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What are the Odds
at the Russia 2018 FIFA World Cup?

Giinhan Caglayan

Department of Mathematics, New Jersey City University, Jersey City, USA
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Synopsis

In this note we explore the group stage competition format in a standard FIFA
World Cup Soccer Championship group phase. The group stage involves thirty-
two teams divided into eight groups of four teams each, based on a draw that takes
the national teams’ seeding and geographical location into consideration. Each of
the four teams in a given group is scheduled to play one match against every other
team in the same group. Upon the completion of six games in each of the eight
groups (for a total of 48 games), the top two highest scoring teams (the winner
and the runner-up) advance to the knockout stage. In this note we focus on the
forty different ways (sequential configurations or states) that a group stage in an
arbitrary group can result at the end of the group stage upon the completion of
the six games in a typical World Cup Championship. We generate simulations for
these configurations on spreadsheets. We use the Russia 2018 FIFA World Cup
as an example, along with other relevant historical data, to compare and contrast
theoretical versus actual configurations and their probabilities.

Keywords: spreadsheets; sequential notation; sequential configuration; num-
ber of ways; most probable states; simulations; FIFA World Cup; group stage.

1. FIFA World Cup Group Phase

Thirty-two teams take part in the FIFA (Fédération Internationale de Foot-
ball Association) World Cup Soccer Championship group phase. They are
divided into eight groups {A, B,C,D,E,F,G,H} of four teams {1,2,3,4}
each, based on a draw that takes the national teams’ seeding (country success
coefficient / FIFA world ranking) and geographical location into consideration.
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For instance, no more than two teams from Europe are permitted to be placed
in the same group. The host country by default is seeded A1 (Table 1). The
remaining teams in the eight groups are designated in the remaining spots
during the draw (Figure 1).

Groups
A B C D E F G H
Al (Russia) Bl C1 DI E1 F1 G1 HI1
A2 B2 C2 D2 E2 F2 G2 H2
A3 B3 C3 D3 E3 F3 G3 H3
A4 B4 C4 D4 E4 F4 G4 H4

Table 1: Russia 2018 FIFA World Cup Soccer Championship Group Stage Draw

2018 FIFA WORLD CUP RUSSIA™

GROUP & GROUP B GROUP C GROUP D

S — — e — — e — e S —
T Russia @) Portugal I France &= Argentina
=) Saudi Arabia @ Spain £%-3 Australia 4% Iceland
= Egypt Morocco ) Peru =i= Croatia

& uruguay &= IR Iran &= Denmark N Nigeria

GROUPE GROUP F GROUP G GROUP H

—_—— —_— e — — — i —
&> Brazil ' Germany I’ Belgium &= poland
{#) Switzerland B’ Mexico & Panama {H’ Senegal
= Costa Rica &= Sweden @) Tunisia &= Colombia

@ Serbia €3 Korea Republic &= England L & METEN]

Figure 1: Thirty-two teams are divided into eight groups according to FIFA World Rankings.
Here we see the 2018 assignments.

The league format is used during the group stage, in which each of the
four teams in a given group is scheduled to play one match against
every other team in the same group. Three points are awarded for a win,
one point is awarded for a draw, and teams get zero points for a defeat. Upon
the completion of six games in each of the eight groups (for a total of 48
games), the top two highest scoring teams advance to the knockout stage.
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In the event of equality of points, other criteria (e.g., goal difference, number
of goals, head-to-head points/goals, fair play points, etc.) become decisive in
determining the final ranking of each team in each group. In this article we
focus on the forty different ways (sequential configurations / states) that a
group stage in an arbitrary group can result at the end of the group stage
upon the completion of the six games.

2. Brazil 2014 and Russia 2018

Because we are studying the range of sequential configurations resulting from
each group at the end of the group phase, we first look at some familiar results
from 2014 FIFA World Cup and 2018 FIFA World Cup, which were held in
Brazil and Russia, respectively.! At the end of 48 games, the group standings
were recorded; some select records are depicted in Table 2 (for Brazil 2014)
and Table 3 (for Russia 2018) below.

A configuration (or state) in this note is defined as the sequence of four non-
negative integers (in a descending order) that corresponds to the final outcome
of four-team group stage in a typical FIFA World Cup Group Stage compe-
tition upon the completion of six matches. As shown in Table 2, for instance,
the configuration of Group G at the Brazil 2014 FIFA World Cup was 7441 be-
cause Germany led the group with 7 points, followed by the USA and Portugal
with 4 points each, and finally Ghana with 1 point.

Team Wins Draws Losses Points
Germany 2 1 0 7
USA 1 1 1 4
Portugal 1 1 1 4
Ghana 0 1 2 1

Table 2: Group G results at the Brazil 2014 FIFA World Cup; also see Figure 10.

In the next section we explore the following question: How many different
configurations (states) are available (accessible) in a typical FIFA World Cup
four-team group stage where the league format is used in which each of the
four teams in the same group plays one match against every other team in the
same group?

IThe first draft of this article was submitted to the Journal of Humanistic Mathematics
on May 20, 2018, prior to the 2018 FIFA World Cup. A revised version was submitted on
July 2, 2018, upon the completion of the group stage games.
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Group Result

9630
5541
7531
9431
7531
6633
9630
6443

T QHEHOQW >

Table 3: Group results for the Russia 2018 FIFA World Cup presented in sequential notation.

