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ABSTRACT

This thesis explores several problems in discrete geometry, focusing on covering problems. We
first go over some well known results, explaining Keith Ball’s solution to the symmetric Tarski
plank problem, as well as results of Alon and Fiiredi on covering all but vertices of a cube with
hyperplanes. The former extensively utilizes techniques from matrix analysis, and the latter applies
polynomial method. We state and explore the related problem, asking for the number of parallel
hyperplanes required to cover a given discrete set of points in Z? whose entries are bounded, and
prove that there exist sets which are “difficult” to cover in every dimension for entries whose

absolute values are bounded by 1 using a similar polynomial-based approach.
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1. INTRODUCTION

Covering problems appear naturally throughout mathematics, and generally ask how many
instances, or how much of one object is required to cover another. One famous example is that
of covering the plane using circles while minimizing how much the circles overlap—minimizing the
density of the circles in the space. This problem could, for example, correspond to optimally placing
cellular towers so as to minimize cost while making sure that there is adequate reception throughout
a given space.

Tarski asked the question of whether or not a convex set could be covered by planks in such
a way that the the sum of the widths of the planks is smaller than the width of the set. We define
the width of a convex set S to be infy, g, {d(H1, H2)|H; parallel to Hy } where Hy, Hy are distinct
supporting hyperplanes of the set S. We define planks to be the intersection of two half-spaces
associated with parallel hyperplanes. Precisely stated, he conjectured that for any convex set S, if
Py, ..., P, are planks with widths wy, ..., w, which cover S, then width(S) < >, ; w; [3].

Tarski proved this for the special case of the disk in two dimensions and Bang provided a
solution in general. A follow-up conjecture asks about the relative widths of covering planks. That
is, whether or not the inequality Y , % > 1 holds in general, where h; denotes the width in the
direction perpendicular to the hyperplane which defines P;. Ball answers this in the affirmative for
centrally symmetric sets in [2]. We present Ball’s proof in Section 2.

Turning our attention to a more discrete problem, we study coverings of lattice points by hy-
perplanes. In [1], Alon and Fiiredi prove that any covering of the 2" —1 points of the n—dimensional
unit hypercube by hyperplanes which avoid the origin requires at least n hyperplanes. These results
are proven using polynomial and linear algebraic methods—we go over some of these in Section 3.

We also study problems relating to number of parallel hyperplanes required to cover sets of
lattice points. Define 5§ = {z € Z%: |z|o < T}. It is obvious that S$ can always be covered using
2T +1 parallel hyperplanes by choosing hyperplanes orthogonal to one of the standard unit vectors.
Further, it is easy to see that S’% cannot be covered in fewer than 27 + 1 parallel hyperplanes. This
leads to the natural question which asks how small can sets X < S% get while still requiring 27 + 1

parallel hyperplanes to cover it? We study the existence of sets X < S% which cannot be covered

using fewer than 27" + 1 parallel hyperplanes and where | X| = 2T + d. This is optimal in the sense
3



that any smaller set of points could be covered trivially by covering at least d points with the first
hyperplane, and one with each of the rest. We construct such sets for 7' = 1 in every dimension,
and use polynomial methods to prove that none of these sets can be covered by fewer than three
parallel hyperplanes in Section 4.

Sets with this property — having bounded entries and requiring a maximal number of parallel
hyperplanes to cover, have applications in compressed sensing. Specifically, they give us methods
to generate sensing matrices for the purpose of sparse integer recovery. We prove and comment on

these results in Section 5.

2. PLANK PROBLEM FOR SYMMETRIC BODIES

Here, we present Keith Ball’s solution to the symmetric plank problem from [2]. Given a
symmetric convex body C' in a Banach space X and n hyperplanes Hy, ..., H,, there is a translate
of a multiple of C' which is at least n%rl times the size of C inside C which is not hit by any of the

hyperplanes. In other words, there exists v such that
1
v+ ——CcC
n+1

and

1
int | v + C H,=.
n (v T > NH =
We will soon see that this is equivalent to plank coverings. We define planks in the following way,

using a unit norm functional ¢, a real number m, and half width w:
P={zeC||p(x) —m| <w}.

