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Bollettino U. M. I.
(6) 1-B (1982), 1089-1104

Results on Periodic Solutions of Parabolic Equations
Suggested by Elliptic Theory.

ATFONSO CASTRO (México, D.F., México)
Aran C. Lazer (Cincinnati, Ohio)

Sunto. — 8¢ introduce la nozione di autovalore principale per operatori para-
bolici che agiscono su funzioni soddisfacenti la. condizione al contorno
periodica di Dirichlet. Sfruttando tale nozione si estendono alcuni risul-
tati della teoria delle equazioni ellittiche a equazioni di tipo parabolico.

1. - Introduction.

Let Qc R¥ (N>1) be a bounded domain with boundary of
class €2t for some a€(0,1). Let f: @xR — R be sufficiently
regular. Boundary value problems of the form — Awu = f(z, )
in 2, 4|02 =0 have been studied intensively, especially during
the past decade. Such a problem arises when one looks for equi-
librium solutions of the semilinear diffusion equation u,— Adu =
f(z,u) subject to the econdition wu(z,t)=0 for (x,t)cdl2xR.
The semilinear diffusion equation has several natural interpretations.
For example, u(z,t) could represent. the population density of a
single species and f(x, ) the natural growth rate with 4 account-
~ing for migration (see, for example, [3, p. 325]). Other possible
interpretations of u are neutron density in a reactor [18] and the
temperature distribution in a body heated by a steady electric
current where f(x,u) represents a nonlinear resistance function
(see [8]). A natural generalization of this type of model would be
to let f depend also on the time ¢ in a periodic way and to replace
the operator 9/0t— A by a general second-order parabolic oper-
ator L whose coefficients depend on z and ¢ and are periodic in ¢
with the same period as f. Such a model would arise if one con-
sidered population density in a non homogeneous medium for which
both the growth rate and the diffusion rate are subject to seasonal
variations. One could also consider neutron density in reactor with
periodic enrichment or the temperature in an inhomogeneous me-
dium heated by an alternating current. For such models it would be

et
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natural to look for solutions of the periodic Dirichlet problem
Lu = f(z, %, u), |02 XR =0, uw(z,t + T) = u(x,t) where T is the
period of ]‘ and the coefﬁcwnts of L. In this paper we apply an
extension of the so-called subsolution-supersolution method for
elliptic equations to study the periodic-Dirichlet problem. If one
analyses most applications of this method to the study of the semi-
linear Dirichlet problem (D) — Au = f(z, u), w|d2 = 0 one sees
that a key role is played by the fact that there ex1sts a number 1; > 0
and @ satisfying — dp = 4, (02 =0 with ¢ >0 in Q. (See
for example [17, chapt. 2]). For this reason a large portion of this

paper is used to introduce the concept of the principal eigenvaluc

of a parabolic operator acting on functions satisfying periodic-
Dirichlet boundary conditions. This concept was used by the second
author in [14].

We consider three types of conditions of f and L. First, we show
that if f grows more slowly in % than a certain linear functlon of u
then there exists a solution. We call this type of condition a Ham-
merstein-type condition since it was first used to study nonlinear
integral equations by Hammerstein in the classical paper [5]. We
also show that if the partial derivative of f with respeet to « is
bounded above by a number less than 1, then the problemn has a
unique solution which is, in a certain sense, globally asymptotically
stable. Second, we give conditions on the behavior of f for small
values of % and for large positive values of » which guarantee the
non uniqueness of periodic solutions. Third, we shall consider the
case in which the linear part has nontrivial solutions and for which
the nonlinear part is bounded. Conditions of this type were con-
sidered for the elliptic case in [13]. '

One type of condition used to study the elliptic problem which
we do not consider here is the Ambrosetti-Prodi or Kazdan-Warner
type conditions (see [2] or [7]). This type of condition was con-
sidered for the periodic-Dirichlet problem by the second author
in [14]. A good bibliography of the literature on periodic solutions
of parabolic equations can be found in [1].

