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INFINITELY MANY RADIAL SOLUTIONS FOR A p-LAPLACIAN
PROBLEM WITH INDEFINITE WEIGHT

ALFONSO CASTRO*

Department of Mathematics, Harvey Mudd College
Claremont, CA 91711, USA

JORGE Coss10, SIGIFREDO HERRON AND CARLOS VELEZ

Escuela de Matemaéticas, Universidad Nacional de Colombia
Apartado Aéreo 3840, Medellin, Colombia

(Communicated by Bernhard Ruf)

ABSTRACT. We prove the existence of infinitely many sign changing radial
solutions for a p-Laplacian Dirichlet problem in a ball. Our problem involves a
weight function that is positive at the center of the unit ball and negative in its
boundary. Standard initial value problems-phase plane analysis arguments do
not apply here because solutions to the corresponding initial value problem may
blow up near the boundary due to the fact that our weight function is negative
at the boundary. We overcome this difficulty by connecting the solutions to a
singular initial value problem with those of a regular initial value problem that
vanishes at the boundary.

1. Introduction. We study the quasilinear Dirichlet problem

A,u+W(x)g(u) =0 in By(0) C RY, 1)
u=0 on 0B;(0),
where N > 2, p > 1, Aju = div (|Vu[P~2Vu) denotes the p-Laplacian operator, and
B1(0) denotes de unit ball in RY centered at the origin.
We assume that ¢ is a non-decreasing locally Lipschitzian continuous function
and there exists C' > 0 such that

lg(s)] < C|s|P~ for all se[—1,1]. (2)

For the sake of simplicity in the calculations we assume that sg(s) > 0 for s # 0.
We also assume that there exist ¢1,q92 € (p — 1,00) and Ay, Ay € (0,00) such that

lim _9ts) :=A;, and lim _9(s) = As. (3)

s—00 |3|Q1—13 s——00 |s|Q2—13
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If p € (1, N) we assume that either
N(p-1)
N-—p

where p* = Np/(N — p). Note that for p > N the assumption ¢1,¢2 € (p — 1,0)
implies

(i) @< or (i) p—1<q,g<p"—1, (4)

q(p—N)

N
+ 1

>p, fori=1,2. (5)
Also,

ifp< N and g < N(p—1)/(N - p) thenN+Q1(p7_1N)
.

Finally, we assume that the weight function W € C'[0, 1] and there exists X € (0,1)
such that

W(X)=0, W(X)<0, W>0 in[0,X), and W <0 in (X, 1]. (7)

> 0. (6)

For the sake of simplicity in the presentation we assume W is decreasing in [0, X)
(see Remark 2).

Over the last fifty years the study of radial solutions to elliptic boundary value
problems has been very active going back to papers such as [2] and [4]. Our ap-
proach here is inspired by the methods in [4], where Pohozaev energy and phase
plane arguments applied to the solutions to a related singular ordinary differential
equations are used to prove the existence of solutions to the boundary value prob-
lem by a simple application of the intermediate value theorem (see also [8]). The
main difficulty of the problem we study here is that, because the weight function
W changes sign, some of the solutions to a related initial value problem blow up
preventing the use of continuity properties for such problems. We overcome such a
difficulty by following the arguments in [4] in a region where the solutions to the
initial value problem do not blow up and connecting them to solutions that satisfy
the boundary condition. For examples of applications of problem with indefinite
weight the reader is referred to [9]. For recent results on quasilinear problems with
weight see [1, 5, 11, 14]. For related results on the existence of infinitely many radial
solutions to quasilinear problems see [6, 3, 10].

Our main result is the following theorem.

Theorem 1.1. If (3), (4) and (7) hold, then there exists kg € N such that for
every k > ko, the problem (1) has a solution with k nodal sets in the unit ball
with w(0) > 0. In particular, the problem (1) has infinitely many radial solutions
satisfying u(0) > 0.

Remark 1. Interchanging ¢; and g2 en (4) we have kg € N such that for k& > kg
the problem (1) has a solution with k& nodal sets and «(0) < 0. In particular, the
problem (1) has infinitely many radial solutions satisfying «(0) < 0.

This article is organized as follows. In Section 2 we show that all solutions to
(10) below are defined in [0, X] and that for each a € R there exists a unique ¢
such that the solution to (17) below satisfies the boundary condition u(1) = 0, see
Theorem 2.7. In Section 3, we prove that our hypotheses imply if u is a solution to
(10) with large d then u?(r) + (uv/(r))? remains large in an interval [0, 73] C [0, X]
with 77 > 0 independent of d. In Section 4, we present the phase plane analysis of
the solutions to (10) in [0, X], and in Section 5 we prove our main result.
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2. The initial value problem. The radial solutions to (1) are the solutions to

(w2 ) )+ XL ) + Wig(ur)
u'(0) =0, wu(l)

0<r<l,

0,
0,
(8)
That is, v : B1(0) — R is a radial solution to (1) if and only if the function
u: [0,1] — R defined by u(y/z3 + -+ %) := v(x1,...,7N) satisfies (9). Due to
the singularity given by the zeros of u’ the solutions to (8) need not be of class C2.
In fact, regularity theory for quasilinear problems indicates that the solutions to (8)
may only be expected to be in the Holder space C1# for some u € (0, 1), see [7, 12].
It fits our purposes to regard (8) as

(TNfl}ul(rﬂpiQ u/(r))/ +rV W (r)g(u(r) =0, 0<r <1,

(9)
W'(0) =0, u(l)=0.