Theorem 1 (Ball). Given unit functionals (¢;);—,, real numbers (m;);_,, and positive real numbers
(wi)i_, such that Y, w; < 1, there is some point x in the unit ball with respect to the norm associated
with X such that

|pi(z) —my| = w;
Assuming this theorem, we have the following corollary:

Corollary 2. If C is a symmetric convex body in R and (H;);—, are hyperplanes, then there is a

set of the form x + %HC inside C' whose interior is not met by any of the hyperplanes H.
4



Proof. We represent each of the hyperplanes with a unit functional ¢; and real m;.
We choose the norm which corresponds to C' as the unit ball under this norm. This can, in
general, be constructed using the Minkowski gauge functional

fo(x) = inf {EEC’},

acR+ L

which defines a norm whenever C' is convex, 0-symmetric, bounded, and contains an open set.

We then apply Theorem 1, setting w; = n%rl Then there exists a point x in ;75 C such that

|pi(z) — my| = w;
for each i. The assumption that x € 25 C gives us that
1
r+ ——CcC.
n+1

This follows from an elementary application of the triangle inequality: let z € %HC, then [|z| < %H

by homogeneity, so

n 1
+z| <|z|+ 2] € — + =
o+ 20 < ol + 2] < 2 + ——

To prove that the interior of x + %HC is hit by none of the hyperplanes, let y € z + ——C. Then

n+1
Iy ol < —
< ——,
Y n+1
as x + %HC is a radius n%rl (open or closed) neighborhood around z. Then for each ¢;,
1
[6:(2) = 6:(9)| = I9s(w — )| < Iillx=lle —ylx = —,
SO
1

Since |¢;(x)| = n%rv ¢i(y) — m; has the same sign as ¢;(x) — m;, giving us that it lies on the same

1

++7C, v is on the same side of the

side of the hyperplane. Thus, we conclude that for every y € x +

hyperplane as x, and the hyperplane cannot cross the interior.

We now give a paraphrase of Theorem 1 before proving it.
5



Theorem 3. For an n x n matriz with diagonal entries equal to 1, reals (m;);—_,, nonnegative reals

(w;)] where Y | w; < 1, there are reals (X\;);—, such that

DNl <1,
J

where for every 1,

= w;.

Z a@j)\j —m;
J

Theorem 2 implies Theorem 1. For a sequence (¢;)] of norm 1 functionals on X, choose a

sequence of unit vectors (z;);_; such that ¢;(z;) = 1. Then we construct the matrix

A = (¢i(z5)),4,5€1,2,...,n.
This will look like

qbl(.fbl) qf)l(l'n) 1 gf)l(l'n)

by the above assumption, where the off-diagonal entries are less than 1 by the Holder inequality.

In the case of the Euclidean norm ball, we have
A=0Tp,

where the columns of ® are unit vectors. An analogous matrix A is obtained with any inner-product

induced norm. The insight here is that A is symmetric whenever X is also a Hilbert space.

Returning to the matter at hand, for linear combinations of these dual vectors z = > | \iz;

where >3 | |Xi| < 1, we have that

n
ol = 1) Xzl < D il = D Inl < 1,
=1 [ 7

and more importantly, that
$i(x) = > Njdilay) = D Nai .
J J

6



Then, applying Theorem 2, we have that there exists some sequence of coefficients (\;)} with the

restrictions above, and nonnegative reals (w;)] which sum to no more than 1,

= w;,

Z az"j)\j —m;
J

which means that
|pi(z) — my| = w;
for each ¢, where x = " | x;\;. Note that this even slightly stronger—we are taking a subset of of

the unit ball, as we look only at the span of the dual vectors of the hyperplanes. Bang proved a

version of Theorem 2 for symmetric matrices:

Lemma 4. Let H = (h; ;) be a real symmetric n x n matriz with ones on the diagonal, (p;)] a
sequence of reals and (0;)] a sequence of nonnegative reals. Then there exists some sequence of
signs (e;)] such that for any 1,

D hijeib; — i
J
Proof. Choose your signs (¢;) to maximize

Z h; jeie;0;0; — 2 2 €0; 14;.
i, 7
Fix k € {1,...,n} and define (9,)] by
€; j#k
—€j j=k.

