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RADIALLY SYMMETRIC SOLUTIONS TO
A DIRICHLET PROBLEM INVOLVING CRITICAL EXPONENTS
ALFONSO CASTRO AND ALEXANDRA KUREPA

Abstract.
In this paper we answer, for N = 3, 4, the question raised in [1]
on the number of radially symmetric solutions to the boundary value problem
-Au(x) = Xu(x) + u(x)\u(x)\4/(-N-2'i, x G B := {x e RN: \\x\\ < 1}, u(x) =
0 , x e dB , where A is the Laplacean operator and X > 0 . Indeed, we prove
that if N = 3, 4 , then for any A > 0 this problem has only finitely many radial
solutions. For N = 3, 4, 5 we show that, for each X > 0 , the set of radially
symmetric solutions is bounded. Moreover, we establish geometric properties
of the branches of solutions bifurcating from zero and from infinity.

1. Introduction
We consider the boundary value problem

-Au(x) = ku(x) + u(x)\u(x)\p,
x£B:=
{x £ RN: \\x\\ < 1},
(1.1)
u(x) = 0,
x£3B,
where A denotes the Laplacean operator and p = -¡^ ■The following theorem
answers, for N = 3, 4, the question raised in [1] on the existence of only
finitely many radially symmetric solutions to (1.1). Indeed, we prove:
Theorem 1.1. (a) If N — 3, 4, 5, then for each k > 0 there exist positive real
numbers j := j(X) and D := D(k) such that if u is a solution to (1.1) then
ll«ll™
< D, and u has at the most •*j nodal curves.
II
II oo —
(b) Given j there exists Dx(j) such that if (kx, ux) and (k2, u2) are radial
solutions to (1.1) with the property that ux and u2 have j nodal surfaces,
Mi(0) > Dx(j) and w2(0)> Dx(j) then kx < A2 if and only if ux(G) > w2(0).

(c) For N —3, 4, and k> 0, the boundary value problem (1.1) has finitely
many radially symmetric solutions.
Parts (a) and (b) also hold for N = 6. Since for N = 6 and k fixed the
solutions to (1.1) do not tend to zero in compact sets as u(0) —yoo, the proof
of this case requires different arguments and we defer it to a separate paper.
If 7Y> 7 then for any k > 0 it has been proven by Solimini in [12] (see also
[6]) that (1.1) has infinitely many radially symmetric solutions. Motivated by
this result Atkinson, Brezis and Peletier in [ 1] studied the case TV= 3, 4, 5, 6
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and conjectured that problem (1.1) has only finitely many radially symmetric
solutions.
Problems like (1.1) have attracted a great deal of attention in recent years,
mainly due to the fact that the well-developed variational techniques do not
apply because the imbedding of the Sobolev space H0X(B) in L2NI(N~2'X(B)is
not compact. Since 1965 it has been known (see Pohozaev [9]) that for k < 0
the problem (1.1) has no nontrivial solutions. In 1982 Brezis and Nirenberg (see
[2]) proved that for certain values of k > 0 the problem (1.1) has a positive
solution. Pursuing the ideas of [2] a number of results have been derived in an
attempt to understand why the so-called Palais-Smale condition fails (see [5, 6]
and the references therein).
The proof of Theorem 1.1 is based on the phase-plane analysis of the solution
corresponding to a singular ordinary differential equation. We consider the
initial value problem

v"(t) + ^-v'(t)

+ kv(t) + v(t)\v(t)\» = 0,

v(0) = d,

t £ (0, 1],

u'(0) = 0,

where d £ R. Arguments based on the contraction mapping principle show
that for every (k, d) problem (1.2) has a unique solution v(t) := v(t,k, d)
on the interval [0, oo) depending continuously on (k, d). Of course, radially
symmetric solutions to (1.1) are solutions to (1.2) satisfying v(l, k, d) = 0.
Because v is odd in d, we consider only the case d > 0. Thus, we concentrate
our analysis on the study of the level set M = {(k, d) : v( 1, k, d) = 0} . Using
the fact that the solution to ( 1.2) does not degenerate and some rescaling properties of v(t) (see (3.5)) we show that (vd(l ,•,•), v¿(l,-,-))
never vanishes on
M, where vd , v^ denote the partial derivatives of v with respect to d and k.
Hence, M is a differentiable manifold. Moreover, using variants of the Sturm
comparison theorem we prove that for d large vd(l, k, d) • v'(l, k, d) > 0.
Thus if T is a connected component of M then there exists a strictly decreasing
function s: (D, oo) —>R such that v(l, k, d) £ Y iff d = s(k). We combine
this result with those of [ 1] to provide a detailed description of the branches of
solutions to (1.1) bifurcating from zero and from infinity.
Our proof of the case N = 3,4, relies on the fact that v(l, k, •) is an
analytic function on (0, oo) (see Appendix), and that solutions to v(l, k, d) =
0 do not accumulate near d = +oo for fixed k.

2. Analysis of v
The following lemma is based on Pohozaev's identity. In [3] and [4] this identity was extensively used in the study of subcritical boundary value problems

(see also [10]).
Lemma 2.1. If 0<t <t then
tN-xH(t)-(t)N~xH(t)=

[ rN~xkv2(r)dr,
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where
\v(t)\p+2
,\v(t)\2\
N-2
...
(t)
H(t) := t i(v'(t))2
\LAJL + UiL_
+ xLAJLj
+ —v(t)v'

(2.1)
:=tE(t) + ^—^v(t)v'(t).
Proof. Multiplying the equation in (1.2) by rNv'(r) and integrating over [t, t]
0 < t < t, we obtain

(2.2)
tNE(t) = (t)NE(t)

S'A

N-2 rN-x(v'(r))2-NrN~x

kv2(r)

2

\v(r)\P+2

+ p+2

\dr.