Our technique is based on the analysis of the solutions to the initial value problem

() W g () =0, 0 <<,

(10)
u(0) =d, u'(0)=0.

Throughout this paper we write u(r, d) := u(r) if the dependence of u on d is clear
from the context. Letting I'(z) = z|x[P~2 one sees that, for each d € R, a continuous
function u satisfies the integral equation

w(r) = d — /Orr—l (sl—N / tN_1W(t)g(u(t))dt> ds (11)

0

if and only if it is a solution to (10). More generally, for any ro € [0,1),a € R,b € R,
a continuous function u satisfies

u(r) = a+ /Tr—l <51—N [ré“r(b) - /StN—1W(t)g(u(t))dtD ds (12)

To To

if and only if it satisfies

() W) =0, ro <<,

(13)
u(rg) =a, u'(rg)="b.

Given dy € R — {0}, since g is a locally Lipschitzian function, there exists 7 > 0
such that for each d € [dg — 7, do + 7], equation (11) has a unique solution ug in the
space of continuous functions defined on [0, 7]. This and the continuity of the right
hand side in (11) on (d, w), imply that u4 continuously depends on d. If 7 = 1 such
a solution is a solution to (10). If 7 € (0, 1), we obtain a solution on [0, 71] for some
71 > 7 by applying the same argument to (12) with a = u4(7) and b = u/(7). The
function ug may be extended to a maximal interval which is either [0, 1] or [0, 7(d))
with limt_ﬁ(d)f[zf(t) + (4 (t))?] = +00. We note that, due to hypothesis (2), no
solution to (13) satisfies lim;_, ()~ [u®(t) + (v/(t))?] = 0 if (a,b) # (0,0). For a
comprehensive study of existence, uniqueness and continuous dependence, we refer
the reader to [13]. See also [6] for some details in the case W = 1.

In our next lemma we prove that 7(d) > X. Since dy € R — {0} is arbitrary, this
show the existence of a unique solution to (10) on [0, X] that depends continuously
on d.
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From now on we define

mﬂ=Ag@Msmdﬂ=M@—D~ (14)

Lemma 2.1. For each d € R the solution to (10) is defined in [0, X].
Proof. Let u be a solution to (10) defined in [0,¢) with ¢ < X, and

() = £(r) i= P () + WG (u(r) (15)

Observe |u/|P = ||u/|P~2u’ [P/~ and the function |u'[P~2u’ is differentiable in
(0,t) (see (10)). Moreover, function h(s) = |s[P/(?=1) is differentiable on R and
B (s) = #‘5“7/@71)728 = S2ls|% )/ (=15 for all s # 0 and h/(0) = 0. Hence, £
is differentiable on (0,t) and

swvz(p‘ﬂ<>P2' le) u(r)) + W (r)g(ulr) (r)

=mew*wmﬁp“p”wvw2’<uw<W*wa
u(r)) + W(r)g(u(r))' (r)
P2 () (! ()2 (7))
+ W (1) Gu(r)) + W (r)g(u(r) (r)
=) (- P ) - W) )
+ W ()G u(r) + W) g(u(r)u'(r)  (from (8))

(16)

= Al weer)
__M . wlr ]M "(p rom (15
=60+ 6 [FE W s win)| (hom (19)

< W'(r)G(u(r)).

Hence & decreases on [0,¢) which implies |u/(r)[P? < p’W(0)G(d) for all r € [0,1).
Thus lim,_;— u(r) := u(t) € R and hence, lim,_,;,_ «/(r) := v/(t) € R. Therefore u
may be extended to an interval [0, + &¢) for some gy > 0. Since this is valid for
any t € [0, X] we conclude that the solution to (10) may be extended to [0, X + &)
with ¢ depending on d. This proves the lemma. O

Remark 2. The assumption W’(r) < 0 in [0, X] may be eliminated by observing

N -1
p(_l)T)W(r) + W'(r) < 0 in an interval of the form [X — §, X + 6] and that
W' (r)G(u(r)) < C&(r) for r € [0, X — §] for some constant C' depending only on

w.

that

For a,( € R let us consider
(TN_l‘u”p_2u’> +rN W (r) g (u(r)) = 0, X<r<l,
w(X)=a, u'(X)=C

(17)

As mentioned above, due to our assumptions on g, the initial value problem (17)
has a unique solution © = wu(a,() on a maximal interval I, which is denoted by
(X, R, ) :=1.
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Lemma 2.2. Fora > 0 let

. 2/~ Va 2 Wl (1~ X)g(a)\ "/ *7Y
Mla 1— X)XN-D/-1 XN-1 '

(18)

If w is the solution to (17) with { = —n, then there exists + € I N[0,1) such that
u(r) =0 and u decreases in [X,7].