Let Qc RY (N>1) be as above. If [a, b] is a compact interval
and « is a real-valued function defined on D = QX [a, b] we write
u € C**/2(D) if the number

E{j(u) — sup [u(2,, t,) — u(w,, B3]

(zx,tx)eD [lwl = wzlz <+ ]tl oy tzl](alz)
(#158) #(24,ts) )

is finite. The set of all such functions is a Banach space with norm

% || gwata@ x ta,5my= mta:XD lu(z, t)| + H2(u) .
2,t)€
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We write u € C2+*:1+%2(D) if u, u, Uy, Uy, belong to C**/2(D) for
1<i, <N and the C***'**/%(D) norm of  is defined to be the sum
C**2(D) norms of all these functions. Similarly O, . .o(D) is de-
fined to be the set of functions » defined on D such that » and «,,,
i=1,..., N belong to C**%D). We define C***1+*%((Jx R) and
0%*2(Q X R) to be the functions which belong C?+*:1**( (2 x[a, b])
and C**2(0 x[a, b]) respectively for all compact intervals [a, b].
(see [4] for further discussion of these concepts).

In the following L will denote the dlfferentlal operator de-
fined by

L;Lz Za”(:r 1&)%m Zb(m, )%, ——c(a‘ t)u

i;5=1 ‘ ie=1
where w-—(wl,v :&N) and uwe C»*(QxI) for some interval I.

Throughout this paper T will denote a fixed posmve numbe1
In Theorems 1, 4,5 and 6 below we assume:

(4,) The coefficients of L are periodic in ¢ with period 7.
(A,) The coefficients of L belong to C%*2(Q2xR).

(4,) L is ‘uniformly parabolic, that is there exists a constént m> 0
- such that for all (z,%) e QxR and all N-tuples of real numbers

(B Eviiiiii &) the mequa,hty E Za,,(m, 1)EE>m 252 holds.
; i=1 j=1 i=1
In Theorems 2, 3 and 7 below we replace (A;,) with the stronger
regularity assumption :

(4,) a;€ C?t%*2QXR) 1<i, j<N
bie (Mt 2(QxR) 1<i<N.
ce C**2(Q X R).

We now describe the subsolution-supersolution method for para-
bolic periodic-Dirichlet problems which was first given by Kole-
sov [9]. This method has been extended by Amann[1] to give
conditions for the existence of periodic solutions of parabolic dif-
ferential equations subject to other types of homogeneous boundary
conditions. All of the theorems we give below are also true for more

general boundary conditions but, for simplicity of presentation we
shall only consider the Dirichlet condition. Let F: QXRERXE —~ R
satisfy F(z,t + T, u) = F(x,t, u) for all (z,,u)c QXRXR. We
assume that for % in bounded subintervals of R the function F(z, ¢, u)
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is uniformly of class C* "‘/"(Qx[o T]). Moreover, we assume that
oF [ou is contmuous on QxR We consider the periodic-Dirichlet
problem

(P-D) Lu = F(z,t,u), u(x, t+ T) = u(a&’, 1), w(z,t) == 0 for (x, 1) €
Q2 X R. ' '

A supersolution of (P-D) is a function v € C> (2 ><[O T4]) where
T, > T such that Lv> F(z, t, v) on 2x Tl, o(x, 0)=>v(2, T), 'u(zv t) >0
(x, 1) € 02 x[0, T,]

A subsolution of (P-D) is defined analogously by reversing all
of the inequalities in the definition of a supersolution. Kolesov
actually gave sufficient conditions for the existence of a solution
of a periodic-Dirichlet problem for second-order parabolic diffe-
rential equation in which the nonlinearity may even depend on the
first-order partial derivatives of w. We state these conditions only
as they apply to the less general problem (P -D).

KoLESOV'S THEOREM. — If there exists a supersolution v and o
subsolution w of the problem (P-D) such that w(x, 0) <v(x, 0) for all
z € O then the problem (P-D) has a solutzon u e C"’*"‘ A48T X B).
Moreover, w<u<v On 02 x[0,T,] ‘

Ama,nn, showed that if u_e (2 X R) and if w is a solution
of (P-D) then u e C2+*1T*Z(Q X R).

2. — Principal eigenvalues and eigenfunctions of peribdic-parébo]ic
differential operators.