3. How Many Configurations are Possible?

We use spreadsheets to simulate configurations one million times. We begin by
defining a name boz labeled game in cell P1 which contains WDL standing
for Win, Draw, Lost, respectively. The cell P1, in a sense, can be thought
of as an urn from which we pick the outcome for each game (W or D or L).?
To clarify the process of simulating the group phase for an arbitrary group,
we use Group D (Argentina, Iceland, Croatia, Nigeria) from the 2018 FIFA
World Cup as an example (Figure 2).

GROUP D

ARGENTINA
ICELAND
CROATIA

NIGERIA

Figure 2: Group D of the 2018 FIFA World Cup. See Appendix A for the full draw.

As shown in Table 4, the outcome of each game will be recorded in the first row
of the Spreadsheet as follows: Game 1 result (W or D or L) will be recorded
in Al; Game 2 result (W or D or L) in B1; Game 3 result (W or D or L) in
C1; Game 4 result (W or D or L) in D1; Game 5 result (W or D or L) in EI;
Game 6 result (W or D or L) in F1.

2 Although in reality teams are placed in groups according to their FIFA World Rankings,
we assume for most of this note that all outcomes are equally likely. Also see Sections 5.2-5.3.
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Game Team 1 Team 2  Cell

Argentina Iceland Al
Croatia Nigeria Bl
Argentina Croatia  Cl1
Nigeria [celand D1
Nigeria Argentia E1
Iceland Croatia F1

S UL = W N+~

Table 4: Setting the stage towards simulation of Group D games.

3.1. Group D — Group Phase: Recording the Game Results

We begin by choosing a random outcome for the result of the first game by
putting

= MID(game, 1 + INT(RAND() * LEN(game)), 1)

in cell Al. The same syntax is used for cells B1, C1, D1, E1, F1. This way,
when executed, each cell from Al to F1 will result in a W or a D or an L.

3.2. Group D — Group Phase: Recording Team Scores

After recording the results of the six games in cells A1:F1, we next use cells
G1:J1 to store each team’s score based on the initial Group D — Group Stage
Draw in order of appearance: Argentina, Iceland, Croatia, Nigeria, respectively
in G1, H1, T1, J1.

We can determine the total score for Argentina via the syntax
= 3*( COUNTIF(A1,"W") +- COUNTIF(C1,"W") +~ COUN-
TIF(E1,"L") ) + COUNTIF(A1,"D") 4+ COUNTIF(C1,"D")
+ COUNTIF(E1,"D")

placed in cell G1.

Likewise, we compute Iceland’s points with
= 3*( COUNTIF(A1,"L") + COUNTIF(D1,"L") + COUN-

TIF(F1,"W") ) + COUNTIF(A1,"D") + COUNTIF(D1,"D")
+ COUNTIF(F1,"D").
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in H1. In a similar manner, Croatia’s uses

— 3*( COUNTIF(B1,"W") + COUNTIF(C1,"L") + COUN-
TIF(F1,"L") ) + COUNTIF(B1,"D") + COUNTIF(C1,"D")
+ COUNTIF(F1,"D")

in I1, and Nigeria uses

— 3*( COUNTIF(B1,"L") + COUNTIF(D1:E1,"W") ) +
COUNTIF(B1,"D") + COUNTIF(D1:E1,"D").

in J1.

3.3. Group D — Group Phase: Obtaining the Configuration for One Trial

Once all four team scores are stored in cells G1:J1 in the first trial, we can
put these four numbers in a descending order to obtain the configuration of
the trial. We can find the sorted values using the LARGE command in a
spreadsheet.

Furthermore, we can take the scores and use them as digits in a decimal
number. Consider putting

— 1000 * LARGE(G1:J1,1) + 100 * LARGE(G1:J1,2) +
10 * LARGE(G1:J1,3) + 1 * LARGE(G1:J1,4)

into cell K1.

As an example, suppose that one trial resulted in the string WDDLDW.
This means the first game is won by the “home” side (Argentina). The second,
the third, and the fifth games all resulted in a draw. The fourth game is won
by the “visitor” side (Iceland), and the sixth game is won by the “home” side
(Iceland).

This way, in order of appearance, Argentina scores 5 points, Iceland scores 6
points, Croatia scores 2 points, and Nigeria scores 2 points. Because the con-
figuration must be a sequence of numbers in a descending order, the numbers
5, 6, 2, 2 obtained in cells G1:J1 must be introduced again in a descending
order in cell K1. Figure 3 depicts the above discussion for 120 trials.
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Figure 3: Recording configurations in Column K.

3.4. Getting Ready to Count Configurations

Before we count the configurations in Column K, we set the stage for record-
ing the number of each configuration to use later. There are altogether forty

different configurations: one configuration starting with 3, two configurations

starting with 4, nine configurations starting with 5, seven configurations start-

ing with 6, fourteen configurations starting with 7, and seven configurations

starting with 9, as depicted in Figure 4.
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4443 4444

5332 5432 5442 5443 5522 5531 5532 5541 5550

6442 6443 6522 6541 6633 6641 6660

7322 7422 7431 7432 7433 7441 7521 7531 7540 7621 7631 7640 7711 7730

9222 9333 9421 9431 9440 9611 9630

Figure 4: Forty possible configurations.