Proof. Let r > 0 be such that 0 < u(s) < a for every s € [X,r]. The existence
of such an r is guaranteed by the initial conditions in (17) and the fact that ¢ =
—1e < 0. Thus, integrating the differential equation in (17) on [X, 7],

PN ()P () — XV (X)) )P (X)) = — /T sN_1W(s)g(u(s))ds.
X

Hence, the definition of 7, implies

()P (r) = — (X)N_l = [ () westut)as

T D' T
< XNt 4 (1= X)[|W|sog(a) (19)
_XNflngfl
= 9 .

Thus u decreases in [X,r]. Therefore u is bounded in [X,r], which implies that
[X,r] C I. Let

F=sup{rel:0<u(s) <a forall se[X,r]|}:=supB.

Due to the continuity of w, if r € B then u(r) > 0. Applying again the continuity
of u we have u(#) > 0. Since [X,r] C I for all » € B, we have [X,7] C I. Assuming
that w(#) > 0, the continuity of u implies that there exists ¢ > 0 such that u(s) > 0
for all s € [X,7 + §) contradicting the definition of #. Hence u(#) = 0.

From (19),

X N-1p—1\ /(P=1)
—u'(r) > (277”‘) for all r € [X,7].

Integrating on [X, 7],

o 7 , (7 — X)x(Nfl)/(pfl)na
0=u(f)=u(X)+ /X u'(r)dr <a— ST/ . (20)
This and the definition of 7, yield
91/(p—1) 1—X
P X+ ¢ <x+ <1 (21)

XN=D/(—Dp, =

Thus, from (21) and (19), 7 € (X, 1), u(#) = 0 and u decreases in (X, ) proving
the lemma. O

Lemma 2.3 (Comparison principle). Let a,y1,y2 € R. Let uy satisfy

!
(TN_llu’lyp_z u’1> + TN_1W(T)Q(U1(T)) =0, X <r<Ri:=Rqy,
u(X)=a, uj(X)=uy,
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and us satisfy

(P %)+ W g (ua(r) =0, X < < Ra = Raga,

(23)
ux(X) =a, up(X) =y
If y1 < y2, then ui(t) < ua(t) for every t € [X, R1) N [X, Ra).
Proof. Assuming to the contrary there exists t € [X, R1) N [X, Rz) such that
ui(t) =wu2(t) and ui(r) < wug(r) for all r € (X,1). (24)
Then, us(¢) < uf(t). Since I is an increasing function,
us (0[P 2u(t) < Juy ()P~ (1)
This, (22) and (23) yield
t
XN yo P 2yn— /X NI (s)g(ua(s))ds
. (25)
< XNy PPy~ / s (s)g(ua(s))ds.
b's
On the other hand, since y; < y» and I is strictly increasing,
XNy P2y < XN gl Py (26)
Moreover, since —W > 0 on [X, 1] and g is non-decreasing,
t t
—/ sNTIW (s)g(ua (s))ds < —/ sV (s)g(ua(s))ds. (27)
b's X
Since (25) together with (26) contradict (27) the lemma is proven. O
Lemma 2.4. Let r, € [X,1), b> 0 and y > 0. If u satisfies
/
(TN_1|u"p72 u’) + VW (r)g(u(r)) =0, re <1 < R:=Ry,, (28)

u(ry) =0, u'(r.) =y,
then u'(r) > 0 for all v € [ry, R).
Proof. Let t € [ry, R). From (28),

N ()2 (1) = e ()P () / NTW()g(u(s))ds  (29)

= pNolyp=t —|—/ sN_l(—W(s))g(u(s))ds.

Since b > 0, if ¢ is close to 7., g(u(r)) ~ g(b) > 0 for all r € [r,,t]. Hence, (29)

implies u/(t) > 0. Now, assume t € [r., R) satisfies v/(¢t) = 0 and «/(r) > 0 for every
r € [r«,t). Then u(r) > u(r,) = b. From (29),

0=tV (t) P20/ (t) = rN T yPt —|—/ sNTH (=W (s))g(u(s))ds > 0.

This contradiction shows u/(t) > 0 for every t € [r«, R), proving the lemma. O
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From now on let a > 0 and for y > —n,, let us denote by u, the unique solution
of

0
’ (30)
u(X) =a, u'(X)=y,
which is defined on a maximal interval [X, R,), (R, := R, ).
Let

A:={y> —n,: u, has azero r, in (X,1)} and ((a) = sup A. (31)

Applying Lemma 2.4 with r, = X and b = a, we observe A C (—00,0). Thus,
¢(a) <0 for all @ > 0.

Remark 3. From the comparison principle (Lemma 2.3), if y1,y2 € A with y; < yo
and r = ry,, rg =1y, in (X, 1) are the corresponding first zeros of u,, and u,,,
then ri < rs.

Theorem 2.5. Let a > 0. If u is the solution to (17) with u/(X) = {(a) then
u(1) = 0 and u is positive in [X,1).

