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Multicast Communication in Circuit-Switched
Optical Networks

Ran Libeskind-Hadas Rami Melhem

Abstract—In this paper we examine the problem of
multicast routing in Wavelength-division multiplexed
(WDM) optical networks. In particular, we exam-
ine wavelength and routing assignment problems in
circuit-switched WDM networks. We show that al-
though the routing and wavelength assignment (RWA)
problem is NP-complete in general, the wavelength as-
signment (WA) problem can be solved in polynomial
time.

Keywords— Optical networks, WDM, multicast
communication, circuit-switching.

[. INTRODUCTION

In Wavelength-division multiplexed (WDM) opti-
cal networks the fiber bandwidth is partitioned into
multiple data channels which may be transmitted si-
multaneously on different wavelengths. In single-
hop (or all-optical) WDM networks each message is
transmitted from the source to the destination with-
out any optical-to-electronic conversion within the
network. Single-hop communication can be realized
by using a single wavelength to establish a connec-
tion, but such connections may in general be difficult
or impossible to find [9). Alternatively, all-optical
wavelength converters may be used to convert from
one wavelength to another within the network but
such converters are likely to be prohibitively expen-
sive for most applications in the foreseeable future
[12].

In multi-hop communication networks a message
entering an intermediate node on a particular wave-
length can be converted into the electronic medium
by a receiver and retransmitted on a new wavelength
by a transmitter. Each conversion of the message
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from one wavelength to another is called a Aop.
Multi-hop networks have been shown to enjoy highef
utilization of bandwidth and lower probability of
blocking than single-hop networks [1].

Finally, a network may support unicast (or one-
f0-one) communication as well as multicast (or one-
fo-many) communication. Multicast communication
is used in distributed memory parallel computers to
support operations such as barrier synchronization
and cache invalidation [10]. In wide-area networks
multicast communication is used in video distribu-
tion and teleconferencing among other applications
[7]. We note that both unicast and broadcast com-
munication operations are special cases of multicast.

In this paper we consider multicast communica-
tion in multi-hop circuit-switched networks. We as-
sume networks with an arbitrary number of nodes,
a fixed number of transmitters and receivers at each
node, and a fixed number of wavelengths on each
link. Multicast communication requests are made
and released over time. A multicast communication
request may be realized by constructing a multicast
tree which distributes the message from the source
node to all destination nodes such that the wave-
lengths used on each link and the receivers and trans-
mitters used at each node are not used by existing
circuits.

The routing and wavelength assignment (RWA )
problem is that of selecting a multicast tree, the
wavelengths on the links in the tree, and thus the in-
termediate nodes that will perform wavelength con-
version. In the wavelength assignment (WA) prob-
lem a multicast tree is given and the problem is that
of selecting the wavelengths on the links in the tree
and the intermediate nodes for wavelength conver-
sion. In this paper we show that the RWA problem
in this model is, in general, NP-complete but that the
WA problem can be solved in linear time.

Various aspects of multicasting in WDM networks
have been investigated recently for both packet- and
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circuit-switched networks [5], [7], [8], [9], [l1],
[13]. In work most closely related to the results
described here, Kovacevi¢ and Acampora [4] have
investigated the WA problem for multi-hop unicast
routing in circuit-switched meshes and Sahasrabud-
dhe and Mukherjee [8] have formulated the RWA
problem for multi-hop multicast routing in packet-
switched networks as a mixed-integer linear pro-
gramming problem.

The remainder of this paper is organized as fol-
lows. In Section 2 we formally describe the model
under consideration and define notation. In Sec-
tion 3 we investigate the complexity of the routing
and wavelength assignment problem. In Section 4
we give a linear time algorithm for the wavelength
assignment problem. Conclusions are given in Sec-
tion 5.