3.5. Using COUNTIF to Determine the Frequency of Each Configuration

We list the forty configurations depicted in Figure 4 within the range M4:M43
on the spreadsheet in order to record their frequencies in cells N4:IN43. We use
the COUNTIF command to determine the frequency of each configuration via
the syntax N4: = COUNTIF(K:K,M4), which is then dragged all the way
down to Cell N43. We also calculate the total frequency of the configurations
starting with (3) in Cell 04, (4) in Cell 06, (5) in Cell O15, (6) in Cell 022,
(7) in Cell 036, and (9) in Cell O43. The experimental probabilities of these
are also recorded in the appropriate cells Q4, Q6, Q15, Q22, Q36, and Q43
respectively (see Figure 5).

3.6. Frequency Histogram

To support the data in Figure 5, we also plot a frequency histogram for the
forty accessible configurations for further analysis (Figure 6).

We make the following preliminary observations:
e 3333 is the least likely configuration.
e 5550 and 9222 each appear with probability about 0.0055.

e 4444 and 7711 appear with probability 0.008.

4443, 6660, and 9333 appear with probability about 0.011.

5332, 5522, 5531, 5532, 6522, 7322, 7730, 9440, and 9611 each have
probability about 0.0163.
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M N 0 P aQ M N 0 P Q

3 Scenario Frequency Exp. Prob. Scenario Frequency Exp. Prob.
4 0.001359 23| 7322 16334
5| 4443 11085 4 7422 33077
6 4444 8136 [ECCHIFIEGESEEE > 7431 2 32698
7| 5332 16332 26 7432 32831
8| 5432 32672 27 7433 32838
9| 5442 33363 28 7441 49474
10 5443 33004 29 7521 32782
1| 5522 16200 30 7531 33100
12| 5531 16562 31 7540 32746
13| 5532 16465 32 7621 32755
14 5541 33107 33 7631 32973
15 5550 5441 [208146 [CRN 0.203146 3¢ 7640 32876
16| 6442 32936 35, 7711 8175

17 6443 49430 36 7730 16371 [Hi0030)CRN0E1903]
18 6522 16531 37| 9222 5465
19 6541 33082 38| 9333 10919
20 6633 32748 39| 9421 33102
21 6641 32913 40| 9431 32999
2 6660 11041 a1 9410 16580
42| 9611 16441

43| 9630 33057 7

Ly TOTAL 1000000 1000000 40 1

Figure 5: Recording the frequency of each configuration for 1,000,000 trials.

50000

45000

40000

35000

30000

25000

20000
15000
10000

5000

0

Figure 6: Frequency histogram of the distinct configurations.

e The twenty-one configurations 5432, 5422, 5443, 5541, 6442, 6541, 6633,
6641, 7422, 7431, 7432, 7433, 7521, 7531, 7540, 7621, 7631, 7640, 942,
9431, and 9630 all have probability about 0.033.

e Finally, we have 6443 and 7441 each with probability about 0.05.
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3.7. Equally Accessible Configurations (EAC)

The total frequency of these seven groups of “equally accessible configurations”
(from highest to least) are also calculated in Cells T4:T10 for further analysis
(Figure 7).

S T
3 Egq.Acc. Conf.| Freq.

54201544308554 14420654 1186633 [86641874200 74310743 2074330752 187531875 1008762117631l 76400421043 180630 J 21 691026

5332085522085551 5552652273227 730044080511 JENCY 9 148580

EENEE 6 3 32996

m | 7 2 98472

14240877 1 1IN 2 16400

1555080222 C] 2 11100

& 10 1 1426

11 Total 1000000

Figure 7: Equally accessible configurations.

3.8. Comparing Experimental and Theoretical Probabilities

To compare the experimental and theoretical probabilities, we use V4:V43
and W4:W43, respectively (Figure 8). We also calculate the total probabil-
ities of the configurations starting with (3) in Cell X4, (4) in Cell X6, (5) in
Cell X15, (6) in Cell X22, (7) in Cell X36, and (9) in Cell X43.

Further inferences are possible. For instance, upon the completion of the group
stage:

1. It is impossible to score a total of 8 points — a team can only score a
total of 0, 1, 2, 3, 4, 5, 6, 7, 9 points.

2. Consider the team that wins the group.

(a) This team has 7 points with 306/729 ~ 42% probability (the most
likely event).

) This team has 6 points with 152/729 ~ 20.9% probability.
(c) This team has 5 points with 148/729 ~ 20.3% probability.
(d) This team has 9 points with 108/729 ~ 14.8% probability.
(e) This team has 3 or 4 points each with 15/729 ~ 2% probability.

3. The most likely configurations are 6443 and 7441, each with a 36/729 ~
5% probability.

(b

C
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U v w X U Y W X
2 |Exp. Prob.| Th. Prob. |Exp. Prob.| Th. Prob.
3 Out of 729 | Qut of 729|Out of 729 Out of 729|Out of 729|Out of 729]
4 1.026432 1 23 7322 12.014649 12
5 4443  8.14293 8 24 7422  23.900994 24
6 4444  6.01425 6 HEEE 0 7431 23755194 24
7 5332 12.154617 12 26 7432 24.072309 24
8 5432 24.050439 24 27 7433 23.847777 24
9 5442 23.987016 24 28 7441 35.948448 36
10 5443 23.88204 24 29 7521 24.18822 24
11 5522  11.99934 12 30 7531 24.121881 24
12 5531 11.798136 12 31 7540 24.226128 24
13 5532 12.051099 12 32 7621 23.955669 24
14 5541  23.96223 24 33 7631 24.106572 24
15 5550 3.919104 4 _ 34 7640 23.784354 24
16 6442 23.825178 24 35 7711 6.036849 6
17 6443 36.105183 36 36 7730 11.994966 12 ESE
18 6522 11.825109 12 37 9222 3.971592 4
19 6541 23.989203 24 38 9333 8.053263 8
20 6633 23.992119 24 39 9421 23.927238 24
21 6641 23957127 24 40 9431 24.031485 24
22 6660 7.935165 8 _ 41 9440 11.941749 12
42 9611 12.011004 12
43 9630 23.945463 24
"8 TOTAL 729 729 729

Figure 8: Comparing experimental and theoretical probabilities.