Similarly, multiplying the equation in (1.2) by rN xv(r) and integrating over
[t, t] we infer
/ rN-x(v'(r))2dr

= v'(t)v(t)tN-x

- v'(t)v(t)(t)N-x

(2.3)
+ [ rN-x[kv2(r) + \v(r)\p+2]dr.

By replacing (2.3) in (2.2), and using the fact that p = 4/(N - 2) the lemma
follows. From Lemma 2.1 using the quadratic equation formula we see that

(2.4)
tv'(t) + —y~ v(t)
--±\\¡(N

- 2)2v2(t) - -^vP+2(t)

- 4kt2v2(t) + 8t2~Nk [ r»~xv2(r)dr

p+2

:=±jR(t).
Now we define function h by the equation

h(t)

(2.5)

tv'(t)
v(t)

Using (1.2) and Lemma 2.1 we obtain

(2.6)

h'(t) =

-v(t)v'(t)

+ tv(t){((N - l)/t)v'(t)

+ kv(t) + |t7(/)|"v(0} + t(v'(t))2

vHt)
(N - 2)v(t)v'(t) + tkv2(t) + t\v(t)\P+2 + t(v'(t))2
v2(t)

2tx-NJQ'krN-xv2(r)dr-2t]-^^

+ t\v(t)\P+2

v2(t)

>(\--^)\v(t)\pt^^\v(t)\"t>0.
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Let tx denote the first zero of v . Since the left-hand side in (2.4) is positive at
0, negative at tx and continuous, there exists t £ (0, t) such that R(t) = 0. The
uniqueness of t follows from (2.6). Since v'(0, k, d) = 0 and v(0, k, d) = d,
we have

(2.7)

iv'W + ^^v(/)

= iJR(/),

fort£[0,t],

and
(2.8)

tv'(t) + ^^v(t)

= -X-R(t),

for t>t.

Lemma 2.2. Given k £ (0, oo), there exist Kx, K2 and d(k) := d such that if
k<k and d >d then Kxd~pl2< t < K2d~p/2.
Proof First we show that Kx exists. Let 0 < c < 1 be such that v(t) = cd.

Since
(2.9)

v'(t) = rN+x [ sN~x(-kv(s) - \v(s)\"v(s))ds
Jo

we have

(2.10)

v'(t)>~dp+x
N
for d sufficiently large, and all t £ (0, tx).
If c < 0.9, then integrating (2.10) over [0, t] we obtain

(2.11)

t > y/N(l - c)d~p/2> Jjñd-p/2.

On the other hand, from (2.9) we have

(2.12)

v'(t) < ~cp+ldp+l.

N

Thus, integrating (2.12) on [0, t] we infer

(2.13)

cd+

In particular,

"—<d.

N

~

i2cp+xdp+x/N < d . Hence, if c > .9 then

^,,n

-2^d~"N

(2-14)

i2^^r^Ö9r>^°

d'pN

_

as d —>oo . From the definition of t and (2.4) we have
'/2-iV;

(2.15)

(N-2)2-^—\v(t)\p-4kt+
)2-^Ml'-4AÍ+^/
P+2

ft

. / rN~ïv2(r)dr
= 0.
rN
v2(t) Jo

si2
Using (2.14) we can assume that 4kt < f^¡\v(i)\p
, thus

(2.16)

oí2

i (.f2

(iV- 2)2 < -?— \v(t)\p + 4kt < -^dp.
p+2
p+2
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Hence

p.17)

¡>JWIEd-m

Therefore from (2.11) and (2.17) we see that

(2,8)

Kl=mmyñ^

Now we show that K2 exists. Integrating (2.10) over [0, d~pl2] we obtain

(2.19)

v{t)>d(i-j.y

Suppose i > d~pl2 . For t £ [d~pl2, i] using (2.4) we see that

,2.20)
v
;

i^>_^.
v(t) ~

2

Integrating (2.20) for t £ [d~pl2, t] we infer

,„(_$£) \>J*-'ir°"
^v(d-p'2)J-

V t

Hence

(2.21)

v(t) > v(d-p/2)r2/pd-x

> (l - ^-) r2>p

where we have also used (2.19).
From (2.6) and (2.21) we see that

h(t)> h(d~pl2)
+I

¿ (I - V\ s~xds.

Id-el1 N
JV
Jd-pß

V

A

Since h is increasing and h(t) = ^f2- we have

V4K)XÀ7Thus
(2.23)

i<max{l,eí^}íí^-^-^d-P/2.=

K2d-P/2

which together with (2.18) proves the lemma. Now we define

(2.24)

m(t,k, d) := m(t) = v(t)t2/p.

Corollary 2.3. (a) // t £ (0,i)

then m'(t) > 0, and if t g (i,ti)

m'(t) < 0. In particular, m attains its maximum on [0, tx] at t.

(b) For each k > 0

limm(i). (WLzm

d^oo

\

4

1/p
)
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Proof Since m(t) —t2/pv(t), we have
m'(t) = -t2lp~xv(t) + t2lpv'(t) = t2'p~x (^y^«(0

+ tv'(t)\

.