The main purpose of this section is to prove the following result

TEEOREM 1. — There exists a number A and a functwn
¢ € (2512 Q X R) such that

(1) L =N0o, o@t+T)=4¢17).
(2) $(@,8) =0 if (w,1) € 02 XR.

Moreover ¢(z,t) > 0 for all (2,1)e QxR and if x€02 and 7
denotes the unit outer normal to 992 at x then (9¢/0w)(x, t) < O for all 1.
If (1) and (2) hold with ¢ replaced by p then p = ko for some con-
stant k. Moreover A, is the smallest number A for which the problem
Lu = lu, u|dQxR =0, u(zt+ T)=u(r1t) has a nontrivial
solution. ' : .
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Throughout this section d will denote a fixed constant which is
chosen so that

(3) d—e(x,t)>1 for all (z,1)e 2XR.

Let F denote the Banach space consisting of functions which
satisty fe 0%*2(QxR) and f(z,t + T)= f(z,t) with norm I 1l
defined by |f||r = |flcee@xro,m- Let E denote the Banach
space consisting of functions w e C***1+*2(QxR) which satisfy
w(z,t + T) = u(z,t) and wu(z,t) =0 for all (z,%)€ 02 xR with
norm | ||, defined by ][u”E L ”'u“02+a.l+alz(§x[O’T]).

LEMMA 1.1. — If M: B — F is the linear map defined by
Mu = Lu + du .

Then M is continuous, one-to-one and onto. Hence M—': F - F is
CONTINUOUS.

PrOOF. — The continuity of M follows immediately from the
definitions of E and F and the regularity assumptions on the coef-
ficients of the differential operator L. To show that M is one-to-
one suppose that for some u € B (Mu)(x, t) = 0 for all (#,%) € QX R.
TFrom the condition (3) it follows that the coefficient of % in — Mu
is negative. Thus since — Mu = 0 it follows by the maximum prin-
ciple for parabolic differential equations due to Nirenberg [15] (or
see Protter and VVeinberger [16, p. 173]) and by the periodicity
of u in t that % cannot have a non negative maximum anywhere
on QxR unless w = 0. Applying the same argument to —u, we
see that % cannot have a nonpositive minimum anywhere on QXR
unless « = 0. Since |2 X E = 0 and u is periodie in #, » must attain
either a maximum or a minimum somewhere on £ xE. Hence
w = 0. This shows that M is one-to-one.

Let f € F and r = max |[f(z,?)|. If v(z,f) =7 and w(r,t) =—7

QxR

for all (z,1) € QxR then according to equation (3) (Mv)(@,?) =
r(d— (@, 1)) >r>f(x,t) and (Mw)(z,?)=— r(d— o(®, 7)) <—r<
f(x,t) for all (z,t)e 2XR. By Kolesov’s theorem there exists
u e E such that —r<u(w, t)<r for all (z,t) € QX R and such that
Mu = f. Hence M is onto. Since M: E — F is one-to-one, onto,
and continuous, it follows from the open mapping theorem that M3
is continuous. This proves the lemma.

Let i: E — F be the imbedding of E into F. By the way that
the norms in E and F were defined and the Arzela-Ascoli theorem
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it is easy to see that ¢ is compact. Therefore by the above lemma it
follows that if T: F' — F is defined by Tf =4(M~'f) then T is
compact.

LEMMA 1.2. — There exists o number u,> 0 and ¢ € F suck that
T = ped, Plx,t)>0 for all (2,1)€ Q2XR, and (0p/0n)(,t) <O
where 1 denotes the unit outer mormal to 02 at . If wyeF and
Ty = oy then vy = k¢ for some constant k. Moreover if 0 € F,
0 0, and T0 = y0 then y<u,: :