Proof. Let {y;}; C A be an increasing sequence converging to f(a). Let u be the
solution to the initial value problem (30) with y = ((a) and let u; be the solution to
the initial value problem (30) with y = y;. Let r; € (X,1) be such that u;(s) > 0
for all s € (X,r;) and w;(r;) = 0. By Lemma 2.3, {r;}, is an increasing sequence
bounded above by 1. This and the continuous dependence of solutions on initial
conditions imply é(a) <1 LetT= 11)1101O r; € [X,1]. By the continuity of u and

Lemma 2.3, ’
u(r) = lim u(r;) > liminfu;(r;) = 0. (32)

_]—)OO _]—}DO

Let € > 0. By the continuous dependence of solutions to initial value problems

on initial conditions, there exists jo such that if j > jo then r; € (1 —¢,7) and
[u'(t) — u(t)| <eforall j > joandt € [X,7 —¢]. From

t
N, (072, (8) = XNy PPy — / sV W (s)g (un(s))ds,
X

and the fact that {y;}; is a bounded sequence, there exists M > 0 such that
()] < M, |u/(t)] < M forall j>jo, t € [X,7—el. (33)
Hence, for j > jo, u;(t —¢e) < M(r; —7+¢) < Me. Thus

u(T) = a+ /T u'(s)ds = a+ /T_E uj(s)ds + /T_E(u’(s) — uj(s))ds

+/i u'(s)ds (34)
uj(tr—¢e)+e(r—X)+ Me

<
<e(2M +71-X).

Since € > 0 is arbitrary we have u(7) = 0. Since u(t) > u;(¢t) for all t € [X,r;], u is
positive in [X, 7).

By the uniqueness of solutions to initial value problems and the assumption
9(0) =0, we have /(1) < 0. Assuming that 7 < 1, there exists ¢ € (0,1 — 7) such
that u(xz) < 0 for z — 7 € (0,¢). Let {z;}; be a decreasing sequence converging to
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(a) and let v; be the solution to the initial value problem (30) with y = z;. By
continuous dependence of solutions to initial value problems on initial conditions,
there exists j such that v;(7 +¢/2) < 0. Since v; is positive in [X, 7], there exists
r € (7,7 +¢/2) C [X,1) such that v; is positive in [X,7) and v;(r1) = 0. Hence
z;j € Aand z; > ((a) contradicting the definition of {(a). This contradiction proves
that 7 = 1 and, therefore, the theorem. O

Theorem 2.6. The function C : [0,00) — (=00, 0] defined on (0,400) by Theorem
2.5 and by ¢(0) = 0 is a decreasing continuous function.

Proof. Let a1 < ag. Let u be the solution to the second order differential equation

n (30) that satisfies the initial condition u(X) = a1, v/(X) = ((a;) and similarly v
for (as,((as)). Because a; < ag, v(r) > u(r) for r near X. This and u(1) = v(1)
imply that there exists o € (X, 1] such that v(s) > u(s) for all s € (X,0) and
v(o) = u(o). By uniqueness of solutions to initial value problems, v'(0) < u/(0).

Assuming that (a;) < {(az), we have
0 < o™ (| ()P0 (0) = [V (0) P72 (o))

= XV71(|¢(a1) P2 C(as)

—(a2)P~*¢(az)) — /o s () (g(uls)) — g(v(s)))ds

X

(35)

<0.

This contradiction proves that f is a decreasing function.

Let {a,} be a decreasing sequence of non-negative numbers converging to a > 0.
Let (f (an) == én, and u,, be the solution to the second order differential equation
in (30) that satisfies the initial condition wu, (X) = an, u/,(X) = (,. Let u be the
solution to the second order differential equation in (30) that satisfies the initial
condition u(X) = a, v/(X) = {(a). Since {{,} is an increasing sequence bounded
by ((a), ¢ = limp_ 400 C(an) < C(a). Let w denote the solutions to the second
order differential equation in (30) with w(X) = a and w/(X) = ¢. By continuous
dependence on initial conditions we have

0= lim u,(1) =w(l). (36)

n— o0
Therefore ¢ = ((a). Thus lim,_, o C(an) = ¢(a). Similarly, if {a,} is an increas-
ing sequence converging to a then lim, . ((a,) = ((a). This proves that ( is

continuous on [0, c0). O

Imitating the proofs in Theorem 2.5 and Theorem 2.6 one proves that é may be
extended to (—o0,00). That is we have the following result.

Theorem 2.7. There exists a continuous function ¢ : R — R with CA(O) = 0 such

that if u is the solution to (17) with v/ (X) = ((a) then u(l) = 0 and, u is positive
in [X,1) if a >0 and u is negative in [X,1) if a < 0.