4. When equally accessible configurations (EAC) are considered:

(a) The group

5432, 5422, 5443, 5541, 6442, 6541, 6633,
6641, 7422, 7431, 7432, 7433, 7521, 7531,
7540, 7621, 7631, 7640, 9421, 9431, 9630

of 21 configurations stands out as the most accessible EAC with
21 -24/729 ~ 69.14% total probability.

(b) Next we have the cluster

9332, 5522, 5531, 5532, 6522, 7322, 7730, 9440, 9611

of 9 configurations with 9-12/729 ~~ 14.81% total probability.
(c¢) Then the set {6443, 7441} with 2-36/729 ~ 9.88% total probability.

3.9. Conditional Probability Inferences

It is possible to come up with some conditional probability inferences as well.
Continuing our list of inferences above, perhaps we can add the following:
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For a team to advance to the knockout stage, it is required to finish the group
in the first or second position. Therefore, according to the probability data
outlined in Figure 8, the conditional probability that a national team advances
to the knockout stage is

e 100% given that it scores 9 points;

e 100% given that it scores 7 points;

252 4 (2/3)(8))/260 ~ 98.97% given that it scores 6 points.

(
(2562 + (2/3)(4))/256 ~ 99.48% given that it scores 5 points.
(

(16/3) + 249) /458 ~ 55.53% given that it scores 4 points.
e ((1/2) + 18+ (8/3))/352 ~ 6% given that it scores 3 points.

Therefore, it is highly unlikely to advance to the knockout stage with 3 points
(that is, 3D or 1W-2L combination); while collecting 4 points (that is, 1W-
1D-1L combination) does not seem to guarantee a spot at the knockout stage,
either. Whereas collecting 9 or 7 points (that is, 3W or 2W-1D combination)
brings advancement to the knockout stage with 100% certainty, collecting 5
or 6 points (that is, 1IW-2D combination or 2W-1L combination) will highly
likely be enough to move the team to the next stage.

3.10. Inferences about the Team Finishing Third

A national team will finish the group stage in the third position (hence will
fail to advance to the knockout stage in the World Cup) having scored:

e 1 point with 18/729 ~ 2.47% probability.

e 2 points with 136/729 ~ 18.66% probability.

e 3 points with 273/729 ~ 37.45% probability.

e 4 points with 290/729 ~ 39.78% probability (the most likely event).
e 5 points with 4/729 ~ 0.55% probability (the least likely event).

e 6 points with 8/729 ~ 1.1% probability.

It is impossible to end the group in the third position with no points.
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4. So What? Exploring Conditional Probability Further

What good are these simulations, or knowing the number of possible configu-
rations, or the probability of each configuration? This knowledge might have
implications in an actual group stage, in determining the odds of qualification
(right before the fifth or the sixth game, for instance, given the outcome of
the first four or five games). For that purpose, we simulate again one mil-
lion times in order to get a feel of the available configurations (aka the “so
far” configurations) after five matches. Using a similar procedure as described
above, we obtain the spreadsheet snapshot in Figure 9; note that Column F
corresponding to the sixth game is left blank.

A|B|C|D|E|F|GH|I|J A BCDEFGHI I A BCDEFGHI I A|B|C|D|E|F|G/H[I|J A|B|C|D|E|F|GH|I|J
1 LDLDD 1443 20 LLLWL 06364 DLDWW 27316 DWDLL 51348 LLWDW 3740
2 WDDLW 5341 2LDLWW 191342 DLLDW 1543 62WDLLL 4046 2DWWWL 7403
3 LDLLL 1346 22WDDWD 541243 LDDLW 26416 LLLWL 06368 DLWWD 4531
4 DDWWW 57102 WWDDD 72124 LDWDD 452164DWDDW 55118WLLLD 3164
S LWLWL 3606 2DDDLL 314445 DWDLL 51346 WLWWD 64318 WWDWD 7402
6§ WDWLW 73402LLLDD 0544 4DLWWL 44336 LWLWL 36068 WDDDL 5124
7 LWDWL 46042 LDDWL 26144 LDLDL 14266 LWDLD 44328 WDLDL 4126
S WWLLD 6134 2DLWWL 443348 WWDWL 73046 WLDWD 44328 WDWWD 7411
9 LLDDD 1542 29 LWWLD 64314 WWWDW 94106 WLWWD 64318 DWDLD 5232
WOWLLLL B830663LDDLW 26415WDWDW 742070 DWLWW 4703 %0DWLWD 4504
MWLWWW 66303 LWLWD 37045 LWDDW 47117 WLLWL 33369 DWDLW 5431
2LDDLL 234432DDWDL 5223 5DDLWD 2514 72WDWWL 7313 92DLLLD 1264
BLDLWW 19133WWDWW 760153 DDLWW 2713 73WWLDW 6413 93WWDWL 7304
MUWWWDW 94103 DDWLD 52415 LLDDL 144474 DDLWD 2514 99 WLDWW 4631
5DLDLW 24613 LLLWD 07345 DDWLD 52417 LLDLL 136495 LWLLW 3633
BLDDWL 2614 3WLWDL 61435 WWDWL 73047 DWDLW 54319%LLLLD 0464
7 DDLDL 22263 WWDWL 73045 WDLWW 4613 7DWDWD 55029 LLDDD 1542
BEWWLLD 6134 3DLWDD 43415 LDLWD 171478DDDWL 3414 98WWWLD 9131
WLWDWL 4604 33WWLWW 66035 DLLWD 153479 DLWDW 45409 LWWLW 6630
WLWDLW 4631 4LWLWW 390360 WLLLD 31648 WWLDD 6214100LWDLW 4631