Proor. — if K denotes the set of funetions in F' which are non-
negative everywhere on O % R then K is a cone in the Banach space F
(see [11] or [10, chapt. 5]). Suppose thatf € K, f %0, and w = M~*f.
Since according to (3) the coefficient of % in — Mw is negative and
since — Mu = — f<0 it follows by the periodicity of u(x,?) in {,
the parabolic maximum principle, referred to above, and the ge-
ometry of Q xR that w cannot have a nonpositive absolute mini-
mum anywhere on QxR unless % is constant. Since f#0 and
4|02 x B = 0 it is impossible that » is a constant. Therefore, since
u(w,t + T) = u(z,t) and u vanishes on 02 X R, we see at once that
w(z,1) > 0 for all (z,t) € @ X B. Let (x,1) € 92 X B. Since u(x,?) = 0
and > 0 on xR, it follows from the periodicity of u in f, the
geometry of 2 X R, and the strong form of the parabolic maximum
principle (see Protter and Weinberger [16, 0. 174]) that (9u/dom)
(#,1) < 0 where 7 is the unit outer normal to 2R at x. Let f,. be
a fixed element of K with f,30. If fe K and f=0 it follows
from the above that there exist numbers «(f)> 0 and B(f) > 0
such that a(f)(M-1f,)(@, 1) < (M-1f)(®, £) < B(f) (M fo)(, ) for all
(,t) € QX R. Since T = (M) it follows that (v < Tf<B(f)vo
where v,= Tf,c K. Since T is compact, T(K)c K, and, in the
terminology of linear positive operators, T is vy-positive, it follows
from the theory of linear positive operators (_see [10, p. 261-267]
or [11, p. 67-80]) that there exists uo> 0 and g€ K satisfying the
agsertions in the lemma and the proof is complete.

The proof of Theorem 1 now follows from Lemma 1.2. Since
o = M1, M = (L + d)$ = (1/pso)$ 50 (1) and (2) hold with
A = (1/po) — d. Of course A, need not be positive. If Ve 0> (QxR),
LV = AV for somé Ac R, V(z,t + T) =V(x,1), and V/02xXE =0
then according to a -result of Amann (see Introduction) V€ E.
Hence MV = (1 +d)V so if V0, 2 + d=0. It follows that if
V0 TV = (1/(A + d)) V 50, by the previous lemma, 1/(A 4 d) <pto-
Hence A>1/uy— d = 4,. This proves the Theorem.

We now replace assumption (4,) by (4;). We define the
adjoint L* of L by the equation L*u = — (ou/ot + A*u) where,
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u e 0»1(Q X R) and

A*y = Za,, (, t) -+ Zb* (2, 1)U
:7 =1 a a i=1
WhQI‘G
S 2 0y
7 it 10
and
N ob, Yy 0%
S povig e e
: 5 'Lgl ‘Tz +i,5§=:1 amz ava

Because of the assumption (4) we see that a;;, b}, ¢* € C%**(2 X R).
If u,ve 0*»(QxR) are T-periodic and wu(z,t) = v(z,t) =0 for
all (x,t) € 0Q X R, then integration by parts shows that

, e k T
(4) | !(JuLpdm)dt =!!('I;L*udm)dt.

The following result can probably be obtained using Lemma 1.2
by considering the dual cone K* of K which is invariant under the
adjoint T* of 7. However it seems easier to give a direct proof
based on Theorem 1.

For f, g e L} L2 x[0, T]) we set

12 g>o=f(ffgd¢)dt

THEOREM 2. — There exists ¢* € E such that L*¢*-;— A o%,
d*(z,t) > 0 for all (w,t)e.QxR and (¢, p*)o= 1. :

Proor. — We define a differential operator on cxy(Q ><R) by
means of the equation Lu = ou/ at Au where »

N

0%u x . ou
=¢.”Z=1a"’(w’ 7o o, 0, + 3 bi(=,—1) o, + ¥z, —t)u

It is easy to see that L is uniformly parabolic and satisfies the
‘hypothesis of Kolesov’s lemma. Hence, by Theorem 1 and Remark 1
there exists a number 7, and a function § € B such that Lé = ¢
and $(z,t)> 0 for all (z,t)e RQXR. If ¢*(x,1) = ¢(x, — 1) then
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¢* e Il and

N 7
@0 =—2 (@, [zauxt) B0 i

i,9=1 a’)

a¢A

+ Zb* (z, t) g¢ (x, —1t) + c*(x, 1) (=, ——t]——ilqg(x,—t)
= — [(A*@*)(2,?) + Lig*(=, t)]

Hence

D= — (S Argr) = g and @, 1) = Gl —1) >0

for all (x, t)erP
Flom the relation (4) we have

21(¢7 ¢*)o = (¢*7 L¢)o e (¢1 L*Sb*)o : .11(‘]51 ¢*)o

and since (¢, ¢*), > 0 it follows that i, = 4,. By replacing ¢* by
k¢* where k > 0 is suitably chosen we may assume that (¢, *), = 1.
This proves the theorem.