Thus (a) follows directly from (2.7)-(2.8). From (2.15) and the fact that t -> 0
as d —>oo we see that v(t) > cd with c independent of d. Therefore,

-—

/ rN xv2(r)dr —>0 as d -* oo.

v2(t) Jo

This and (2.15) prove part (b). Hence, the corollary is proven.
Lemma 2.4. Let t > t be such that v(t) = yt
exists K3>0 such that t < K^d'"!2.
Proof. For t £[t,t\

, where y = (^j^)

P. There

we have

(2.25)

v(t) > yr2lp.

Hence, using (2.6) we infer

2vp ft
h(t)> h(t) + ^-In (j
Using the definition of h(t) and the fact that h(t) = ^^

(2.26)
v

;

_îW>i

+ 2£l

v(t) - pt

N

= | we see that

/<
t

\t

Integrating (2.26) over [i, t] and using that t < 1 for d large we obtain

Hence
(2 27)

^
> i-\
v(t) - \tj

e(y"/N)(Ht/i))2

From (2.25) and (2.27) and the definition of m(t) (see (2.24)) we have
(2.28)

y < v(t)t2'p < m(/>-^/W/'"»2

Now, from (2.28) we see that ¿(//^('/f'))2

< m(t)/y.

Hence

,„(9S(^(M))"2:^,
Therefore, from (2.29) and Lemma 2.2 we obtain
t < teK> < K3d-p/2

for every t £ [t, t], which concludes the proof of the lemma.
Next, we estimate the decay of m(t).
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Lemma 2.5. Let A £ (0, (N - 2)/V2N). Given k > 0 there exists do := do(k)
such that
m(t):= m(t, k,d) <m(t) (-]

,

for t £ [t, sx := ((N - 2)2/2N - A2)/k] , k £ (0, k) and d>d0.
Proof. Let R(t) be as in (2.4). Since ï < t < 5i, we have that R(t) > 2Av(t).
From (2.8) using the definition of m(t) we obtain

(2.30)

m'(t) = -Ui-lR(t)<-A-.

Integrating (2.30) on [7, t] and using the fact that m is decreasing we have

m(t) < m(t) I which proves the lemma.

Corollary 2.6. If N = 3,4,5,
then v(-,k,d)
compact subset of (0, oo) when d —►
oo .

converges uniformly to zero in

Proof. For N = 4,5 see [1]. If N = 3 and d sufficientlylarge from [1] we
know that v(-, k, d) > 0 on 0, l/\fk\ . Thus for 1 > T > 0 given we have
v(T) < m(t)(t)A(T)-A-x/2.

Hence, v(T) converges to zero as d -> oo. Also, from (2.4) it follows that
v'(T) -> 0 as d —>oo . Since

we see that v —>0 on [r, oo) as d —>oo , which proves the corollary.

3. Analysis of vx and u¿
Let 17,1and i>¿ denote derivatives of v with respect to k and d. Defining,

for p > 0 and d > 0,
(3.1)

co(t) = v(pt,k,d)

we see that

w"M + ^-0/(0

+ />2Aû>(0
+ />2|w(0l"tu(0= 0,

co(0) = d,

ta'(0) = 0.

Multiplying by z?2^ and letting ¿;(i) := p2/pco(t) we infer

(3

í"(o+^f^'w+^(o +i¿(orí(o
=o,
^(0) = /72/V,

{'(0) = 0.

Hence
(3.4)

^(í) = v(í,/72A,/72/^).
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Thus, from the definition of £, co and (3.4) we obtain

(3.5)

p2">v(pt,k,d)

= v(t,kp2,p2lpd).

Differentiating (3.5) with respect to p we see that

-p2lp-lv(pt,k,
P

d) + p2/ptv'(pt,k,

= -2kpvk(t,

Hence, foxp=l

d)

kp2, p2'pd) + -dp2'p-xvd(t,

kp2, p2'p).

we have

2
yV-2
(3.6) 2kvx(t, k, d) + -dvd(t, k,d) = tv'(t, k,d) + -^—v(t,k,

d).

P
2
Throughout the rest of the paper we assume k to be in a bounded set. Now,
we analyze some properties of vx and v¿ .

Lemma 3.1. For t £ [0, tx] we have

(v'x(t))2 + k(vx(t))2 + (p + l)\v(t)\p(vx(t))2<^v(s)ds^

,

where tx is the first zero of v .

Proof. We define
m\
(3.7)

F(t\
W))2
Ex(t)
= —j—

, (p+l)\v(t)\p(vx(t))2
+i ^a(O)2
-^—
+-.

Hence

£¡(0 = vi(tm)+kvx(tH

+ ip + mv(t)rx(Mt))2V'(t)

+(p + \)\v(t)Yvx(t)v'x(t)

= _^ziKW)2 - van«) + tp + mv(t)r^(t)(vx(t))2
<v(t)\v'x(t)\<v(t)^/2ËxJF)Thus

E[(t)

(18)

vrm^-

Hence, integrating on [0, /] the lemma follows. Let ¿¡xG (0, yp) be such that

if Í G(0.Í0, then
(3.9)

{J^ + äfÄJ(N-2)2--^2-^
N_2
g(t) = -Íy
P+-L_ < "i.

Such a <^i exists because g(0) = ^f2- and #'(0) < 0. Let

¿G(0,min{^,

m(t)}).
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Since m(t) is a continuous function there exists s2 G (0, ti) such that

Ktor-jETf1-

(3.10)

Note that by Lemma 2.5 for d sufficiently large we have

(3.11)

s2<c;-x'A((p+l)m(r))x'At.