Then we have
Z hi,jéiéjei(gj — 22 (5191/11 < Z hi’jGiEjHiej — 22 61'91'[%
7] A J %

as (¢)] maximized the expression. So

0 < 2 hi,jqueiej — 22 eieiui — (Z hmdiéjﬁiej — 22 (SZQZ,U,Z>
7 % %, 7

= hij[eie; — 6:6;10:0; — 2 [ei — 6i] Oipui
7 %

7



= 2 hiJ‘ [eiej - 6Z5j] GZQJ -2 [26k] Hkﬂk
J

If ¢ # k and j # k, the first term evaluates to zero.

= Z hi,k [eiek — (515,19] 0;0r + Z hk,j [ekej — 6k5j] erj — derOp ik
i J

By symmetry of H,
=2 (Z hi g [€i€r — 0i0k] 0i9k> — de Ok
= 22 hi g [eier, — 0i(—€r)] 00k — 4exbppik
= 22 i g [ei€r, + 0i€r)] 00k — dexOp pig

(]

= 2¢p Z hi,k [Ei + (51] 00 — 45k0kﬂk
And ¢ + 6; =

= dexby Z hi g 0i€; — degOk pur,
i#k
We may add and subtract 4eg0)hy, 1.0k, obtaining

= —49]% + 4€k9k2 hi,k‘gz’fi — 45k9kﬂk

7

Thus,
407 < Aepy, Y hipbiei — derOppin
i
07 < ey, [Z hik0ie; — Mk]
i
Z hi kOie; — pg| = 0
i
Since we fixed an arbitrary k, the proof is complete. O

Note that in this case, the role of (\;)] as defined before is played by (6;¢;)]. Remarkably,
given distances to each hyperplane (6;)] that we wish for, we can achieve the desired inequality by

choosing only the signs of the coefficients in the linear combination. Additionally, note that these
8



dual vectors are, in some sense “orthogonal” to the hyperplanes. This is most evident in Euclidean
space, defining a functional ¢,(x) = (y,z), the dual vector to the functional will be y. y will be
orthogonal to the differences of the vectors in the affine space {x | ¢y(x) —m = 0}. Thus, given a
functional ¢, choosing a multiple of the point # = y to be far away from the hyperplane defined
by ¢, (x) will give you the “most bang for your buck” in getting away from the chosen hyperplane.

In proving Theorem 2, Ball proves the special case in which w; = % for each ¢, as we may
simply increase the number of hyperplanes and tile the original planks of smaller planks which are

each of the same size. He proves an even stronger version of the theorem, stating that
1
)\2. < =
Z )
J
This is stronger becuase by the Cauchy Schwartz inequality,,
>l =1=(T.X) < ITIIX) = var, [ 22
j i
where we assume the first equality as we can always pad X by scaling it up, and preserving

the inequalities.

1</, Y22

YA«
A

Ball then approaches the problem with Hilbert space methods to transform the problem into one
which may be solved by Lemma 4. The idea is that if the theorem holds for AU, where U is
orthogonal, then it holds for A. This is evident from the fact that Lemma 3 says that for matrix
B with 1 on the diagonal which is symmetric, there exists X with |All1 < 1 such that
[B X — 777L] ) = W;
7

If we were to assume B = AU for U orthogonal, then

2

[AUX—??L] > w;

But then we would let



obtaining

[BX, - _'] = ws

i

where letting w; = 1, we have equality in 1 and 2 norms, so that [N = [[A]2 = [A|; = 1,
thus proving the proposition.

However, this is the point where we find issues with the symmetry—despite the existence of
U such that AU is symmetric (this is obvious from the polar decomposition) there does not, in
general, exist U so that the diagonal elements of AU are all the same.

Thus, isometry is not enough—we must extend the transformation to isometry combined with

a diagonal transformation,

Lemma 5. Let A be an n x n matriz of reals, each of whose rows are non-null. Then there is a

sequence (0;)] of positive reals and an orthogonal matriz U so that
H = (hij) = <9i (AU>i,j)
is positive and has 1’s on the diagonal.
In other words, there exists a positive definite diagonal matrix Dy and an orthogonal matrix U

such that Dy AU is positive and has ones on the diagonal. In order to prove this fact, we introduce

the nuclear norm | - |¢, of a matrix, defined as
4le, = tr (VA*A)
We require the following facts:!

Blc, = max {tr(BU) | UTU =1
1

IBCle, < /tr(BTB)ir(CTC) = |B|r|C]r

Before proving this, we require a couple more lemmas.

