remembering
that, occasionally, one can actually calculate the expectation of a random variable by integrating

the PDF. The growth conditions are what allows us to claim both

0
aii(taBt)l(a,b](t)a (C4)
and
b a b 82
1)~ 80 - [ G Bod- g [ B (©5)

are in the requisite L? spaces.

12 . . . . . .
Let p(o,z) = \/2177_6’% be the usual PDF of a centered Gaussian distribution with variance o2.

Recall, p satisfies the heat equation g—g = %ﬂ. Then for any natural £,m and 0 < ¢t < b we see

Ox2
d 82+mf
dt L%eaxm (t’Bt)]
- d . 8E+mf
Cdt Jy (t ’x)atfaxm(t’x)dx
aé+m+1f ap 8€+mf
=p(t*H  2) = (t,x)dx + 2H | t*7T71 = (¢?H t,x)d
P @) gprggm (b @)de + /R ol Y gpiggm (b o)A (C.6)
=E -w@ Bt)- 4 H2H-L @(ﬁH x)@(t x)dx .
| Ot g | r 012 T ottdrm
[ofrmtLf ] 2H - o\ O RS
=K _W(t,Bt)_ + Ht 1/Rp(t ,I)W(t,x)dx
r 8€+m+1f 7 6£+m+2f

Setting £ = m = 0 and integrating both sides from 0 to b, we see the following expression is identically
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Zero

L [of L[ 2H
E[f(b By)] - £(0,0) - / E [W,Bt)} a1 / o [M@, Bt)} aleP )
From this, we can conclude when n = 0 the right-hand side of Equation (C.3) is identically zero.
By convention H_1(z) is identically zero, so the left-hand side of Equation (C.3) is also zero. So we
have proven the lemma holds for n = 0.
We continue by assuming Equation (C.3) holds for all £ bounded by some n, and now consider

the case k = n + 1. By the construction of A™*, and the integration by parts formula for the

Marchaud derivatives, we have

(L., ®)arr =cH{D* 10,4, #D* L(0.4): ) L2(R)

(D21(0.) () (D20) (s)ds

Lo, (s) (DYD2¢) (s)ds

(DED o) (s)ds.

S— 5
a

Then

d ontif n
= (IE [W(t’Bt)] <1(o,ﬂ,¢>AJf?1>
2 n—+3
o[ 2 o
axn—i-?)

W(t,Bt)] (Lo, o) 4 + HEPH'E [

<t,Bt>} Qo o)t (C9)

2 anJrlf n a Ty
+ecy(n+1)E {W(LBO} (Lo, ) hu (DID29) (t).
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We do our usual integration from 0 to b while noting (1(g,0j¢)a# is zero

an-‘,—lf n
E [W(b’ Bb)] (Lo &Yt

b 6n+2f .
= | B | grggnrr 680 (Lo o)35"dt

(C.10)
1 b ont3
b5 [ B |G .50 (o o)
b anJrl
+ytn1) [ B[ 50 080] o, (01D%6) (Bt
Now H, (B(¢))¢ is in Dom § and
S (HA(B(6))6] = (n + 1) Hoos (B(9)). (©11)

The quickest way to note this is via the Clark-Ocone-Haussmann formula for fBm with H < %
[LNO6] but can be proved directly via integration by parts and the recurrence formula for Hermite

polynomials.

(C.12)
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since ||¢||3x = 1. Now to exploit the smoothness of f

a€+m
ottox
r aé+m f
| Ottdz™

[X
<

kIE {
=E

=E

6€+m

If we substitute the above result to each

ottox™

ottox
r aé-‘rm-‘rkf
ottox™m

f

m

(t Bt>Hk<B<¢>>]

<t,Bt>6p<¢®k>}

(t7Bt)) a¢®k> ‘|
(AH)®k
]7¢®k> ‘|
(AH)®k

(ﬁ, Bt):| <1(O,t]7 ¢>?\H .

8é+m
/ (C.13)

+kf

m+k ( 1®k

£ B3,

+k

term in Equation (C.10) then we obtain

(n+ D'E[f(b, By)Hpy1B(9)]

of

:(n+1)!/0b1@[at
(n—i—l)!/ObIE

b
+c5(n+ l)n!/
0

N =

+

We have a similar identity once we int

rearrange terms, and take the difference

(tht)Hn+1B(¢)} dt
o2 f (C.14)

LBy B(0)| di
of

(t B»HWB(@} (DID%6) (t)dt.

egrate from 0 to a. Then we cancel n! from both sides,

of the result with a as the endpoint from the result with b

as the endpoint to come to our conclusion.

Ch

[#]
=(s0n

Loy

Oz?

2

a

which is precisely what we need to concl

of

ox

, B»Hn(Bw))] (DD ) (1)t
b
) 1Baa)— [ it Bosar (C.15)

a

)

(tht)thH) Hyy1(B(9))

ude the induction step, and therefore prove for the lemma.
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