II. MODEL AND NOTATION

We represent an interconnection network by a
connected directed graph G = (V, E') where the ver-
tices represent switches and the directed edges rep-
resent links between pairs of switches. Each switch
may be connected to a node or network access sta-
tion. Except where the distinction is necessary, we
henceforth use the terms “switch™, “nodp”, and “ver-
tex” interchangeably and let n denote |V|. Similarly,
we use “link” and “edge” interchangeably. Each
link can carry some number, w, of different wave-
lengths denoted by A = {)\,..., A, }. Each node
v has T'(v) tunable transmitters and R(v) tunable
receivers, each of which can tune to any of the w
wavelengths. Let dj (v) and doy(v) denote the num-
ber of incoming and outgoing links, respectively, at
node v. We assume that the number of nodes n in
the network is variable but that parameters w, T'(v),
R(v), djn(v), and doyt(v) are bounded by constants

dictated by the technology.

"~ A wavelength on an input link may be routed to
the same wavelength on any number of output links
and, optionally, to a receiver at the local node. Sim-
ilarly, a message transmitted on a particular wave-
length by a transmitter at a node may be routed on
this wavelength to any number of output links. Rout-
ing must satisfy the constraint that two messages us-
ing the same wavelength cannot share the same link.
A switch model with these properties is shown in

L-to-w w-to-1
Demultiplexers Multiplexers
<= =
—<E =
Optical [
di(vWDM Switch v doa(v) WDM
Input Links Outpun Links
—<E =

R(v) Tunable

11 Receivers
Electronic]
Switch

Input/Output
to Local Node

T(v) Tunable
Transmitters |

Fig. 1. Schematic of switch model.

Figure 1. Switches with some similar characteristics
were described by Kovacevi¢ and Acampora [4] and
by Sahasrabuddhe and Mukherjee [8]. We note that
the results described in this paper can be adapted to
a number of other switch models."

A multicast communication request is an ordered
pair (s, D) where s € V is the source of the multi-
cast and D C V — s is the set of destination nodes.
We assume that multicast connection requests are
made and released dynamically. At the time that a
particular multicast connection request is made there
may be some limits imposed on the routing resources
available in the network. Specifically, each node v
has some available number £(v) of transmitters and
r(v) of receivers that can be used to implement the
multicast where t(v) < T'(v) and r(v) < R(v). In
addition each link (v, z) has some set w(v,z) € A
of available wavelengths and let W (v) denote the to-
tal number of distinct wavelengths available on all
outgoing links from node v. These resource lim-
its may reflect the actual available resources, due o
utilization of resources by existing connections, or
these limits may be imposed in order to reduce cost

1For example, one possible variant of this model has a dedi-
cated receiver associated with each transmitier In this model,
a message arriving on an input port can be optically routed di-
rectly to a receiver/transmitter pair for retransmission on a new
wavelength. This model is similar to the share-per-node switch
architecture described in [S].
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Fig. 2. Node s has two transmitters and all other nodes
have no transmitters.

or to leave resources available for subsequent con-
nection requests.

Due to these resource constraints, it may not be
possible to realize a multicast connection when only
one wavelength may carry the message on each link,
while the connection may be realizable when multi-
ple wavelengths are permitted to carry the message
on the same link. Let £ denote the maximum number
of wavelengths that may be used to transmit the same
message over any single link. Figure 2 illustrates an
example of a network in which node s is the source
of the multicast and all the remaining nodes are des-
tinations. In this example, node s has two transmit-
ters while all remaining nodes have Zero transmit-
ters. When ¢ = 1, node s may use only a single
wavelength on each link. Since node u has no trans-
mitters, it is not possible for the message to be deliv-
ered to both destinations w and . On the other hand,
2 node s may transmit on both wave-
lengths A\; and Ay over each link. In this case, all
destination nodes can be reached. Thus, by limiting
the value of ¢ we may limit the wavelength resources
allocated (o the multicast but may also increase the
probability that no routing can be found.

when ¢ =

We now formalize the definitions of the RWA and
WA problems.