ISee [10] for proof
10



Lemma 6. If H = (h; ;) is a positive matriz with non-zero diagonal entries and U is orthogonal,

then

(HU)Z,
2 S

2
Proof. For each i, let ; = % and let D be the diagonal matrix with +; on the diagonals. Let

T =+ HTH. We have that

2
Z(h;[i)“ :Z%‘ (HU);,

% 7

=tr(DHU) < sup tr(DHO) < |DH|c,
oTo=I

by the first property above
= |DTT|c, = 1 (DT) Tc,

< [DT|F|T]r

= A/tr (DTT*D) tr (T*T)

= +/tr(DHD)tr(H)

And because H is positive,

So

Giving us that




Lemma 7. If H = (h;j) is a positive n x n matriz with nonzero diagonal entries, then

()

Proof. Let D, s be the diagonal matrix with i on the diagonal. Then

()
hi )

1/2
< VnlH|Y:
Cy

=D zH|c,

1

And by Property 1 above,
= tr (D, HU)

for some orthogonal matrix U.

We now apply Cauchy-Schwartz,

And by Lemma 5,

= Vn|H| e,

because H was assumed to be positive. ]
We now prove Lemma 5

Proof. (Lemma 5)
We wish to find (6;)}, and U orthogonal such that

(91- (AU)Z.J> — Dy AU

where Dy is the diagonal matrix with 6; on the diagonal. Since A has no rows that are

uniformly 0, there is some constant ¢ so that

|DgA|c, = cmax0;
7
12



We apply the equivalence of norms in finite dimensions to note that there exists [ such that

| DoAllcy = Do Al F

n

| Do All% = Z 2 A7 67

i=1j=1
Let M = min; max; |A4; ;|. Then

n
| Do AT > Y M6
i=1

In producing this inequality, we are essentially replacing the norm of each row with a lower

bound for its single largest component.

SO

|DoAlF = M max 6;
1
thus proving the desired inequality, setting ¢ = [M.
We now prove that there exists a § which minimizes | DgAl|c, subject to [1;0; = 1. Suppose
that max; 0; > 2| A|c,. Then |DgA|c, > |A|c,. We therefore have that

inf |DyAllc, = inf 1Do Al oy
[16:=1 [160:=1,10]0<1]|Alc,

We can therefore constrain our maximization problem to a compact set, and since | DgAl|c,
is continuous, the minimum must be attained. Choose § which minimizes |DgAl|c,subject to
[L,0:=1.

Let H = \/m given this 0. Since A is full rank, H is positive definite. Therefore H

has strictly positive diagonal entries. By polar decomposition, we may write

H = Dy AU
for some U. For each 14, let
n 1/n
1
Yi = i (H h]])
(4 j:1



Then [[v; = 1.

7 %

(i) 1)

Because (0;)] was chosen as a minimizer of | DpA|¢c,, we have

[H|c;, <[ (vifiai;) o

= | (vihaj) | cn

1/n
We may factor out a constant (]_[?zl A /hjj) ,

()

By Lemma 6,

n 1/n
S\/EHHch/f (H hjj)

j=1
So

n

1/n
1/2
|Hle, < ValH|: (H \/hjj>

Jj=1

j=1

/n
HH HC
771 L < | |hjj

Jj=1

n 1/2n
|HIZE < v (H hjj)
1

But H is positive, so |H|¢, = tr(H).

n 1/n
Eln < (H hjj) < ZZ
j=1

n

where the second inequality follows from the AM-GM inequality.

We may finally prove Theorem 2.
14



Proof. Using Lemma 4, choose (6;)] and an orthogonal matrix U such that H = DyAU =

<9i (AU)Z-J-) has 1 on the diagonal and is positive. By Lemma 3,

we may choose signs (¢;)] such that for each 1,

= 0;

Z hi,jejej — nHZmZ
J

This is allowed becase the (6;)] were first fixed, and the m; mentioned in lemma were arbitrary,

so we replace them with né;m;.