Finally we prove a Fredholm-type result which will be needed
in the final section. )

THEOREM 3. — Given feF there ewists we E such that Lw —
Mw=7f if and only if (f; $*)e=0. Also there exists weE such
that L*w — Ayw = f if and only if (f,)o=0. If V is a continuous
T-periodic function defined on QX R such that (f, V)o=0 for all f
in the range of L*— MI: E — F then V= c¢ for some constant c.

PRrOOF. — Let T and 4> 0 be a8 in Lemma 1.2. If we £ and
Iw—Mhw=7Ff then Mw= (A, +d)w +f 80 uw— Tw = u,T7.
Hence f € Range (L — A,I) iff u,Tf € Range (u,I — T). By the Riesz-
Fredholm-Schauder theory of compact operators dim kernel
(oI — T*) = dimkernel (4, — T) = 1 where T*: F*—F* is the
adjoint of T and if ¥ekernel (ul—T* and ¥ 0 then
g € Range (u,I — T) if-and only if ¥(g) = 0. Thus f € Range (L — 4,I)
if and only if 0 = Y(Tf) = T*¥(f) = uo¥P(f), or ¥(f) = 0.~ The
embedding of F in L*({2 X [0, T]) is obviously continuous. Therefore
if we define ¥,: F — R by Yi(f) = (f, $*) PreF* and ¥;+#0
since ¥y(¢) =1. If Lw— A, w = g for some we E then ¥(g) =
(LZw — lyw, $*)o= (w, Lg* — 1,¢*)y= 0. Let f, € F' satisfy P(fo)=1.
If fe F and f, = f— ¥(f)f, then ¥(f,) = 0 so by what we have shown
f, € Range (L — A,I). Therefore Pi(f,) =0 so ¥i(f) = P(f)¥i(fo)-
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Hence W, — %,(f,)¥ and W(fs) 0 since W,520. It follows that
~ f e Range (L — AI) if and only if 0 = ¥i(f) = (f, $*)o- This proves
the first assertion and the second assertion is proved in exactly

the same way. : : 4 »
To prove the final assertion suppose that V € (R %[0, T]) and
that (V, g)o=0 for all g € Range (L*—AI). If feF and f;=

fo—(f, $)op* then (f;,¢)o=0 so by the second assertion
f, € Range (L* — A,I). Therefore - !

(7, Flo=(F, $)ol Vs #)0 50 (V. — (8% Vo fJo=10. '

Since F is dense in L2(Q x[0, T]), V= (¢*, V)¢ and the Theo-
rem is proved. : A ey

3 Hammerstein-type conditions.

Let f: @xRxR — R satisfy f(z, + T, u) = f(#,t, w) and the
regularity assumptions of Kolesov’s theorem. Let A, be as in the
previous section. : ‘

. THEOREM 4. — Let y < Ayt If there ewists a mumber ro> 0 such
that for all (z,t) € 2 XR

(5) ' f(@,t, w)fu<y '&f lu|>7o

then tlaere_é;'cists at least one solution of the period'ic-l)irichlet problem
Lu = f(x, t, u), w(@,t + T)= u(=,1), |02 xR = 0.

PROOF. — If a constant k>0 is chosen so that f(z,t, u) —yu<k
for (z,t) e 2 xR and 0<u<r, and so that f(x,t, ) —yu>—1Fk for
(z,t) € @ xR and —r,<u<0, then the condition (b) implies that
for (z,t)e @ XR

(6) e, t,u) —ypu<k if u>0

and
) f@ tyu)—yu>—5k if u<0.

Let d be as in Lemma 1.1 and let z € E satisfy Mz = Lz + dz = k-
If ¢ is as in Theorem 1 then since ¢(z,?)> 0 for (,17) € 2 XR,
(0¢/om)(z, t) < O for (z,1) € 92 X R, and since ¢ is T-periodic in ¢,
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there exists a constant ¢ > 0 such that

(3) B ch(x,t) + 2(x, 1) >b

and ‘
(9) c(l— )@, 1) — (y + d)2(z,1)>0 on @xR.