Definition I: Let G = (V, E) be a directed graph
and (s, D) a multicast communication request in
this graph. A routing and wavelength assignment
(RWA) is a collection of links, wavelengths on these
links, and Wavelength settings for transmitters and
receivers at each node such that: each v € D re-

ceives the message from s, at most ¢ wavelengths
from w(v, x) are used on each link (v, z) € E, and
no more that ¢(v) transmitters and r(v) receivers are
used at each node v € V.

Definition 2: Let G = (V,E) be a directed.grapl?.
(s, D) a multicast communication request in this
graph, and 7 a subtree of G with root s and con-
taining all vertices in D. A wavelength assignment
(WA) with respect to 7 is a set of wavelengths (_)n
the links in 7 and wavelength settings for transmit-
ters and receivers at each node in 7 such that: each
v € D receives the message from s, at most £ avail-
able wavelengths from w(v, z) are used on each link
in (v, z) in 7, and no more that ¢(v) transmitters and
7(v) receivers are used at each node v € V.

In many cases, we wish to find a RWA or WA that
is optimal with respect to a given measure. For ex-
ample, we may wish to find a routing that minimizes
the maximum number of hops from the source to all
destinations. Alternatively, to minimize use of re-
sources, we may wish to find a routing that mini-
mizes the total number of receivers and transmitters
used. These types of “optimal” multicast problems
are considered in [6].

In the next section we show that the problem of
finding a RWA can be solved in polynomial-time for
a special case but, in general, is NP-complete. We
then show that the problem of finding a WA can be
solved in linear time.

ITI. THE ROUTING AND WAVELENGTH
ASSIGNMENT PROBLEM

In this section we investigate the complexity of the
RWA problem.

Theorem 1: For any value of £ > 1, if t(v) >

W(v) and 7(v) > 1 for all v € V then a RWA can
be found, or it can be determined that none exists, in
time O(n).
Proof: Remove from G = (V, E) any edge that con-
tains no available wavelengths. Since t(v) > W (v),
each node v may transmit the message to all of its
neighbors in G such that exactly one wavelength is
used on each outgoing edge from v. Thus, with-
out loss of generality we may restrict attention to the
case that £ = 1.

Apply breadth-first search in the graph beginning
at source node s. From the observations above, if all
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destination nodes are reached by the search then a
RWA exists. Otherwise, no RWA exists. The running
time of breadth-first search is O(|V|+|E|) and since
the degree of each node is upper-bounded by some
constant, O(|E|) = O(|V|). Thus, a RWA can be
found or it can be determined that none exists in time
O(|lV]) = O(n). a

In general we cannot assume that the number of
transmitters available at each node is at least as large
as the number of available wavelengths on the out-
going links. In the next theorem we show that when
the number of transmitters available at each node is
not necessarily as large as the number of available
wavelengths, the problem of finding a RWA is NP-
complete.

Theorem 2: For any £ > 1, if t(v) < W (v) for
some v € V then the problem of determining if there
exists a RWA is NP-complete.

Proof: This decision problem is clearly in the class
NP since a solution can be easily verified in poly-
nomial time. The reduction is from a restricted ver-
sion of 3-Satisfiability (3SAT), in which each vari-
able occurs in at most 5 clauses. This restricted ver-
sion of 3SAT is known to be NP-complete [3]. For
a given instance of the restricted 3SAT problem, let
z1,...,T, denote the variables and let Ci,...,Ck
denote the clauses, each of which contains the dis-
junction of exactly three literals over the set of vari-
ables. Corresponding to an instance of restricted
3SAT, we construct a network as follows: Vertex s
is the source of the multicast. For each variable z;,
1 < i < v there is a corresponding vertex labeled
with the name of the variable. For each clause Cj,
1 < j < k, there is a corresponding vertex labeled
with the name of the clause. Construct a directed
path originating at vertex s and passing through ver-
tices z1, . . . , Ty. On each of the v links on this path,
wavelength )i is the only available wavelength. For
each occurrence of literal z; (Z;) in clause C; there is
an edge with wavelength Aqrue (Afase) from vertex ;
to vertex Cj. All vertices have one receiver and one
transmitter. All vertices other than s are destination
vertices. This reduction can clearly be performed in
time polynomial in the size of the restricted 3SAT
instance. In addition, the number of transmitters and
receivers at each node, the number of wavelengths,
and the in- and out-degrees of each vertex are upper-

Fig. 3. Construction used in the proof of Theorem 2.

bounded by constants, as required by our model.
Specifically, no vertex has more than one receiver or
one transmitter, the total number of wavelengths is
three, and no vertex has in- or out-degree larger than
five. Finally, since each link has exactly one avail

able wavelength, the reduction holds for any £ > 1.
An illustration of this construction is shown in Fig-
ure 3.