0; > 60; [AU], ; ¢ — nfims| > 6;
J
Zej[AU]i]ej—nmi =1
J
0; [AU]; . €
Z][ ]z,]ej_ml>l
- n n
j
foe 1
A U< ) —my;| = —
n n
So seth()\i)’f:U@ so that
(AN =l > =
i Ml =
1
Zam)\j—mi >g
j

We need only to show that Zj )\? < % U is orthogonal, so

N 2

ioe .
Z@:Z(n> =224
J J

J j

We need to show that > 9]2 < n. We know by definition that

(ei (AU)M> — DyAU = H

So
DpA = HU*
15



Oiaij = (HU"); ;
Assuming that A has 1 on the diagonals, a; = 1.
;i = (HU*)”
Now we take

2 91'2 = Z (HU*)zzz

hii

because all of the h;; are 1. We apply lemma 5 to obtain that

< Z hi =n
7
Thus,

n
293<n

i=1
3. COVERING THE CUBE EXCEPT FOR ONE POINT

We explore some results of Alon and Fiiredi in related to covering all of the points of the unit

hypercube {0,1}" except for the origin, as well as some extensions.

Theorem 8 (Alon and Fiiredi). Suppose that the hyperplanes Hy, ..., H, < R™ avoid 6, but cover

the other 2™ — 1 wvertices of the unit cube C' = {0,1}". Then m = n.

This theorem states that in order to cover the n dimensional hypercube with hyperplanes
without covering the origin, we require at least n hyperplanes.

Before proving this, we require a lemma.

Lemma 9. If Q(%) € Z[x1, ..., z,] is a multilinear polynomial with Q(0) = ¢ # 0, and Q(Z) = 0

for z € {0, 1}”\{6}, then Q(Z) = c(x1 — 1)(x2 — 1) -+ - (@, — 1), which is degree n.
16



Proof. First, note that
oy =Dz —1) - (zn—1)=c » (Dl
Ic{1,...,n}
where we define x; = Hie[ z; and vy = 1. We write

QE) = >,

Ic{1,...,n}

and prove that ¢; = ¢ (—1)""l. We proceed by induction on |I|. We know that ey = Q(0) =
Now suppose that ¢y = (_1)\I| for all J < I where J # I and |I| > 1. Let €7 € {0,1}" be the vector
with coordinates one for the indices contained in I, and 0 elsewhere. Since |I| # 0, Q(ér) = 0. For

all J < I, we therefore have that [ [, ; (€7); = 1. Thus,

ZCJ—C]-I- Z |J|

JcI JcI,J#1
there are (g') subsets of size j of |I], so

ca+ Yy e =cre| D] ('{')(—1)1

JeTJAT o<j<ir] N/

—cite| ) (V') (1) — ()Ml

o<j<i) N

—crte ((1 - (—1)'”)

=cy— c(—l)lI|
SO
0=cr— c(fl)m
giving the desired result, that Q(Z) = ¢(z1 — 1)(z2 — 1) - -+ (x, — 1). O

Proof. (Theorem 8) We define each hyperplane H; with an equation {(d@;, ) = b;, where d@;, ¥ € R"

and b; € R. Consider the polynomial

=] (a2 -
=1

17



It is clear that P(Z) = 0 for all # € C\0, and P(0) = [[",b; # 0. We also have that
deg(P) = m, which gives us another way of viewing this problem. We wish to lower bound the
degree of polynomials of this form which satisfy P() = 0 for all & € C\0, and P(0) = [ [/, b; # 0.
Further, we may replace each instance of acf.l with d > 2 with z;, without changing the behavior
of the polynomial on C. Let Q(Z) be the polynomial obtained through this procedure. Note that
deg(Q) < deg(P). Q(Z) is multilinear, Q(0) = ¢ # 0, and Q(Z) = 0 for = € {0,1}"\0. Thus,

applying the lemma above, we obtain that
m = deg(P) > deg(Q) = n

O

Remarkably, this theorem can be extended to the covering arbitrary rectangles except for a
single point using similar techniques.

Let V = V(hy,..., hy) be the set of lattice points (yi,...,y,) such that 0 < y; < h;. Let 7e V
and define U = V\¢. In a similar manner to the result above, U cannot be covered by fewer than

> h; hyperplanes while avoiding .

Theorem 10 (Alon and Fiiredi). Suppose that the hyperplanes Hy, Ho, ..., H,, < R™ avoid U but

Hy v ...u Hy, contains V(hy,...,hn)\U. Then m = hy + ... + hy.