If v(z,t) = c¢d(z,t) + 2(z,t) then according to (6), (8), and (9)
Iv—f(@, &, v)>Lv— (yo + k) = ¢(Lh— p)p— (¥ + d)2>0 on 2 X R.
If w(z,t) = —v(x,¢) then according to (7), (8), and (9) Lw —
f(z, t, w) <Lw— (kw—k) =—c(ly—)¢ + (v +d)z<0 on D2xR.
Since w(w, t) <0 <v(x, t) on 2 X R, it follows from Kolesov’s theorem
that there exists w,€E such that for (2,¢)€ 2XR—o(,?)<
uo(®, t) <v(z,t) and such that Lu,= f(x,?, %). This proves the
theorem.

We now give a condition which implies uniqueness and stability

of the solution u,.

THEOREM 5. — Let y and f be as in the statement of Theorem 4.
If f satisfies the more stringent condition

(10) g—i(w,i, gy Yy (@, By s)e.QXRXR

then there exists a unique w, € E such that Lu, = f(x, 1, u,). Moreover
u, is globally, ewpomentially, asymptotically stable in the following
sense: If z(x,t) is solution of the initial-value boundary-value problem
Lz = f(=,1,2), 2(-,0) € c*t%(Q), 2(z,1) =0, (,1) € 0L2X[0, c0), de-
fined on QXx[0, c0), then for 0 < a < A, —y there exisis a constani
D = D(z) such that

2(w, ) — wuo(®, )| <D exp [— af]
for (x,t) € 2x[0, o).
Proor. — Let ¢> 0 be so large that -
(11) up(®, 0) — cp(@, 0) <#(®, 0) <ug(®, 0) + ¢f(@, 0)
for all z e Q. Such a choice is possible since u,(x, 0) = @(z, 0) =
2(w,0) = 0 for x € 9, §(»,0)> 0 for x e Q, and (9¢/om)(=, 0) <O
for z€9Q. Let 0 <a< A, —y and define V(z,?) = uy(x,?) +

cp(w, 1) exp[— at]  W(z, t) = uo(2, t) — cd(z, t) exp[— «t].  Since
L¢ = A¢ and ¢ >0 it follows from (10) and the mean value theorem
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that

LV —f(x,t, V) = ¢(4,— «)p exp [— «t] :
T [f(w’ i, up - cP exp [“— “t]) — f(=, ¢, uo)]
> e(d— o — y)$ exp[— xt] >0

for all (z,t) € 2 x[0, co]. Siiniiarly

IW it W) o ol b e o]
TR [f(w7 by Uo— € €XPp [— (xt]) — f(=, 1, '“o)]
<—o(h—a—y)pexp[—at]<0

for all (x,%) € QX[O', 00). Since V(1) = W(z,t) = 2(z,t) = 0 for
all (x,t) € 02 X [0, o), since Lz = f(z, ,2) on 0 x[0, co), and since
by (11) W(a, 0)<z(a:, 0)<V(z,0) on Q, it follows by standard
results on parabolic differential inequalities (see for example [17,
p. 186-188] or [19, 24. VI p. 187]) that W(w,t)<z(z, )< V(z,?)
on 2 x[0, co) and hence that |2(z, t) — uy(2, t)| <D exp [— «t] where
D= cmax |¢(x,%)|. This proves the second assertion of the the-

orem and since the first assertion is an obvmus consequence of the
second, the theorem is proved

REMARK. — It can be shown that the existence of V and W de-
fined on 2 X [0, oo), such that LV—f(,t, V) >0, LW—f(x, t, W) <0,
V|00 X [0, o) = W|0R2 X[0, c0) = 0 implies that if fe o)
satisfies V(z, 0)<0(x)< W(z, 0) on Q then there exists a solution
of the initial-value-boundary-value problem Lz = f(z,t,2), 2|02 X
[0, 00) = 0, 2z(x,0) = O(x) defined on 2 x[0,00). The proof is

indicated in [17, p. 26-27].