This and Lemma 2.4 show that
8s2~Nk I*

4ks2+ -4

v2(t)

r"

xvz(r)dr -* 0

as d -> oo.

Jo

Let p(c¡) := p > 0 be such that

(3.12)

--—.

v

_p+-<-^-

\^N-2)2-^-2-p-p

2

By Lemma 3.1 and (3.11) there exists d2 such that for d > d2(£)

(3.13)

2s2kvUs2)
v(s2)

+

2kvx(s2)
v(s2)

+ 4ks2 +

I

&s2~Nk fs>
v2(t)

rN-xv2(r)dr

Jo

<p.

Now, we prove the following lemma.
Lemma 3.2. If c¡ and 52 are as above, then
S2V'd(S2)

<

N-2

Vd(Sl)

Proof. Differentiating (3.6) with respect to t and using (1.2) and (2.4) we obtain

(3.14)

2kv'x(t) + ^-v'd(t) = ^v'(t)
+ tv"
P
*•
2-N
v'(t)-kv(t)t-t\v(t)\"v(t)

2

(N-2)2
41

v(t) +

N-2
R(t)-kv(t)t-t\v(t)\pv(t).
At

Hence

(3.15)
2s2kv'(s2) - ^v(s2)

S2V'd(s2)

- ^R(s2)+ks2v(s2)

+ s2\v(s2)\pv(s2)

-2kvx - \R(s2)

Vd(Sl)

p+^ +^JW^)

2_ Jí_

<

2Xvx(si)
v(s2)

+

iy/(N-2)7

pTl + ß-Z
-

N-2

< —7T—-

" p+2 - V

where we have used (3.12) and (3.13). Thus, the lemma is proven.
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Now we show that for d large

(3.16)

vd(t)<0,

v'd(t)>0

for all t £ (t, s2). In fact, from (2.8) and (3.6) we have
^-vd(t) = -2kvx(t) - l-R(t)
P

*•

1

< -2kvx(t)

(3.17)

(N - 2)2 - 4tk -

St2ky

p+2

m2(t)(t)-*lP

< kdx~p - km(s2)d < 0,
where we have also used Lemma 3.1. Hence vd(t) < 0.
On the other hand, from (3.14) and Lemma 3.1 we have

(3.18)

^-v'd(t) > -kdx~pl2+ V-f {fc^

- (t)2[k+ \v(t)\p]}■

Since \m(t)\p < ^Z2^ for d sufficiently large from (3.18) we obtain

(3.19)

—v'At) > -kdx~pl2 + kdx+p'2 > 0.

Thus, for t £ (t, s2) we have

(3.20) tN-\

v'd{t)
=~IrrN~x(k + (p + l)\v(r)\p)vd(r)

dr + (t)N-xv'd(t).

Therefore, using (3.17), (3.19), and (3.20) we see that v'd(t) > 0 which proves

(3.16).
4. Oscillations

of vd for

d large

Let ti < t2 < ■■■< tj = I be the zeroes of v(-, k, d) in (0,1]. Let t be as
in Lemma 2.4. By (3.16) we know that vd(t) < 0. Let rx < t2 < • • • < z, < ■■■
be the zeroes of vd(-, k, d) on (t, 1]. In this section (see Lemma 4.2 below)
we show that the zeroes of v separate the zeroes of vd . In the proof of our
next lemma we compare the equation

(4.1)

v'J(t)+ N-t

1

v'd(t) + (k + (p+l)\v(t)\»)Vd(t)

= 0

with the Cauchy-Euler equation

(4.2)

z"(t) +

N- 1
I

z'(t)+{-?1j£z(t)

= 0.

Since z(r) = r~^~ is a solution to (4.2) and z(r) ^ 0; by the Sturm comparison theorem if there exist r0 and rx, such that r0 < rx, Vd(ro) < z(»o) and
k + (p + l)\v(r)\p < ^f22) on (r0, rx), then vd cannot have zeroes in (r0, n)

(see [8]). More precisely
to estimate xx.

v'Át)
vÁt) <

m

for all t g [r0, rx]. Now we are ready
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Lemma 4.1. For d sufficientlylarge
0.49(iV-2)

(4.3)

Tl>

VI

■

Moreover,for N = 3,

(4.4)

Ti >

L7

Vk'

Proof. Let ¿¡x and s2 be as in (3.9)-(3.10), and let ¿¡ £ (0, min{^ , m(i)) be
such that

^(N-2)2-4(p+l)¿;

(4.5)

> .99(N - 2).

Since v(t) < m(s2)t 2lp for t £ (s2, tx) and v converges to zero on (tx, oo)
as d —>oo, we see that for d sufficiently large

k+ (p+i)\v(t)\p<[^—M r

(4.6)

if t£

52 ' 53 -

1 v/(V-2)2-4(p+l)f

71

Thus, by Lemma 3.2 and the Sturm com-

2

parison theorem (see (4.1)-(4.2)) we have

K(s)

(4.7)

vd(s)

<

N-2

z'(s)
z(s)

2s

for all 5 G [s2, 53]. Hence vd < 0 on [s2, S3]. Therefore, (4.3) follows from

(4.5) and (4.7).
Now, we consider the case N = 3 . Let, \p be the argument function such

that
"rf(0 = ~r(t) cos y/(t),

(4.8)

r2(t) = v2(t) + (v'd(t))2,

v'd(t) = r(t) sin <p(t),
¥(xq) = Q,

where t0 = inf{t < t; v'd(t) > 0} . Because v'd(t) < 0 in a neighborhood of 0
we see that to > 0. From (4.8) we have
= l + 2-(-tzny(t))

(4.9)

'

+ 5\v(t)\*

1+ tan2 ^(f)

Let 54 := inf{s > s3 ; tan(s) > 1.02%/!}. From the definition of 53 and (4.5) we

have that tans3 < ^
we infer

< iä < i.02Vl. Hence \p'(s4) > 0. Thus, from (4.9)

1+

-2-l.02Vk + 5\v(s4)\4+ k-l
1 + (1.02)2A

>0.