For p'= (p1,...,pn) € V, we define the polynomial By(¥) € Z (x1, ..., 2,) to be the following:

By(7) = [T @-4 [T (@2-d)) - [T @—dn)

0<j1<hy,j1#p1 0<ja<he,jo#p2 0<jn<hn,jn#pPn

For each p, deg(Bz(Z)) = > hi-

Lemma 11. The polynomials By(Z) for p € V for a basis for the subspace Z spanned by the

ai .a2

polynomials {x{* x5 - - 28" : 0 < a; < h;}.

n

Proof. By(Z) € Z, and dim(Z) = [] (h; + 1) so we need only to prove that the polynomials By(Z)

—

are linearly independent. Suppose that & = p.

By(p) = [T -5 (p2 —J2) |- I (Pn = Jn)

0<j1<hy,j1#p1 0<j2<he,jo#p2 0<jn<hn,jn#pPn



so since p; # j; for each of the terms, By(p) # 0. However, if &' = (2, ...,2},) # p, then

By() = [T @i-q) [T (@h—do) | [T (ah—in)

0<j1<h,j1#p1 0<jo<ha,ja#p2 0<jn<hn,jn#pn

Since ) # p; for some i, (z} —j;) = 0 for some 4, j;. Thus, evaluating these polynomials
only V, it is obvious that polynomials Bj(Z) are linearly independent. Intuitively, these form a

polynomial basis for interpolation. ]
We now prove Theorem 10

Proof. (Theorem 10) Consider the polynomial

H (<@, @) —
=1

and let Q(%) € Z be the polynomial obtained by replacing each instance of a:h i1 Wwith :1/:2”4rl —

<1_[0<j<h, (x5 —j)), which is degree at most h;, as the xh +

(0,1, ..., hi} so (H0<]<h (zi — )) — 0. Thus, Q(Z) = P() for € V and deg(Q) < deg(P). We
therefore have that Q(Z) = 0 for all ¥ € U and Q(¥) # 0. Writing

= ) ayBy(7)

peV

terms cancel. For any ¥ € V, x; €

and evaluating both sides for each Z € V, it is clear that Q(¥) = c¢Bz(¥) for some p'and c € R.
Thus,

D hi = deg(Q) < deg(P) = m

4. SETS WHICH ARE DIFFICULT TO COVER BY PARALLEL HYPERPLANES

We move to counting the number of parallel hyperplanes required to cover sets of lattice
points. Define ST = {x € Z" : |z|x < T}. For T' = 1, we construct such sets in every dimension
inductively and utilize techniques inspired by Alon and Fiiredi’s work to prove that these cannot
be covered in fewer than three parallel hyperplanes. Because our hyperplanes are parallel, they are
all defined by a single functional, and each hyperplane may be identified with the intercept b; in

the equation (@, Z) = b; defining the hyperplane. Further, this provides a different geometric angle
19



from which we may view the problem. Given a vector @, the number of hyperplanes perpendicular
to @ required to cover X is equal to the number of distinct orthogonal projections of points of X

onto d.

0 -1 1
Such a set in dimension 2 is given by X5 = , , , . The construction
0 -1 1 1

in general is relatively simple. We extend our specific example in two dimensions to arbitrary
dimensions inductively in a manner similar to the construction of simplexes in higher dimensions.
Given our set X, we demonstrate the construction of X3 before proceeding to the general case.
First, we place each of the nonzero points of X5 into the intersection of the plane defined by the

equation {(0,0,1),%) = 1 as a subset of S}, preserving the first two coordinates. This gives us the

0 -1 1
points. Giving us the points | —1|,| 1 | and |1 [. We leave keep the zero vector, and simply
1 1 1
make it into the zero vector in three dimensions. We now have have to add one more point, which
0 0 0 0 -1 1
we choose to be | (0 |. This gives us that X3 = ol ol,l=1,]11,]1 . In general,
-1 0 -1 1 1 1

given X,,, we construct X, in the same way. We append a 1 to the end of each of the nonzero

vectors, change the point 0 € R” to 0 € R"*!, and add the point —e,4+1 to the set. Following
A =

0 0 0 0 -1 1
0 0 0 -1 1 1
this construction, X4 = < , , , , , . Note that for dimension 1,
0 0 -1 1 1 1
0 -1 1 1 1 1

X1 = St = {[~1],[0],[1]}We now prove that these sets cannot be covered using fewer than two

parallel hyperplanes.