3. Energy analysis. If (4) (ii) is satisfied then there exists ¢ > 0 such that
(G+1) (g +1) <p*, i=1,2 (37)
We choose € > 0 such that

Ailp" = (6+ 1) (g1 +1)] A2[p*—(5+1)(qz+1)]}
prtO+D(@+1) 7 pr+ e+ 1)+ 1)

< min{ (38)
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Letting Cy := A; —e,Co := A1 +¢,C5 := Ay — ¢,Cy := Ay + £, by (3) there exists
M > 0 such that

Vs>0, Cist —M< sg(s) < CosBt 4 M, (39)
Vs <0, C3ls|2T™ — M < sg(s) < Cyls|2t 4+ M, (40)
C
Vs >0, isql+1 -M< G(s) < 2 _gutl 4, (41)
¢ +1 @ +1
Cs q2+1 Cy 2+1
Vs<0, ——|s|%™ —M< G(s) —|s|™T 4+ M, (42)

g2 +1 T qe+1

where G is a primitive of g such that G(0) = 0. Hence there exist D > 0,C1,Cs
such that
Ci|s|%H < sg(s) < Cyls|%F1 i=1,2, for |s| > D. (43)
Note that the monotonicity of g implies G(s) > 0 for all s € R and sg(s) > 0
for all s # 0.
Due to the continuity of W at zero, there exists T' € (0, X) (see (7)) so that
W (0) m

Yrel0,T], W(r)> — =g (44)

Given d > 0, let u be the solution to (10) defined on [0, X] (see Lemma 2.1 above).
It follows that

— N () () = /T MW (s)g (u(s)) ds. (45)
0

Due to d > 0 and the continuity of u, we have u > 0 near » = 0. Since g is an
increasing function, g(0) =0, (44) and (45) then «'(r) < 0 for r > 0 small. Let

ro=ro(d) :=sup{r >0:Vsel0,r], u(s) >d/2}.
Note that, from (45), w'(r) < 0 for all r € (0,79).

Lemma 3.1. There exist positive constants Ko and K1 independent of d such that
p—l-qp p—1—q

Kod P <ro< Kid ’ fO’I‘ d>1. (46)

Proof. For d > 2D, let us define 7 = 7(d) := min{ro(d), T}. By (43), (44) and the
fact that u/(r) < 0 for r € (0, 7],

rN_1|u’(7°)’p_1 = /OT sN_lW(s)g(u(s)) ds > mTCl /07’ sN_l(u(s))q1 ds

mél d a TN ~ N
> — | == = Kid%r".
=2 (2) N = Kadhr

/(=1) ;557 T .
d” " r”"" . Integrating on [0, 7], we have

Hence, —u'(r) > Kll
’ —1 - 1/(-1) 3% 52717
d—d/QZd—u(T):—/ o (rdr > P Vg i

0 p

_ Pl /e et gt

Thus,

p—l-qy

r<Kid ° for d > 2D,
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1/(p—1)

where Ky = pp%l[%l . Therefore 7(d) — 0 as d — +o0. Then, for d > 1,

r—1—qg

r<Kyd " <T)2

Hence, 7 < T and thus 7 = ry. Consequently, for d > 1,

p—l-q

To S Kl d ?
On the other hand, for d > 1 and r € [0, 7], using again (43),
T T
TN_1|u’(r)‘p71 = / sN_IW(s)g(u(s)) ds < Co||W s / sV1 (u(s))q1 ds
0

0
N

< (52||V[/\|Oodfh7"W = KodurV.

< 1/(p-1) 521 321
As above, integrating on [0, r¢] we have d/2 < K, /=) g rg~" which proves the

first inequality in (46). Hence the lemma has been proved. O

Lemma 3.2. There exists C > 0, independent of d, such that for r € [0, 7],
E(r,d) > Cd®*t for d> 1.

Proof. Without loss of generality we can assume that ro < T. For every r € [0, ro]
we have

G(u(r)) > Clu(r)[n ™ — M (seo (1))
>Cdett — M > %dfh“ (d>1).
Since, E(r,d) > W (r)G(u(r)) > mCd®+1 /4, the lemma follows. O

Since W is of class C1, there exists Ty < T such that for r € (0,71],

PN-1) 1)W(r) +W'(r) >0, (47)

where p’ = p/(p — 1). Note that by Lemma 3.1 we may assume ro(d) < T for
d>1.

Lemma 3.3. If eitherp > N orp < N and (i) in (4) hold, then limg_, 1o E(r,d) =
oo uniformly for r € [0,T7].

Proof. From Lemma 3.2, it follows that limg . E(r,d) = +oo, uniformly for
r € [0,70]. Due to (16), (47) and G(¢) > 0 for all ¢t € R, we have

PN 1) (e

E'(r) + E(r) = G(u) W)+ W )] =0, (48)

, !
for every r € (0,T1]. Therefore, <rp (N’l)g(r)) > 0. From Lemmas 3.1 and 3.2,
since N +q1(p— N)/(p—1) > 0 (see (5) and (6)), we get
E(r) > P NV VEw) >l VVE(rg) > CaN TN/ oo (49)

as d — +oo uniformly for r € [rg,T1], which proves the lemma. O



INFINITELY MANY SOLUTIONS 4815

For u(r,d) := u(r) the solution to (10) we define:

H(r,d) = r&(r.d) + %wm DI (r, dyu(r, d),

P(r,d) := /OT sN-1 |:<NW(S) + sW’(s))G(u(s)) N _pW(s)g(u(s))u(s)} ds.

p
(50)
The quantities in (50) are related by the Pohozaev-type identity (see [3, 4, 11]):

rNTUH (rd) — tN T H(t, d)

r N — 51
= / sN_lKNW(s) —I—SW'(S))G(U) - pW(s)g(u)u} ds. (51)
t p
Taking ¢t = 0 in equation (51), we have the following Pohozaev identity
TN H(r,d) = P(r,d),
equivalently
-1 N — _
rv [p|u/(7“)|p + W(T)G(u(r))} 2PN |u’(7‘)|p 2 o' (r)u(r)
p p (52)

N-p
P

_ /0’“ GN-1 KNW(S) + sW’(s))G(u) _ W(s)g(u)u} ds = P(r,d).