Since v converges to zero on compact subsets of (0, 00) we have

(4.10)

54 >

2.04^

.99

>
k + (l.02)2k + 5\v(s4)\* - y/T
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Let now
Y(t) = vd

(4.11)

Vk

and let a be such that
Y(t) = -yjY2(t) + (Y'(t))2cosa(t),
Y'(t) = ^Y2(t) + (Y'(t))2sina(t).

It can easily be shown that Y satisfies the equation

(4.12)

Y''(t)+51Y'(t)+(l

+ 5^^^)Y(t)

=0

and that

(4.13)

a'(t) = 1 +

57(-tana(t))

+ 5j\v(t)

1 + tan2 a(t)

Since Y(s4Vl) = vd(s4) and Y'(s4(V~k)= -j¿v'd(s4), we have

(4.14)

Y'(s4Vk)
Y(s4Vk

J_ v'M

Tk vd(s4)

= 1.02.

Because a(s4Vk) = arctan 1.02 < 0.796 and a'(t) < 1 + \\v(s4)\A (see (4.10)
and (4.12)) we obtain

a(l.l) < .796+ (l + y\v(s4)A (1.7 - .99) < .796+ .72 < 1.512< |.
c
1.7
Hence Y < 0 on (s4Vk, 1.7). Thus vd < 0 on S4'71

which proves (4.4),

and therefore concludes the proof of the lemma.

Let to be as in (4.8).
Lemma 4.2. For d sufficiently large the zeros of v separate the zeroes of vd on
[to, 1]. Moreover, v'(l, k, d) • vd(l, k, d) > 0.
Proof. Let Tx be the zero of v' on [tx, i2]. Suppose Ti < Tx . We show
inductively that t, g (t¡, t¡+x). From [1] we know that tx(k, d) —>0 as d —>oo

for N = 4,5 and that tx(k, d) -> ^ as d -> oo for /V = 3 (see [1]). This
and Lemma 4.1 show that xx > tx for d large. By the Sturm comparison
theorem it follows that tx < i2. Hence rx £ (tx, t2).
Suppose t, G (ti, ti+i). Now we show that xi+x G (ti+x, í¡+2). Suppose
t/+i < i,+i . Multiplying (1.2) by rN'xvd(r) and (4.1) by rN~xv(r), integrating
by parts on [ti , t;+i] and subtracting we obtain
x?-xv'd(xi+x)v(xi+x)

(4.15)

„N-l

■it,

- xy-xv'd(xx)v(xx)

v(r)\pVd(r)v(r)dr.
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Without loss of generality we can assume i to be even, thus v'd(xi+x) > 0
and v > 0 on [/,, í¡+1]. Also, since

(M(<))2 + (>.vd(t)fy < -2(p + \)\v(l)\'vd(l)v'ä(l)

<'"+'jl"""'(WW)' + (AM0)')
and \v\ converges to zero on [tx, 1] (see Corollary 2.6), we infer

(4.16)

moi < 7¿=K(ti)I-

On the other hand since v is convex on (tx ,TX) we have

vMípIíLÍT¡.tl).
lx - tx

Therefore (see Lemma 4.1)

(4.17)

\v(Ti¡
\v(xx)\>[-^\xx-tx\>k\v(Tx)\.
11 - t i

Thus, from (4.15)—(4.17)we have

(4.18)

\x»-xv(xx)v'd(xx)\ < I™ rN-xp\v(r)\P\v(r)\

JxJ_

\vd(r)\dr

<y^p\v(Tx)rx\v'd(xx)\.
Hence

\v(xx)\<p-^-\v(Tx)rx.
Combining (4.17) and (4.18) we see that there exists M > 0 such that \v(Tx)\p
> M which is a contradiction since v —►
0 as </-»oo. Hence t/+i > t¡+x .
On the other hand, if xx £ [Tx, t2] we let o> be the solution to

(4.19)

(4.20)

co"(r) + ^—l-co'(r) + (k + (p + l)\v(r)\p)co(r) = 0,

<u(7i) = 0,

co'(Tx)=l.

Let Tx = ax < a2 < ■■■< on < ■■■ be the zeroes of œ. We claim that
(4.21)

ox < t2 < o2 < ■■■< t, < Oi < ti+x <

< Oj-X < 1 = tj < Oj.

In fact, cross-multiplying equations (4.19) and (1.2), integrating by parts on
[ti , T/+i] and arguing as above, we see that the zeroes of v separate the zeroes
of co, hence (4.21) holds. Now, since co and vd satisfy the same linear equation by the Sturm comparison theorem we know that the zeroes of a separate
the zeroes of vd and conversely. Hence we have
(4.22)

■•■<ti <Oi<Xi<tl+x

<■■■ ,

which proves that the zeroes of v separate the zeroes of vd .
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From the above discussion it follows that because v'd(xx) > 0, we have
sgnv'd(Xi) = (-1)'+1 and because v(xx) < 0, we have sgnv(T,) = (-1)', hence
v'd(Xi)v(x¡) < 0. Finally, if v'(l) > 0, then «<0on
(tj-X, tj = 1). Thus,
v'd(Xj-X) > 0. Hence, vd(l) > 0. Similarly, if v'(l) < 0 then vd(l) < 0,
which concludes the proof of the lemma.