We claim that a RWA exists for the multicast prob-
lem instance if and only if the given restricted 3SAT
instance is satisfiable. Assume that the given re
stricted 3SAT instance is satisfiable.
corresponding solution to the multicast problem by
transmitting a message from s to xy,. ..
wavelength ;. For each variable z;, if =; is true
in the satisfying assignment then vertex z; uses its
single transmitter to transmit the message on wave-
length Agrue and otherwise transmits it on wavelength
Malse- Vertex x; transmits on the selected wave-
length to each vertex C; which has not yet received
the message. Consider an arbitrary destination ver-
tex C;, 1 < j < k. The corresponding clause in the
restricted 3SAT instance contains at least one literal
which evaluates to true. If literal x; € C; evalu-
ates to true in the restricted 3SAT instance then ver-
tex C; receives the message on wavelength Arue 1N
the construcled multicast problem instance. If literal
z; € Cj evaluates to true then z; is false and vertex
C; receives the message on wavelength Apyjse- Thus,
every destination vertex receives a copy of the mes-
sage.

Conversely, assume that every destination vertex
receives the message. Then vertex s delivers the
message toall of z1, ..., z, on wavelength A;. Eac h
vertex I, - - - , Ty must then transmit the message on

Construct a

, Ty Using
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Next, consider an internal non-root node v which
has no receivers available. Since r(v) = 0, node
v may forward the message on the incoming wave-

length to its children but it may not receive the mes-
otherwise. FEach clause C; is satisfied by this as- sage and then retransmit it on other wavelengths. Let
signment since at least one of its literals evaluates C(v) denote the set of children of v. Let A and \/
U denote the boolean “and” and “‘or” operators respec-
tively. If r(v) = 0,

one of wavelengths Ayye or Agyee. For each vertex
x;, assign the corresponding variable in the restricted
3SAT instance to be true if the vertex transmits on
wavelength Aye and assign the variable to be false

o true.
IV. THE WAVELENGTH ASSIGNMENT PROBLEM ) ( ( ) )
A A) if A € w(p(v),v
1 ec(w) Ma( ’

In this section we show that the wavelength as- my(A) = { falxse : otherwise £2)
signment problem can be solved in linear time.
Throughout this section, the following assumptions
are made:

- A fixed multicast tree is given with source node
s at the root. All destination nodes are in the tree,
although the tree may also contain non-destination

This rule asserts that m,,()\) is true if and only if
wavelength A is available on the link entering v from
its parent and, upon receipt of the message on wave-
length A, all children of v can deliver the message to
all destinations in their respective subtrees.

Next, consider the case that 7(v) > 0. In this case,
node v can use wavelength A to deliver the message
to its children and, in addition, node v can receive the
message and retransmit the message to its children
using up to ¢(v) wavelengths other than \. Define a
wavelength selection set with respect to A to be a set
A C A suchthat A\ € A. Let Ay, denote the set
of all wavelength selection sets with respect to A of
size ¢ 4 1. Thus, every set in A A,c comprises A and

nodes.

2. All leaves in the multicast tree are destination

nodes. (Otherwise leaf nodes can be repeatedly re-

moved until this property is true.)

3. For each destination node v in the multicast tree,

r(v) > 0. (Otherwise no wavelength assignment ex-

ists.)