We recall that ro(d) — 0 as d — co. Let § > 0 be as in (61). By further restricting
T1 we may assume that

>-—— forse[0,TY] (53)

In this case, W(s) > m/2 > 0 and hence (52) is equivalent to

W'(s)

P(r,d) = /OTSN*W(S)[(NHW(S) )ou) - 22

p

g(u)u} ds. (54)

Lemma 3.4. If p < N and (ii) in (4) holds then P(rg,d) — o0 as d — oo.

Proof. Due to (53), G(-) > 0, (41), (43) and u(s) > d/2, we have

(N + SWW/;((;))>G(U) - N; pg(u)u
AN NCy N — CN
S (2) [<1+6>(q1+1)‘ pp S

By (38), the expression inside brackets is positive. Hence, for d >> 1,

W'(s)

(N—i—sW(S))G(u)— N=p

gu)u >0, for every s € [0,7].
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Hence, by (46), for d > 1,

m (d\"H NCy N-p m C
> (2 _ N _m C y
ooz g (3) |aeasn pC) - St
mC NC, N-—p 14N (p1—
> _ Jotit o (p—1-aq1)
= 2utIN {<1+6><q1+1> 02}

__mC1 N1
2(1+9)
— dN=(a1+1)/p"] (C— Cod*(qﬂrl)) > CgNl—(a+1)/p"],

This proves the lemma. O

Lemma 3.5. If p < N and (i) in (4) holds then P(r,d) — oo as d — oo uniformly
for r € [ro,T1].

Proof. Note that

P(r,d) = P(ro,d) + / sV (s) [(N + smw/;((;) )G(u) -

To

= P(ro,d) + I* + 1,

N-p
P

g(u)u] ds (55)

where
"= /{u(s)>0} SN?IW(S) [(N + SWV[///((;) ) G(u) - N; pg(U)U} ds,

and
- _ /{u(s)<0} SN (s) KN + 3‘%//((;;>G(u) — N; pg(U)u} ds.

Using (39), (41) and arguing as above, we get

N N —
/ sV (s) [ Gy - ng] ut s (56)
{u(s)>0} ( p

]+

Y

14+6)(¢1+1)

—/ sV (s) [ NM N _pM] ds
{u(s)>0} (1+0)(q1 +1) P

_ NM N—p
_ N1 (s [ 3 B M}ds
/{u<s>>0} =) (1+8)(q1+1) p

NM, N-p,,

(1+0)(q+1)

In a similar way, using (40) and (42), we have I~ > —C. This, (55) and (56) imply
P(r,d) — o0 as d — oo for every r € [rg,T1]. O

v

1
||W||oo/ Nlds = —C.
0

4. Phase plane analysis. Recall that, given d > 0, the problem (10) has a unique
solution u(r,d) defined for all r € [0, X].
Since g(0) = 0, (u(r,d),u/(r,d)) # (0,0) for all r € [0, X]. Hence there exists a
continuous function ¢(r, d), for r € [0, X], such that ¢(0,d) = 0,
u(r,d) = p(r,d) cos ¢(r,d),

W/ (r,d) = —p(r,d) sin ¢(r, d), (57)

where p(r,d) = \/(u(r, d))2 + (w/(r, d))z. Moreover, ¢(-,d) is differentiable at every
r € [0, X] such that u/(r) # 0.
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Differentiating the first equation in (57) with respect to r, for u/(r) # 0,

u'(r) = p'(r, d) cos(¢(r, d)) — p(r,d) sin (¢(r,d)) - ¢'(r, d). (58)
Let T > 0 and m be as in (44). We recall that our problem has a singularity at
r =0 (see (8)) and, if v/(r) = 0, «”(r) may not exist since
N -1 () — W(r)g(u(r))
(p—Dr (p = D' (r)[p~2
However, if «/(r) # 0 then u”(r) is defined by (59). Combining (57) and the first
equation in (10), we have

L WEd? | WEOumg) (N - Du(r)(r)
)= T o DR O T i D)
for r € (0, X] with «/(r) # 0.

Remark 4. (i) By Lemmas 3.3, 3.4 and 3.5, £(r,d) — 400 as d — 400 uni-
formly for r € [0,71], and therefore p(r,d) — 400 as d — 400 uniformly for
re [O, Tl]

(ii) From (58), if j is a non-negative integer and ¢(ri,d) = jm + 7/2 for some
r1 € (0, X] then ¢/(r1,d) = 1. Hence ¢(r,d) > jm + w/2 for every r € [r1, X]
(see also [3, p. 756] and Corollary 1 below).