Figure 9: The so far configurations for a hundred random trials.

4.1. From “So What?” to “So Far” Configurations

Once again using the same example above from Table 4, this time we record
the result of the first five games in cells A1:E1, while we still use cells G1:J1
to store each team’s score based on the initial Group D — Group Stage Draw in
order of appearance: Argentina, Iceland, Croatia, Nigeria, respectively in G1,
H1, I1, J1. Because the sixth game is between Iceland and Croatia, and the
configuration “so far” will be based on the first five games, there are exactly
three possible configurations (out of the forty distinct available) upon the
completion of the sixth game.

For instance, suppose that the first five games resulted in the string WD-
DLD. This means the first game is won by the “home” side (Argentina). The
second, the third, and the fifth games all resulted in a draw. The fourth
game is won by the “visitor” side (Iceland). This way, in order of appear-
ance, “so far” Argentina scores G1=5 points; Iceland scores H1=3 points;
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Croatia scores 11=2 points; and Nigeria scores J1=2 points. However, G1
and J1 are temporary scores subject to change because the sixth game, that
is, the Iceland-Croatia game, is still pending. Thus, the “so far” configu-
ration 5322 could become either 5622 (if Iceland wins), or 5352 (if Croatia
wins), or 5432 (if it is a draw). Equivalently, we would obtain the revised
(in descending order) final configuration 6522, 5532, or 5432, respectively.
From Figure 8, we know these configurations have respective probabilities of
12/729,12/729,24/729. This means that the “so far” configuration 5322 will
be finalized as 6522, 5532, or 5432, with respective (conditional) probabili-
ties 12/(12 + 124 24) = 25%,12/(12 + 12 + 24) = 25%,24/(12+ 124 24) =
50%. Therefore, the “so far” configuration 5322 will more likely become 5432.
Equivalently, given the five game results described above, it is more likely for
the sixth game between Iceland and Croatia to end in a draw than either side
winning the game. Figure 9 depicts the above discussion for 100 trials.

We give another example to clarify the procedure for calculating the condi-
tional probabilities and making inferences. Suppose that the first five games re-
sulted in the string LIWWLW as in trial 99 of Figure 9, corresponding to the “so
far” configuration 6630. This “so far” configuration 6630 could become either
6930 (if Iceland wins), or 6660 (if Croatia wins), or 6740 (if it is a draw). Equiv-
alently, we would have either of the final configurations 9630, or 6660, or 7640,
revised in descending order, respectively. As before, we go back to Figure 7 to
retrieve the probability of these three configurations: 24/729,8/729, 24 /729 re-
spectively. This suggests that the “so far” configuration 6630 will become 9630,
or 6660, or 7640 with respective (conditional) probabilities 24/(24 4+ 8 + 24) =
3/7,8/(24+8+24) =1/7,24/(24 4+ 8+ 24) = 3/7. Thus, given the first five
game results in the way recounted above, it is more likely for the last game
between Iceland and Croatia to not end in a draw. Equivalently, it it is more
likely that Iceland or Croatia wins the sixth game. Although it is possible
to make a list of all the “so far” available states and then to calculate the
corresponding conditional probabilities, we recommend using only the states
needed, as illustrated in the two examples in the context of the 2018 FIFA
World Cup Group D above.

4.2. What Happened in 2014 FIFA World Cup — Group G?

To delve further into the properties of “so far” configurations, we look at an
actual scenario from Brazil 2014 FIFA World Cup — Group G, also called the
Group of Death, where the winner and the runner-up were unknown until
the last moment. We looked at this group briefly in Table 2. More details,
including the scores and timing of all six game scores, are provided in Figure 10.
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Day 1

mows B GERMANY 40 PORTUGAL [EN
e === GHANA 1-2 Usa BE
Day 2

B GERMANY 2-2 GHANA e
=R 2.2 PORTUGAL N
Day 3

s = Usa 0-1 GERMANY TN
L Bl PORTUGAL 2-1 GHANA i
.GRC;UPG

Bl GERMANY 3 2 0 2 5 7
B= sA 31 1 4 0 4
Bl PORTUGAL 31 1 7 3 4
m— GHANA 3 0 2 6 2 1

Figure 10: Analyzing Group G (the Group of Death) from the Brazil 2014 FIFA World Cup.