4. For each node v in the multicast tree, t(v) <

min{w, dou(v) x £}. (A node cannot transmit a total

of more than w distinct wavelengths nor can it trans- ¢ additional wavelengths. Then my(A) =

mit more than £ distinct wavelengths to each of its po ..

children, of which there are at most doy(v).) X;;g““*w Nscotw) Vaveama(X) :)ft:efwzip(v)’ L
3

We begin by examining the case that £ = 1. We then
gcncrulilc this result to the case £ > 1. This rule asserts that my(A) is true if and only if
wavelength A is available on the link entering v from
its parent and there exists some set A comprising A
and ¢(v) additional wavelengths (to be transmitted
at v) with the following property: Every child z of v

A. Wavelength Assignment for ( = 1

The algorithm is based on dynamic programming.

For each non-root node v, let p(v) denote the parent
of v in the given multicast tree. For each non-root
node v, define the predicate m,:(!\) — {true, fa!se}
by Mo (A) = true if and only if node v can deliver
the message (o all destinations in its subtree if it re-
ceives the message on wavelength /\. From this defi-
pition it follows that for each leaf v in the tree,

7 true if A € w(p(v),v) 0
my(A) = { false otherwise

(her words, if v is a leaf then my(A) i§ true if an,d
ie 9 ¢ wavelength A is available on the link from v’s

o(l'y !

can deliver the message to all of its descendant desti-
nations if it receives the message on one of the wave-
lengths A’ in set A.

Finally, consider the case of the root node s. Un-
like the other nodes in the tree, node s does not re-
ceive the message from a parent node. Instead, node
s transmits the message using up to ¢(s) different
wavelengths. Let B, denote the set of all subsets of
A of size ¢. Define M = true if and only if a WA
exists originating at the source node. Then,

M= M.l M mald) “)

o~ v N AN~ DD
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This rule is analogous to the one in Equation (3) ex-
cept that node s now transmits all wavelengths itself
rather than receiving one on an incoming link.

The dynamic programming algorithm is shown in
Algorithm 1. Recall that given an acyclic directed
graph with n vertices vy, ..., Vn, @ topological or-
dering of the vertices is a permutation v;,, ..., Vi,
of the vertices such that if there is a directed edge
from v;; to v;, then j < k. Since the multicast tree
is acyclic, there exists a topological ordering of the
vertices [2]. Note that by visiting the vertices in the
order v;,,, . .. ,vi,, a node is only visited if all of its
descendants have been visited.

Compute a topological ordering v;,, - - - , Vi, of then
nodes in the multicast tree
for j =ndownto 1
Letv = vy
for each wavelength A
if v is a leaf node compute m, () using Eq. (1)
if j > 1 and r(v) = 0 compute m, () using Eq. (2)
if j > 1 and r(v) > 0 compute m,(A) using Eq. (3)
if j = 1 then compute M using Equation (4)
end for (Comment: End inner for loop)
end for (Comment: End outer for loop)
return (M)

Algorithm 1

Note that the actual WA can be found, if one exists,
by recording the wavelength assignments in addition
to the values of m,, () and M.

We now derive an upper-bound on the running
time of the algorithm. In general, computing a topo-
logical ordering takes time O(n + m) in where n =
|V| and m = |E| [2]. Since we are assuming that the
degree of each node is upper-bounded by a constant,
m € O(n) and thus the ordering can be computed in
time O(n).

There are a total of wn iterations through the
nested for loops. Among the computations per-
formed inside the for loops, the computation in
Equation (3) requires the largest number of steps.
An upper-bound on the number of steps required to
compute m,()) in Equation (3) can be derived as
follows: For each wavelength X there are (1:’(;)1) dis-
tinct wavelength selection sets. For each wavelength

selection set A, consider the set of children, C(v), of
node v. For each z € C(v), at most t(v) + 1 steps
are required to determine if there exists a wavelength
X € A such that m()') is true. Therefore, in the
worst case the number of steps required to compute
m, () is bounded by (tz‘;))dom(v)(t(v) +1). Letting
t = maxXyev t(v) + 1 and d = maxyev dou(v), the
running time of the computations performed inside
the for loops is upper-bounded by [w () d|n. Thus,
while the algorithm has O(n) running time, the con-
stant term depends on constants w, t, and d.