Finally we give a result concerning nonuniqueness and the
existence of positive periodic solutions. This result is motivated
in part by the discussion of the elliptic boundary value — Adu = f(u),
|02 = 0 given in [18]. :

THEOREM 6. — Let f € 02 xR X (a, oo ) for some a < 0 and satisfy
flz,t + T, u)=f(x,t,u). If f(x,t,0) =0 and (0f | ou) (2, 8, 0) > A,
for all (z,t) € 2 X R and if there exists r, > 0 such that (f(z,t, u)/u)<y
for (z,t, u) € @ X R X[ry, o), where y is as in Theorem 4, then there
exists u, € E such that w,(x,t) > 0 for (x,t)€ 2 XR and such thai
Lo = f(2, T, o).
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PROOF. — By the mean value theorem, the positivity of ¢ on
Q xR, and the T-periodicity of f and ¢ in ¢ there exists £ > 0 such
that edP(x, 1) — f(x, ¢, ep(w, 1)) < 0 on 2 X R. Therefore if w(z, t) =
ep(x,t), we B and Lw<f(z,t, w). Let 2 be as in the proof of
Theorem 4. Since 0¢/¢n < 0 on 02 XR we may choose ¢> 0 so
large that both (6) and (7) hold and in addition ¢¢ + 2>ed = w
on 2 xR. The argument in the proof of Theorem 4 shows that if
v = ¢¢ + z then Lv>f(x,t,v). Thus by Kolesov’s theorem there
exists 4, € E such that 0 < e <u,<v on Q X R and Lu,= f(z, t, 4,).
This proves the theorem. -

4. — Resonance.
This term was first used in [13] to describe the elliptic analogue
of the situation described in the following

THEOREM 7. — Let h € F' and let g: (— oo, o0) — R be of class C.
Assume that the limits g(+ oo) = lim g(s) ewist and are finite and
that TER '

(12) g(— 00) < g(s) < g(oo) for s€(— 00, o).

Let ¢* be as in Theorems 2 and 3, and let

2 cozf(fgs*(w;t)m)dt. .

A mecessary and sufficient condition that there ewisis u € B such that

(13)  Lu=hu+ k@) —gu)
ts that ;
(14) . ag(— 00) < (B $*)o< Cog(e0) -

-  ProOF. — As for the elliptic case in [13] the proof of the neces-
sity of (14) is almost immediate. If w € B then (Lu — A%, ¢*),=
(w, L¥*¢* — L,¢*)o=0 so if u satisfies (13) then (h, ¢*)=
(g(u), $*)o. Since ¢*> 0 on Qx[0, T], (12) implies that

T ; T

g(— oo)[ ( [#¥(, vy d0) @t < (g(w), $*)o< g(o0) [ ( [#*(z 1) do) s
0 2 0 L

which proves (14) is necessary.
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The proof of the sufficiency of condition (14) is based on.
Theorem 3, a bootstrap argument, and a perturbation argument
used by Hess [6] in the elliptic case. Let {ym;T be a sequence of
numbers such that lim y,,= 4, and such that y.< 4, for all m.

m—> o

If fu(®,t, ) = ynt + h(z, 1) —g(u) then there exists a number 7,
such that :

Ty 1y W) < (pn + 22 < s

for |u|>r.. Consequently, by Theorem 4, for each m>1 there-
exists u,, € E satisfying )

(15) Lty = Yl + (@, 1) — g(%Un).
We claim that there exists a number R, such that :

) [un]e = max Uz, )| <R
2xR

for all m. If not, by replacing {#.}7 by a suitable subsequence, we:
may assume that |#n],—> oo as m — co. 1f for each m we set.
V= Un/||%n] - then
(17)  Mop= LDon+ @on= (@ + yu)0u+ (h— 9())/ || o] o
where d is as in section 2. If for each m we set

Hy=(d + yn)0n+ (b — g(tn))/ | %n]
then there exists R, > 0 such that |H.|.<ZR, for all m. Let

0 € C[0, co) satisfy 6(t) = 0 for 0<i<T/2 and 6(t) =1 for T'<
t < co. Setting z,= 0v, for m =1, 2, ..., we bave