(iii) If w has no zero in (0,771/2) then u/(t) < 0 for all ¢ € (0,7}/2], which implies
sin(¢(t)) € (0,1), see (57). Hence ¢(t) > 0 for all ¢ € (0,71/2]. On the other
hand, if w vanishes in 1 € (0,71/2] then taking 71 as the smallest zero of u
we have ¢(r1,d) = w/2. This and (ii) imply ¢(71/2,d) > 7/2. Thus in any
case ¢(T1/2,d) > 0.

u'(r) = —

(59)

(60)

Let k be a positive integer. For xy > 0, let us define

() = min{ 9@ > xo} .

|z[P—22

Due to the p-superlinearity of g we have m(xg) — +oo as £ — +oo. For p > 0
and 1 > 0 we define w(p,n) := m(psin(n))sin?(n)/(p — 1). Now we choose pg > 0
and § € (0,7/4) such that

, (p—1)T y 4(N —1)

(i) 0<d< 32N 1)’ (i4)  w(po,d) > mp— 1T o
U 2(P/D+5(p — 1) , 87 T

(i4i) m(po/2) = " (iv) 166 + W < 5%

Since limg_, 4 o0 p(r,d) = oo uniformly for r € [0,T}], there exists dg > 0 such that
if d > dy then p(r,d) > po for every r € [0, T1].

Lemma 4.1. If Ty/2 < r < Ty and ¢(r,d) € [& — 6,2 + 6] with j > 0 an odd
integer, then ¢'(r,d) > 1/4.

Proof. From (60),

P Wru(rgl) (N = 1)[cossing
L e (I 0 [ e | R
r

Taking into account that \sm( (r,d))] > cosd and |cos(¢(r,d))| <sind <6,

Ju

)
W (r)u(r)g(u) 2(N - 1)d
(p=Dp?(r d)|w ()P~ (p— DTy

¢ (r,d) > cos® 6 +
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Since § < min{m/4, (p — 1)T1/(32(N — 1))}, see (61)-(1),
, : Wiurlgw 1
o) 2 o @ G 2 2 16

Thus, the lemma is proved. 0

7
> - 62

»-lkM—‘

Lemma 4.2. If T;/2 <r < Ty and ¢(r,d) € [ +5,@ — 0] with j > 0 an
integer, then ¢ (r,d) > mw(po,d)/4.
Proof. We carry out the details of the proof for p > 2. The case 1 < p < 2 follows
similarly. From (60),
W (r)u(r)g(u(r)) (N-1)
¢/ T.ad 2 -

N O T e Ty

S W(r) _ glu(r) |u(r, d)|” N-1

p—1|ulp=2u(r,d) p*(r,d)w'|P~2 (p— 1Ty

4(N—1)
m(p—1)T1

/ W(r) glu(r))  [coso(r,d)[P  mw(po,d)
¢'(r.d) > p—1 |[ulP=2u(r,d) | sin ¢(r, d)|P—2 4
W) glur) . mw(po, )
> Py — ———=.
p—1|ulP~2u(r,d) S 4
Since |u| = p|cos ¢| > posind, g(u)/(|u|P~2u) > m(pgsind). This and the definition
of w(po, d) yield

Due to |cos ¢(r,d)| > sind and w(pg,d) > see (61)-(ii), it follows that

mew(po,8) _ mw(po, )

o (r.d) > W(rYo(po, ) — 2000 18 (63)
In the latter inequality we have used W(r) > m/2 for any r € [0,71]. Thus, (63)
proves the lemma. O

Lemma 4.3. If T1/2 < r < Ty and ¢(r,d) € [jm — §,jm) U (jm,jm + 0] for some
positive integer j, then
¢ (r,d) > 8k|sin(¢(r, d))|* 7. (64)
Proof. From 0 < w/4, (57), and |cos ¢(r,d)| > cosd, it follows
2

u®(r) = p?(r,d)(1 - sin*(9)) > p*(r,d)/2.
This, (61)-(iii), and (60) imply

” Wurgur) (V= Dlsin(6(r,d))
YD) G D ) sin(o(r. ) o1
_ Wu(glu(r)|sin(@(rd) P> 2N — D]sin(@(r. )
ST P M Tip— 1)
Weulrg(u(r) 1
> (grtng iy - lsin(otr )P ) [sin(or, )
mm 2 . 2-p
> e o ((;/ 2 ! sin(o(r, @)

> 8k sin(¢(r, d))[* 7,

65)

which completes the proof of the lemma. O
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Corollary 1. Let j be non-negative integer. If # € [T1/2,T1] and ¢(#,d) = jm/2
then ¢(r,d) > jm/2 for all v € (7,T1].

Proof. For j odd, see Remark 4. The case j even follows from Lemma 4.3. O
Proposition 1. For any p > 1, limg— 100 ¢(7T1,d) = +00.