B. Wavelength Assignment for £ > 1

As illustrated in the example in Figure 2, a WA
may not exist when each link is permitted to send
the message on only one wavelength but may exist
when more than one wavelength may be used per
link. In this subsection we show how the algorithm
described above can be generalized for the case that
£ 3k

For a given value of £, let S¢ denote the set of
all non-empty subsets of A of size £ or less. We
generalize the definition of function m,, as follows:
my(S¢) — {true, false} such that for cach S € Sy,
my(S) = true if and only if all destinations in the
subtree rooted at v can receive the message when v
receives the message on all of the wavelengths in set
S. Note that m,(S) = false if S € w(p(v),v).
From this definition it follows that for each leaf v in
the tree,

mu(8) = {

Next, consider an internal non-root node v such that
r(v) = 0. Then my(S) =

Asco(w M=(S N w(v,2))
false

if S C w(p(v),v)
otherwise

true

(5)
false

if S C w(p(v),v)

. (6)
otherwise

This rule asserts that v can deliver the message (0 all
destinations in its subtree when it receives the mes-
sage on all of the wavelengths in S if and only if all
of the wavelengths in S are available on the link en-
tering v from its parent and each child z of v can
deliver the message to the descendants in its subtree
when it receives the message on the wavelengths in
Snw(v,z). Note that SNw(v, x) is the set of wave-
lengths in S that are available on the link from v 10
.



1868

PDPTA '01 International Conferenc:

Next, consider the case that (v) > 0. In this case,
the message arriving at v on the wavelengths in .S
can be forwarded to any of its children on any of the
wavelengths in S. In addition, node v can receive the
message and retransmit the message to its children
using up to t(v) wavelengths other than those in S.
Define a wavelength selection set with respect to S to
beaset A C Asuchthat.S C A. Let Ag . denote the
set of all wavelength selection sets with respect to .S
of size ¢+ |S|. Thus, every set in A) g comprises the
elements of S and ¢ additional wavelengths. Then,
my(S) =

V. AV

AEAs ((v) z€C(v) S'CA,|S'|=¢

m.(S" Nw(v,z)) (7)

if S C w(p(v),v) and false otherwise. This rule
asserts that m,(.S) is true if and only if all of the
wavelengths in .S are available on the link entering v
from its parent and there exists some set A compris-
ing the wavelengths in S and ¢(v) additional wave-
lengths (to be transmitted at v) with the following
property: For every child z of v there exists a subset
S" C A of size £ such that 2 can deliver the mes-
sage to all descendant destinations if it receives the
message on the wavelengths in S” N w(v, ).
Finally, consider the case of the root node s. Un-
like the other nodes in the tree, node s does not re-
ceive the message from a parent node. Instead node
s transmits the message using up to #(s) different
wavelengths. Recall that B, denotes the set of all
subsets of A of size ¢. Define M = true if and only
if a WA exists originating at the source node. Then,

M = \/ /\ \/ mz (S Nw(v,z)) (8)

BEB,(,) x€C(s) S'E€B,|S*|=¢

The dynamic program shown in Algorithm 1 can
now be applied to this case by replacing Equations
(1), (2), (3), and (4) with equations (5), (6), (7), and
(8). respectively, and by replacing each loop which
iterates over single wavelengths A by a loop which
iterates over all non-empty subsets S C A such
that |S| < ¢ The running time of the algorithm
remains O(n) with a the constant term of at most
2{(1:;)(1(#;[)‘

V. CONCLUSION

In this paper we have investigated the routing and
wavelength assignment (RWA) and wavelength as-

signment (WA) problems for multicast in circuit-
switched optical networks. We have shown that
although the RWA problem is, in general, NP-
complete, the WA problem can be solved in linear
time using dynamic programming. The reader is re-
ferred to [6] where we have investigated variants of
this algorithm for finding “optimal” multicasts and
report preliminary experimental results using these

algorithms.
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