5. Bifurcation

analysis

In this section we summarize qualitative properties of the solution set to
equation (1.1). We make extensive use of the results in [1] as well as of the
properties of the solution to

(5.1)

y"(r) + ^ly'(r)+k(y(r)

(5.2)

y(0) = d,

(5.3)

+ \y(r)\»y(r)) = 0,

y'(0) = 0,

v(l) = 0.

We will denote by
(5.2). In order to
the eigenvalues of
Dirichlet boundary

y(r, k, d) the solution to the initial value problem (5.1)state the following lemma we denote by px < p2 < •■■
-A restricted to the space of radial functions with a zero
condition on B .

Lemma 5.1. (a) G c (0, oo) x (0, oo) is a connected component of {(k, d) ;
y (I, k, d) = 0} if and only if there exists a dijferentiable function ß : (0, co) —►
(0, oo), and a positive integer k such that G = {(ß(d), d); d > 0}, and
y(-, ß(d), d) has k zeroes in (0, 1] for each d > 0. In addition, we have:

(i) ifN = 3 then ß(d) -> (kn)2 as d -» 0 and ß'd) -+ (k - (l/2))2n2
as d —>oo .

(ii) IfN = 4,5 then ß(d) —►
Pk as d —>0, and ß(d) —>p¡(_x as d —>oo,
where po —0.
(b) Conversely, for each positive integer k there exists a unique dijferentiable
function ßk :- ß : (0, oo) —>(0, oo) such that y(-, ß(d), d) is a solution to

(5.1)—(5.3),y(-, ß(d), d) had k zeroes in (0, 1], and satisfies (i) and (ii).
Proof, (a) From the definition of y we have

(5.4)

y(pr,k,d)=y(r,kp2,d).

Therefore, differentiating with respect to p and replacing p by 1, we have

(5.5)

y'(l,k,d)

= 2kyx(r,k,d).

Since, by uniqueness of solutions to the initial value problem (5.1)—(5.2), we
know that y(-, k, d) cannot have degenerate zeroes we see that if y(r, k, d) =

0 then y'(r,k,d)

^ 0.

Thus, by the implicit function theorem, if G

C (0, oo) x (0, oo) is a connected component

y(l,k,d)

= 0}, then G = {(ß(d),d);

of {(k, d) ; k > 0, d > 0,

d G (a,b)},
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Again, by the nondegeneracy of the zeroes of y(-, k, d) we have that the number of zeroes of v(-, ß(d), d) is a constant k. Hence, by the Sturm comparison theorem, ß(d) < pk for all d £ (a,b).
Suppose b < oo. Let {d„}
be a sequence converging to b. Since ß is bounded, without loss of generality we can assume that {ß(dn)} converges, say to c. By the continuity of
y we see that y (I, c, b) = 0. Since b ^ 0 we know that c ^ 0. Thus
(c, b) £ G, which contradicts that G is a connected component. This contradiction shows that b = +oo. A similar argument shows that a = 0. Thus
G = {(ß(d), d) ; d > 0}. Since, by standard bifurcation arguments, the only
solutions to (5.1 )—(5.3)having k zeroes in (0,1] are those bifurcating from

(pk, 0) we see that ß(d) —>pk as d —>0. Also from [1], it follows that the
only solutions to (5.1)—(5.3) with d large and k zeroes in (0,1] with d near
0, are those bifurcating from (pk-i, oo) if vV = 4, 5 ((0, oo) if k = 1) or
((k - (\))2n2, oo) if N = 3 . Thus ß satisfies (i), (ii). This proves part (a).
(b) By the local bifurcation theory for simple eigenvalues (see [7]), for each
k = 1,2,...
there exists v > 0 and a continuous function ßk: (Q,v) -»
(0,oo) such that y(-,ßk(d),d)
is a solution to (5.1)—(5.3). Moreover,
y(-,ßk(d),d)
has k zeroes in (0, 1]. Letting G denote the connected com-

ponent of {(k, d); k > 0, d > 0, y( 1, k, d) = 0} containing {(ßk(d),d);d£
(0, u)} , by part (a) we see that ßk can be extended to (0, oo). Since the zeroes
of solutions to (5.1)—(5.3) are nondegenerate we see that each y(-, ßk(d), d)
has k zeroes in (0, 1].
In order to prove uniqueness we let ßk and ß'k be continuous functions such
that v(l, ßk(d),d) = 0, v(l, ß'k(d), d) = 0, and v(-, ßk(d), d), as well as
v(-, ß'k(d), d) has k zeroes. Then ßk(d) -> pk as d —»0 and ß'k(d) -*
pk as d —►
0. Since pk is a simple eigenvalue, for d small enough we see
that ßk(d) = ß'k(d). Furthermore, because {(ßk(d), d); d £ (0, oo)} and
{(ß'k(d), d) ; d £ (0, oo)} are connected components of solutions then they are
equal, which proves that ßk = ß'k . Hence, the lemma is proven.
From the definition of y and v we have

(5.6)

k~x'pv(r, k, dk[/p)=y(r, k, d).