Proof. Let d > dy and k as in Lemmas 4.1, 4.2 and 4.3. Hence ¢(-,d) increases
in [T1/2,T1]. Let o € [T1/2,T1]. Since ¢(rg,d) > 0, there exists a non-negative
integer j such that either

¢(T07d) € [jﬂ/27j7T/2+(ﬂ, ¢(T07d) € []’N/2+(5, (.7+ 1)71—/2 - 6]7 or
¢(ro,d) € [(j+1)m/2 =06, (j + 1)7/2].

Suppose j is odd. If ¢(ro,d) € [j7/2,jm/2 4 6] then by Lemma 4.1 and (61) there
exists 11 € (ro, 70 + 40] C (ro,70 + T1/(8k)] such that ¢(r1,d) = jm/2+ 6.

By Lemma 4.2 and (61) there is o € (71,71 + 27 /(mw(po,0))] C [r1,r1 + T1/8K]
such that ¢(re,d) = (j + 1)7/2 — 6.

By Lemma 4.3, if p > 2, there exists r3 € [ra,72 + §/(8k)] such that ¢(rs,d) =
(j + 1)m/2. On the other hand, if p < 2, from Lemma 4.3 for r > ro and ¢(r,d) <
(4 + 1)7/2 we have ¢/(r,d)¢p?~2%(r,d) > 8k. Integration on [rg,7] and (61) give

8k(p — 1)(r —12) < ((j+21)7r)p_1 B ((H;)W 5),;_1

(66)

) rp (67)
- <(J+1)7T)
Therefore
2 v
oy <2
e <<j+1>w> 8k(p— 1)
(68)
ch
8k’

Hence there exists r3 € [re, 72 + T1/(8k)] such that
r3 € [7“0,7“0 + 3T1/(8k)] C [7"0,7"0 + Tl/(Qk)] and (b(’l“3,d) = (] + 1)7‘(’/2. (69)
If ¢(ro,d) € [jm/2 + 6,(j + 1)w/2 — 4], then placing ro in the role of r; we see

that there exists r5 € [(j + 1)7/2 — 6, (j + 1)7/2] that satisfies (69). Similarly if
o(ro,d) € [(j +1)7/2 — 6, (j + 1)7/2], placing r¢ in the role of 7o above we find 73
satisfying (69).

If j in (66) is an even positive integer and ¢(rg,d) € [jm/2,j7/2 + 8] applying
Lemma 4.3 we see that there is r1 € [ro, 7o+ T1/(8k)] such that ¢(r1,d) = jm/244.
Then applying Lemma 4.2 it follows that there exists ro € [r1,7r1 + 27/ (mw(po, 9))]
such that ¢(re,d) = (j + 1)w/2 — 6. Finally, applying Lemma 4.1 there exists
r3 € [ro,m2 + T1/(8k)] that satisfies (69). That is (69) is satisfied for both j even
and j odd. Thus ¢(r,d) — ¢(¢,d) > 7/2 if r —t > Ty /(2k), which implies

km _ km

¢(Th,d) > ¢(T1/2) + 5 > (70)

This proves the proposition. O

By Proposition 1 given any positive integer k there exists dj such that if d > dj
then ¢(Th,d) > kw/2. Since ¢(r,d) is a continuous function, by the intermediate
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value theorem there exists 7 € (0,77) so that ¢(7,d) = kn/2. By part (ii) of Remark
4,

(X, d) > o(7) > kr /2.

Thus, we have proved:
Proposition 2. limg_, . ¢(X,d) = 4o0.
Now we are ready to prove Theorem 1.1.

5. Proof of Theorem 1.1. Let u(r,d) be the solution to problem

<TN71|u’(r)’p_2 u’(r))/ +rN W (r)g(u(r)) =0, 0<r<X,

(71)
w'(0) =0, u(0)=d.
Let us define a := u(X, d) and let v(r,d) be the solution to problem
N—1|,7|P=2 N-1
+ W (r X<r<l,
(r V| v) r (r)g(v(r)) = T (72)

v(X)=a, V(X)=¢

where ¢ := ((a) is given by Theorem 2.7. Note that v(1,d) = 0. By Proposition 2
and the continuous dependence of ¢(X,d) on d, there exists K such that if k > K
then there exist positive real numbers d; and dj such that

dp < dp, O(X,dp) =kr, and (X, dy) = kr +7/2. (73)

Without loss of generality we may assume k to be even. The case k odd follows
similarly. Since k is even, u(X di) > 0 and /(X,d;,) = 0. Therefore ¢ (u(X,dy)) <
0= u/(X,dy). Also, u/'(X,dy) < 0 and u(X,d;,) = 0. Hence,

C(u(X, dy)) = 0> u/(X,dy).

Thus, by the intermediate value theorem there exists d € (di,dy) such that
u'(X,dy) = C(u(X,dy)). Let Ug(r) be the function defined by

~Ju(r,de) re(0,X],
Urlr) = {v(r, ) re X1,

where v is given by (72). Since u(X,d) = v(X,d), v (X,d) = V/(X,d), and
v(1,dy) = 0, Uy is a radial solution to (1). Thus, the sequence {Ux(r)}r gives
us infinitely many radially symmetric solutions to problem (1), which concludes the
proof of Theorem 1.1. o
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