Let us now explore the “so far” configuration (SFC) that is based on the first
five games in this actual context, assuming that we did not know the out-
come of the last game between Portugal and Ghana. The SFC corresponding
to the first five games is 7114.We proceed as before: The SFC 7114 could
become either 7414 (if Portugal wins — which is what actually happened), or
7144 (if Ghana wins), or 7224 (if the last game is a draw). Equivalently, we
would have either 7441 or 7422 as the revised descending order final config-
uration (unlike the previous examples where we had three possibilities). The
probability of these two configurations are 36/729 and 24/729, respectively.
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(Note actually that we know 7441 as one of the two most accessible configu-
rations.) Therefore the SFC 7114 will turn into 7441 or 6660 with respective
(conditional) probabilities 36/(36 + 24) = 60% and 24/(36 + 24) = 40%.

As a final example, suppose that the USA-Germany game was postponed and
thus became the last game instead of the Portugal-Ghana game. The SFC
would then be 4414, which in turn would become either 4417 (if USA wins),
or 7414 (if Germany wins — which is what actually happened), or 5415 (if it
is a draw); suggesting that the SFC turns into 7441 or 5541, with respective
(conditional) probabilities 36/(36 + 24) = 60%, 24/(36 + 24) = 40% (same
conditional probabilities as in the previous example).

5. Implications and Modifications

The “3 points for a win” scoring system has been in regulation six times in the
FIFA World Cup Championships (1994, 1998, 2002, 2006, 2010, 2014, 2018).
The historical data reveals the configurations as listed in Table 5.

Year Actual configurations

1994 4444, 6443, 6660, 6660, 7521, 7531

1998 5531, 6541, 6541, 7322, 7631, 7730, 9421, 9630
2002 5541, 7433, 7433, 7521, 7531, 7540, 9440, 9440
2006 7531, 7540, 7631, 7730, 9421, 9421, 9611, 9630
2010 5432, 5541, 6443, 6641, 7441, 7540, 9431, 9630
2014 7441, 7631, 7640, 7730, 9421, 9431, 9431, 9630
2018 5541, 6443, 6633, 7531, 7531, 9431, 9630, 9630

Table 5: Actual configuration data from six FIFA World
Cup Championships.

5.1. HST vs. FAC Categorization
Out of 54 configurations that actually happened, we note the following:

e Configuraton 9630 occured most often (6 times),
followed by 7531 (5 times),

0421, 9431 (4 times),

5541, 6443, 7540, 7631, 7730 (3 times),

6541, 6660, 7433, 7441, 7521, 9440 (twice),

4444, 5432, 5531, 6641, 6633, 7322, 7640, 9611 (once).
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In addition,
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e The highest scoring team won the group with
7 points 22/54 ~ 40.74% of the time (compare with ~ 42% theoretical

probability),

6 points 9/54 ~ 16.67% of the time (compare with &~ 20.9% theoretical

probability),

5 points 5/54 ~ 9.26% of the time (compare with ~ 20.3% theoretical

probability),

9 points 17/54 ~ 31.48% of the time (compare with ~ 14.8% theoretical
probability).

e The theoretically most likely configurations 6443 and 7441 each appeared
3/54 ~ 5.56% and 2/54 ~ 3.70% of the time (compare with ~ 4.94%
theoretical probability).

In other words the actual probability turned out to be very close to the the-
oretical one in the case of “The group winner with 7 points” perspective; see
the fourth row of Table 6.

HST

Actual Prob.

Theoretical Prob.

Error

4444
5432
5541
6443
6541
6633
7322
7441
7531
7540
7631

5531

6443
6641

7433
7521
7531
7540
7631

7730 7730

9421
9431
9440
9630
9630

9421
9431
9440
9630

5541

6443
6660

7433
7521
7531
7540
7640

9421
9431
9611
9630

5h41

6541
6660

7441
7531
7531
7631
7730

9421
9431
9630
9630

1/54 ~ 1.85%
5/54 ~ 9.26%
9/54 ~ 16.67%

22/54 ~ 40.74%

17/54 =~ 31.48%

14/729 ~ 1.92%
148/729 ~ 20.3%
152/729 ~ 20.9%

306/729 ~ 42%

108/729 ~ 14.8%

0.00068587105
0.1104
0.0418

0.01234567901

0.1667

Table 6: Configurations data — Highest Scoring Team (HST) perspective.

When equally accessible configurations (EAC) are considered, we see the actual
probabilities to be much closer to the theoretical probabilities in all categories;
we display the relevant data in Table 7. The EAC categorization seems to
“balance out” the error discrepancies of Table 6.
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EAC Perspective Actual Prob. Theoretical Prob. Error

5432 5541 5541 5541 38/54 ~ 70.37% 504/729 ~ 69.14% 0.01234567901
6541 6541 6633 6641

7433 7433 7521 7521

7531 7531 7531 7531

7531 7540 7540 7540

7631 7631 7631 7640

9421 9421 9421 9421

9431 9431 9431 9431

9630 9630 9630 9630

9630 9630

5531 7322 7730 7730 8/54=14.81%  108/729 =~ 14.81% 0.00000
7730 9440 9440 9611

6443 6443 6443 7441 5/54 =~ 9.26% 72/729 =~ 9.88% 0.00617
7441

6660 6660 2/54 =~ 3.70% 24/729 ~ 3.29% 0.00412
4444 1/54 ~ 1.85% 12/729 ~ 1.65% 0.00206

Table 7: Configurations data — Equally Accessible Configurations (EAC) Perspective.