Mo @a o D = s
(18)

Zm(x,0) =0, 2,|0QXRt=0-

Let p be defined by 2— (N -+ 2)/p = o. Since z, satisfies (18)
there exists a constant % independent of m such that

- (19) ||zm"W%"(9 x[0,277) < k" G,,,]]L,,(Q %10,2T1) *
(see [12, p. 4-5] for the definition of Wj* and [12, p. 342] for the:

70
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estimate.) Since the right hand side of (18) is bounded indepen-
dently of m, and since W2*(Q x[0,27T]) is continuously embedded
in O=/2(0x[0,2T]) (see [12, p. 80]) there exists R;> 0 such that
[#m | gererr x 10,21y < Be for all m. Thus from the T-periodicity of v,
and the fact that 0(¢) = 1 fort> T, we have |[vu| p=|Vm| cewirca x0,20n=
| #mllgrsizqa x (7,211 < | Zmlgmotiz@ x 0,0 <Bs  for all m. By Ascoli’s
lemma the embedding F' — C(2 X R) is compact so without loss of
generality we may assume that {v,}; converges uniformly on 0OxR
to a continuous T-periodic function v satisfying [[v]|.= lim [v,.[.=1.
Returning to (17) we see that Ly

(20) L0y — YuOm = (12, 8) — §(U)]/ ]| %om]|
Let z € E be arbitrary. From (20) it follows that

(L*2 — M2, 0)o = lim (L*2 — pn?, Vn)o = 1M (2, Ly — YmVn)o =

m—> oo m—>co :
lim (z’ @___L(INL’EZ) =
[

m—>o0 , %]
gince ¢ is bounded. From Theorem 3 it follows that v = c. We
consider only the case ¢> 0, the case ¢ <0 is treated similarly.
Since ¢ > 0 on 2 xR and since %n= |Un||wVm, it follows that
lim w,,(2,t) = + oo at each (z, t) € 2 X R. From (20) we have
(21) 0 = (L*@@* — 4™, vn)o= (Ym— L)($*Vm)o

1 " *
+m;(h_‘g(um)a @ )o .

By construction y,— 4, <0 for all m. Moreover (¢*, vm)o—

© o(¢*,$) =¢>0 as m — oo and by Lebesgue’s bounded conver-

gence theorem

T
5im (h— g(tin)y $)o= (B, $*)o— g(00) [ ( [¢*(@, ) am)@s <0,
0o Q

m—>co

assuming (15). Therefore the righthand side of (21) is negative for
large m and we have a contradiction. This contradiction shows
that (15) implies the existence of a constant B, such that (16)
holds for all m. Rewriting (15) in the form

(22) Mty = (& + Ym)Um + k(, ?) — (%) = En(2,7)

R e ]
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we see that there exists a constant R, such that

[om ] = max [kou(@, 8)| <By
x QxR

for all m. Repeating the bootstrap argument that was used before-
we infer the existence of a constant R, such that |u.].<RE; for
all m. The fact that g€ C* implies the existence of R, such that.
| %m]ls <R, for all m. The continuity of M-!: ¥ — E and (22) im-
plies the existence of a constant R, such that [u.[,<ZE, for all m.
Therefore since the embedding of ¥ into F is compact we may
assume without loss of generality that |u,— u[,— 0 as m — oo
for some u € F. Since :

Uy = M(d + Vo) the + o — g(Un)]

it follows that w € B and Lu = Au - h—g(u). This proves the
Theorem. ‘

REMARE. — If instead of (12) we assume g(oo) < ¢(8) < g(— o0)
then ¢,g(00) < (h, $*)o < €og(— ©0) 18 a necessary and sufficient con-
dition for the solvability of (13). In this case one chooses a sequence
{ya)}" such that y,> 4 andlimy,= 1,. Using the fact that the:

spectrum of the mapping T os section 2 is discrete one shows that.
(L—ynI): B —> F is a homeomorphism for large m. For such m,
the mapping (L — ynI)~ [k — g(u)] regarded as a map from F into-
itself is compact and maps a closed ball into itself. Therefore,.
there exists u, € E satisfying (13) and one proceeds as before..
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