This relation allows us to transfer the bifurcation properties to y to v . Indeed
we have

Lemma 5.2. (a) Y isa connected component of {(k, d) ; v(l, k, d) = 0} if and
only if there exists a positive integer k such that Y = {(ßk(d), ßk(d)xlpd) ; d G
(0, oo)} := Yk ■ (b) If {(kn,dn)} is a sequence in Y with dn —>oo, then
{kn} converges to Pk-X, where as if {d„} converges to zero, then {kn} con-

verges to Pk . (When N = 3, then pk-X is to be replaced by (k - (j))2n2.)

(c) If (k,d) £ Yk then k < pk. (d) For each k > 1 there exists q(k)
such that if (k,d) £ Yk, then k > q(k) and q(k) -►oo as k -> oo. (e)
{(k, d); v(l, k, d) = 0, v(-, k, d) has exactly k zeroes in (0, 1]} is connected.
Proof. Part (a) follows directly from (5.6), Lemma 5.1, and the fact that the
map (k, d) -* (k, dkxlp) defines a homeomorphism

of (0, oo) x (0, oo) into

itself.
Part (b) follows from part (a) and Lemma 5.1.
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In order to prove part (c) first we note that if Y is a connected component
of {(k, d) ; v(l, k, d) = 0}, then there exists a positive integer k such that if
(k, d) £ Y, then v(-, k, d) has k zeroes in (0, 1]. By the Sturm comparison
theorem we know that if k > pk , then v(-, k, d) has at least k zeroes in (0,1).
Hence, k & Y, and this proves part (c).
Since y(r, k, d) converges uniformly to zero on compact subsets of (0, oo),
then for each k > 0 there exists Q(k) such that v(r,k,d)
> Q(k) for
all d G (ii, 1], where tx(d) := tx is the first zero of v(-,k,d).
Because
E(-, k, d) is a decreasing function (see the definition of E in (2.1)) we have

k + \v(r, k, d)\p < Q(k) for all r g [ii, 1] and all d > 0. Let ; be such that
Pj > Q(k). By the Sturm comparison theorem it follows that y(-, k, d) has at
most j + 1 zeroes in (0, 1]. Hence ßk(d) > k for all d > 0. Since Q(k) -* oo
as k —>oo , we see that min ßk —►
oc as k —yoo , which proves part (d).
The proof of part (e) follows from the uniqueness of ßk , and that completes
the proof of the lemma.

6. Proof of Theorem

1.1.

(a) Let {d„} be such that v(l, k, dn) = 0 for some k > 0. By part (d) of
Lemma 5.2 there exists a positive integer j such that v(-, k, d„) has at most j
zeroes in (0,1]. Thus, without loss of generality, we can assume that v(-,k, d„)
has k zeroes for each «=1,2,....
By part b) of Lemma 5.2 we see that
{d„} is a bounded sequence, unless k = Pk with pk = pk (k = 1, 2, ...) if
N = 4, 5 and pk = (k - \)2n2 if N = 3 . This proves part (a) if k ^ pk .
Suppose k = Pk . By Lemma 5.2 there exists D > 0 such that if v(l, ko, d)
= 0, d > D and \k0 - k\ < \ , then (k0, d) £ Yk+X■ From Lemma 4.2 without
loss of generality, we can assume that vd(l, ko, d) > 0 and v'(l, ko, d) > 0.
Hence, by the implicit function theorem there exists a differentiable function
s: (D, oo) -+ (k - \ , k + \) such that v(l, k0, d) = 0 iff d = s(k0). Since
vx(l, s(d), d) • s'(d) + vd(l, s(d), d) - 0 and vd(l, s(d), d) # 0, we see
that 5 is strictly monotone. Thus, there exists at most one n such d„ > D.
Therefore, {dn} is bounded, which proves part (a).
(b) In order to prove part (b) it is sufficient to show that 5 is a decreasing
function. Let 6(r):= 6(r, k, d) denote the argument function such that
v(r) = -^v2(r)

+ (v'(r))2 cos6(r),

v'(r) = yjv2(r) + (v'(r))2 sind(r).

Differentiating with respect to d and replacing r by 1 we obtain

vd(i,k,d)

= v'(i,k,d)-ed(i,k,d).

Hence by Lemma 4.2 we see that 9d(l) > 0. Suppose that s is not a decreasing
function. Since v(-, s(d), d) has k zeroes in (0, 1], we have 0(1, s(d), d) =
(k - l)n + \. On the other hand, because 6d(l, s(d), d) > 0 and s is an increasing function we see that there exists d' > d such that 0(1, s(d), d') >
(k - l)n + j . Since Pohozaev's identity (see Lemma 2.1 ) implies that 6(t, 0, d)
< | for all / G [0, 1], by continuous dependence on parameters we see that
for k small enough 0(1, k, d) < f . Therefore, by the intermediate value the-

orem, there exists k' < s(d) such that 6(1, k', d') = (k - l)it + f . Thus,
if {d„} —*oo as n —>oo, then there exists a sequence {(k'n, d'„)} such that

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

RADIALLYSYMMETRICSOLUTIONSTO A DIRICHLET PROBLEM

923

6(k'n , d'„) — (k - l)n + |. Hence, by Lemma 5.2 we see that (k'n , d'n) is in the
connected component containing (s(d), d). Thus, k„ = s(dn) < s(d'n) = k'n ,
which contradicts that k'n < s(d'n). Therefore, s is a strictly decreasing function.
(c) Let ko > 0. Suppose that v(l, ko, d) = 0 has infinitely many solutions

di, i/2, ... . By part (a) we know that {d„} is bounded. Since v(l, ko, d) ^ 0
for d large we see that v(l, ko, •) is not constant. Hence, because v(l, ko, •)
is an analytic function (see Lemma 7.1) we have that dn converges to 0. Thus
^o = Pk f°r some k and v(-, ko, dn) has k zeroes in [0,1]. On the other
hand, since ko + \v\p > pk a.e., by the Sturm comparison theorem v(-, ko, dn)
has k zeroes in (0, 1), hence k + 1 zeroes in (0, 1], which is a contradiction.
Hence, v(l, ko, •) has finitely many zeroes. Thus, the theorem is proven.