5.2. Suggestions for More Accurate Simulations

In the HST perspective, the theoretical results regarding configurations where
the highest scoring team ends up with 6 or 7 points appear to be in closer
agreement with the actual results, than those configurations wwhere the high-
est scoring team ends up with 5 or 9 points. Here we propose some plausible
explanations.

In the simulations we used only one “urn” including the equally likely outcomes
W or D or L. In reality, this is not the case. In actual World Cup Champi-
onships, each four-team group has one team from Pot 1 (strongest teams with
highest country coefficients), one team from Pot 2, one team from Pot 3, and
one team from Pot 4 (weakest teams when FIFA World Rankings are consid-
ered); see Figure 11 for the four pots used for the 2018 FIFA World Cup. So,
visiting our FIFA 2018 Group D [D1: Argentina, D2: Iceland, D3: Croatia,
D4: Nigeria] example again, we see that Argentina, being drawn from Pot 1,
has a higher ranking than the other three teams and hence is the strongest
team of the group, at least in theory.

Our spreadsheet simulation may produce “better” results by taking FIFA
World Rankings into consideration. For instance, instead of using one urn
with WDL, each game could have its own urn from which the simulation re-
sults are to be generated. One such “different urn per game” technique is
proposed in Figure 12 as an example.
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UsSia 4 FINAL
0i8 | DRAW

& S §E &S

RUSSIA SPAIN DENMARK SERBIA
GERMANY PERU ICELAND NIGERIA
BRAZIL SWITZERLAND COSTA RICA AUSTRALIA &

PORTUGAL ENGLAND SWEDEN JAPAN
ARGENTINA COLOMBIA TUNISIA MOROCCO
BELGIUM MEXICO EGYPT PANAMA
P URUGUAY SENEGAL KOREA REP

CROATIA IRAN

Figure 11: Drawing from the pots for the 2018 FIFA World Cup.

5.8. Stmulating the Adjusted Urn Model

Once again we use spreadsheets, this time to simulate the configurations
based on the Adjusted Urn Model (AUM) according to Figure 12 one million
times. We begin by defining six name bozes, respectively labeled as gamel,
game2, game3, game4, gameb, game6, in cells P1:U1. These contain the
adjusted urns WWWDDL, WWDDDL, WWDDDL, WDDDLL, LL-
LLDW, WDDDDL, respectively.

To clarify the process of simulating the AUM, we simulate the group phase for
the familiar example of Group D (Argentina, Iceland, Croatia, Nigeria) from
the 2018 FIFA World Cup. The outcome of each game will be recorded in the
first row of the Spreadsheet as before.

GROUPD Game 1 Argentina vs Iceland 2 Urn1=WWWDDL

ARGENTINA @ Game 2 Croatia vs Nigeria = Urn2=-WWDDDL
By Game 3 Argentina vs Croatia > Urn3= WWDDDL
ICELAND é=

Game 4 Nigeria vs Iceland = Urn4= WDDDLL

CROATIA
NIGERIA

Game 5 Nigeria vs Argentina = Urn5=LLLLDW

Game 6 Iceland vs Croatia » Urn6=WDDDDL

Figure 12: Adjusted urns for simulating Group D games.
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For each of A1, B1, C1, D1, E1, F1, the game result (W or D or L) is recorded
using
=MID(gamel,1+INT(RAND()*LEN(gamel)),1)
to uniformly draw from the result. Using a procedure similar to the one de-

scribed in Sections 3.1-3.7, we obtain the desired results; see Figure 13 for a
partial screenshot of the final spreadsheet.

A B CDEFGHIJ K A B CDEFGHIJ K A B CDEFGHIJ K A|B|C|D|E|[F|[G|H[I|J| K A B CDEFGHIJ K
1 WWDWDDS5 1545541 21 WWW LWW66336633 41 WWWLWLG63636633 61 WLDLLD74237432 81 LWWLDL466 16641
> DWLDWD 13747431 2 WWWDWD 62446442 2 WWLWLDG61737631 2WDDLDD54325432 82 LWWL LD 6740 7640
3 WDWDLD92229222 22 DWWDLW75317531 4 WWWLLDO44009440 63 DWWDW L 42646442 83 DDDDWD 2335 5332
4 DLWLLW?77037730 24 WLDWWD4 1299421 44 LWDDWW 17447441 64 WDDL LD74317431 8 WDLWLDG6 1S54 6541
S WWLDWD327 47432 25 LDWDDD45235432 45 WDDWLW73247432 65WLLLLLG63636633 85 LDDLLD4731 7431
c DDDLLDS53 15531 26WDWLLDO4219421 46 WDLWWD3157751 66 DLWDWW45077540 8 WL DDLW74 147441
S WLWLLLS9333053 2/ WDDDLW?74227422 47 WWWLWD64436443 6/ DWWDLD73417431 8 DDDLLLS54515541
s WWWDLDO924 19421 2DWDDLD5351551 48WWWDLDO92419421 68 DLDWLD52266522 88WDWLLDO421 9421
o DWLDDL22929222 29 LDDDLD45325432 9 LLDDLL44444444 69WDDDLD72327322 8 WWDDLD725 17521
O DWDWLDS2535532 20DWDLLL54707540 50 WDDLLD74317481 70 LLLWLD34466443 90 WDWDLDO222 9222
LWL LWWoocesaes 2l WWLDLDG62717621 51 WDDDLL71527521 7 WWWDLWO4319431 91 WWW LWDG6443 6443
12 LDDDLW47227422 22 WDDLDDS5 432 5432 52 WDWDLD92229222 72 DLDLLD55235532 92WLDDDDS5?225 5522
P DD L WD 1va3ma5) 32 DDWLWD4524542 53 WDLDLD62526522 3 DDDDLD53325332 3 DWWDWL 42646442

3 WWDDLD?72517521 4 WDDDLD72327322 74 DDDLLD55315531 %49 WDDDDLS51S53 5531
MWWWLWDO64436443 - 0 D 53515531 55 LLDLLD47237432 5WDDLDDS54325432 5 DDDDL L5252 5522
$5DDDWLLS1545541 0 0 s, 335332 6WLWLLDO941309431 76 DWDDDD 33525332 9% DWDDD L3272 7322
6 LDDWLW46246442 - " " o S/ WLDDLW?74147441 77 LDDDLW47227422 9 DWWDW L 4264 6442
7 LDWDLDG6S5226522 J 0 o 5 ) 47400 8 DWDDDD33525332 /8WWWDLDO92419421 98 WWLWLLGOO9 3 9630
BWWLLDW46616641 -0 00 0 D00 ) o401 9 DWDDWD23545432 9 WWDLLL73707730 9 LDWLLDG6721 7621
;zw;gggggfggiggf WO WDDDLW?74227422 60WWWDWD62446442 80 WDWDLWO41209421 00WWDDDDS5?25 2 5522

Figure 13: Adjusted Urn Model simulation.

We display the frequency of each configuration in our simulation in Figure 14.
Figure 15 presents the frequency histogram of the forty distinct configurations
in our AUM simulation. Studying the results carefully we can once again make
several observations. In particular our specific choice of AUM as applied to
Group D seems to yield the following scenarios:

6660 and 9333 stand out as the least likely configurations.
Then we have 4444 and 3333.

Due to the application of AUM, we no longer have the previous sets of EAC:
different sets of EAC seem to emerge.

We observe 5432 and 7431 as the most accessible configurations.

The winner of the group will score:
7 points with & 43.22% probability (the most likely scenario);

5 points with & 29.36% probability (the second most likely scenario),
9 points with ~ 13.4% probability, and
6 points with ~ 11.85% probability.
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a4

M N (0] P Q
Scenario Frequency Exp. Prob.
7322 53538
7422 44303
7431 63399
7432 25860
7433 11793
7441 32259
7521 54882
7531 28238
7540 36916
7621 32209
7631 13988
7640 17990
7711 7811
9222 19444
9333 2955
9421 52800
9431 21577
9440 14118
9611 12020
9630 11073 7
TOTAL 1000000 1000000 40 1

Figure 14: Frequency of each configuration for one million trials in the AUM.

278
M N 0] P Q
3 Scenario Frequency Exp. Prob.
4 1 0.00464
5| 4443 13171
o 2
7| 5332 49020
8| 5432 63617
0| 5442 31772
10| 5443 19845
11| 5522 25427
12| 5531 38278
13| 5532 20063
14| 5541 35738
15| 5550 9843 0.2936
16| 6442 24324
17| 6443 17703
18| 6522 26431
19| 6541 27552
20| 6633 6047
21| 6641 13740
22| 6660 2695
6. Concluding Remarks

In the HTS categorization, our simplistic all-outcomes-are-equally-likely as-
sumption seemed to offer reasonable simulation results, which were in agree-
ment with the actual results for certain situations (see, for example, “ The group

winner with 7 points”

70000 -~
60000
50000
40000
30000
20000

10000

perspective,

and more generally, Table 6).

Figure 15: Frequency histogram of the forty distinct configurations in the AUM simulation.
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In the EAC perspective, on the other hand, simulation results offered plausible
results in all categories (Table 7). Yet, in the previous section, we went be-
yond that and suggested an adjusted urn model (AUM), which we then used to
simulate the six group phase games of one particular group in the 2018 FIFA
World Cup a million times. This model provided us with even more accurate
results.

The adjusted urn model we proposed is just one model out of many that could
be designed. Thus we could conceivably simulate other groups in the same
competition or in different championships (e.g., UEFA, CONMEBOL, Copa
America, CONCACAF, African Cup of Nations, AFC, OFC, UEFA Champi-
ons League, UEFA Europa League, etc.) by taking the success coefficients of
each team in a given group into consideration in the group phase. This way,
simulations could be expected to offer better results in agreement with the
actual results.
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A. Russia 2018 FIFA World Cup Group Stage Draw

GROUP A

RUSSIA
SAUDI ARABIA
EGYPT
URUGUAY

GROUP B
PORTUGAL
SPAIN

MOROCCO
IRIRAN

GRO}JP C

(B FRANCE

AUSTRALIA

(D PERU
DENMARR

GROUPE

BRAZIL
SWITZERLAND
COSTA RICA
SERBIA

GROUP G

BELGIUM
PANAMA
TUNISIA
ENGLAND

GROUP D

ARGENTINA
ICELAND
CROATIA

NIGERIA

GROUP H
POLAND
SENEGAL

coLomBIA
JAPAN
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