7. Appendix
Our next lemma, to be used for the case N = 3,4, can be viewed as a
version of the classical Cauchy-Kowalewskaya theorem (see [11]) for singular
equations. For the sake of completeness we include a sketch of the proof.

Lemma 7.1. For N = 3, 4, the function v(t, k, •) is real analytic on (-co, 0)
U(0, oo).
Proof Since v(t, k, •) is an odd function it is sufficient to show that for each
S £ (0, oo) there exists t] > 0 and a sequence {Vj(t, k)} such that if \d —S\<n
then
oo

(7.1)

v(t,k,d) = YJv](t,k)(d-ôy/j\.
j=0

Let v0(t, k) = v(t,k,S).

Since ^f < 0, we have that \v0(t,k)\ < S. We

define vx(t) :- vx(t, k) as the solution to
<(0

+ ^-v[(r)

+ kvx(r) + (p+ l)\vo(r)\pvx(r) = 0,

t>i(0)= l,

v[(0) = 0

(if N = 3, 4 then p = 4, 2 respectively). Inductively for k > 1 we define
Vk+X(t) as the solution to

(7.2)

<+i(r) + —^<+i(r)
+ kvk+x(r) + (p + l)\vo(r)\pvk+x(r) + ojk+x(r) = 0,

v*+i(0) = 0,

v'k+l(0) = 0,

where

Wfc+i
=

Y,
io+---+ip=k+\

k + 1\ fk + 1 - i0\

io )\

U

)

fk + l - íq-ip-2

V

k>i0,... ,ip>0

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

ip-i

*VV

924

ALFONSO CASTRO AND ALEXANDRA KUREPA

Since vk+x is given by

(7.3)
vk+x(t) = - f rx~N ísN-x{[k
Jo
Jo

+ (p+l)\vo(s)\p]vk+x(s)

+ cok+x(s)}dsdr,

we see that if t e [0, a := (N/(k + (p + l)^))1'2], then

max \vk+x(t,k)\ = \vk+i(t°)\< 2 f rx~N f sN-x\cok+x(s)\dsdr,

0<t<a

Jo

Jq

where, of course t° £ [0, a] depending on k . Now, imitating the arguments

of [11, Lemmas 2.2, 2.3, and 2.4] it can be shown that
(7.4)

\vk+x(t,k)\ + \cok+x(t, k)\ <

Ck+X(k+ IV
{k\i)2
>

where C is a constant independent of k . Hence, the series in (7.1) defines an
analytic function in d . In order to prove the validity of (7.1) we show that the
power series in (7.1) is twice differentiable with respect to /, and satisfies (1.2).
Indeed, from (7.3) we have

+ (p+l)\vo(s)\P]vk+x(s)
(p
tx~N fsN-x[k
/ sN-x[k +

K+.MI
(7.5)

Jo

+ wk+x(s)ds

<tck+i(k±il

(k + ly

From (7.2), (7.4), and (7.5) we obtain

K+1(0I < (N + k + (p + i)êp)ck+x^^.
Thus

$>;■(*,k)(d- sy/j\,

$>;'(i, k)(d- ¿y/j\,

£*#'.

7=0

)=0

j=0

A)(¿- Wltfi,

converge. Since

Y,Vj(t,k)(d-ôyij\\
J=0

=1£v'j(t,k)(d-sy/j\,
)

7=0

and similarly for the second derivative with respect to /, from (7.2) we obtain
OO

OO

»r

.

OO

5>;(0(d - sy/j\ + £ -^v'j(t)(d - sy/j\ + £>,■(*)(</
- sy/j\
7=0

7=0

7=0

+ [Y,Vj(t)(d-¿y/j\'
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»r

i
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OO

= £ trV(0(d
- ¿y/;! + J] ^v'j(t)(d - Sy/j\+ Y,kvj(t)(d- Sy/j\
7=0

7=0

7=0

OO

+ X> + 1)1^0(01^7(0
+ (Oj(t)](d
- ¿)V;!
7=0
r

=£

A7*- iI
A/

1

ü7(0 + ~l—VjW + XViM+ (P + l)\Mt)\Vj(t)+ 0)j(t)

„ .

(</- ¿TO

7=0

= 0.
Also, for all d £ (3 - r\, 3 + n) we have
OO

Y, vj(0)(d- 3)jlj\ = S + d-3 = d
7=0

and
oo

Yv'j(0)(d-3y/j\ = 0.
7=0

Hence (7.1) holds. Since the differential equation in (1.2) is regular and
analytic on [a, 1] we see that the transformation (v(a, k, d), v'(a, k, d)) —>
(v(l, k, d), v'(l, k, d)) is an analytic function of d. Thus, the map d -»
(v(l, k, d), v'(l, k, d)) is analytic, which proves the lemma.
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