Theorem 12. X, cannot be covered in 2 hyperplanes for any dimension n.

Proof. We index the n+ 1 nonzero vectors of X,, as Z1, ..., £p+1 so that &; = —€,_;11 +Zzznﬂ-+2 €L
for i € {1,...,n} and T4 = I. Suppose that X,, can be covered using two parallel hyperplanes
Hy, Hy. We may, without loss of generality, represent them with the equations (7, &) = 0, (¥, Z) = 1.

We know that one of the intercepts will be 0 becuase 0 € X,. Thus, we define n + 1 multivariate
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polynomials Py, ..., P}', | with the following:
Pzn(ﬁ) = <’U, fl> (<’U, fl> - 1) = <U7 fl>2 - <Ua fl>

for v = (v1,...,vp).
It is evident that finding a pair of parallel hyperplanes which cover X,, is equivalent to finding

a nonzero system of polynomial equations P*(¥) = 0 for i = 1,...,n.

0
We proceed by induction. The case n = 1 is trivial. Suppose n = 2, so that =1 = , XLy =
-1
-1 1
, T3 = . We obtain that
1 1

Pf(vl,vg) = v% —v9 = vg (vg + 1)

P22(UlaU2) = (v + U2)2 + v — V2

P32(’U1, ’1)2) = (Ul + ’Ug)2 — V1 — Uy

Setting Pj(v1,v2) = 0, we have that vy must be either 0 or —1.

Suppose that vo = 0. Plugging this into the other two equations, we have

Pi(v1,0) = v} + vy = vi(vg + 1)

PZ(v1,0) = vi — vy = v (v — 1)

This implies that v; = 0, which means that vo # 0 in any nontrivial solution.

Suppose that v = —1. Then
P22(Ul, —1) = (—'Ul — 1)2 +ov+1
=0l + 1420 +v1 +1=(v1 +2)(v1 +1)

Pivy,~1)=(vy — 1) vy +1=0f =203 +1—wv; + 1
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:v%—3v1+2
= (1)1 —2)(’01 — 1)

Thus, there is no solution to all three polynomial equations simultaneously. Now suppose that
the system of polynomials Pinfl(ﬁ) =0, ¢ = 1,...,n has no nonzero solution. We prove that the
system of polynomials P*(¥) = 0, i = 1,...,n + 1 also has no nonzero solution. First, we examine
P (V). Pl* (V) = vp(v, + 1) which implies that either v, = 0 or v, = —1.

For the first case, suppose that we fix v, = 0. Then P[*(¥) = 0 is solved, and examining the

remaining n equations,
.Pin(’Ul, ceey Un—1, 0) = <(1)1, ceey Unfl), (l'i,ly ceey xi,n,1)> (<(U1, ceny Unfl), (a:i,l, ceey xi,n,1)> — 1)

Now notice that because

- ] B 7 B 7 B 7 1)
0 0 0 -1 1
1 1
Xn:< 9 bl bl ) Y >
0 0 -1
0 -1 1 1 1
I L . L . L . L 1 J

Taking each of the nonzero nonzero elements of X,, and deleting the last coordinate produces
Xp—1. Thus, solving P/'(¢) = 0,i = 1,...,n + 1 after fixing v, = 0 is equivalent to solving

pin—l(g) =0,¢ = 1,...,n which has no nonzero solution.

For the second case, suppose that we fix v, = —1. Then for i = 2,...,n,
n n
Pl'(v1, .y vp-1,—1) = <(01, vy Un—1, —1), —€n_iy1 + Z € (<('U17 vy Un—1, —1), —€p—jy1 + Z & ) — 1)
n—i+2 n—i+2

n—1 n—1
= <<(U1,-~7vn—1)a_€n—i+1 + Z € )~ 1) <<(U1,.-~,Un—1)7—€n—i+1 + Z €i —3>
n—i+2 n—i+2

where the e; representing standard basis vectors become one dimension smaller. This gives
us a system of n — 1 polynomials in n — 1 variables, as we would require P/*(v1,...,vp—1,—1) = 0

n —
for ¢ = 2,...,n. Now notice that {—en_iH + ZZ:LQ ei} = X,—1\0. What this means, is that
i=2

for any solution © = (v1,...,vp—1) where P"(v1,...,vp—1,—1) = 0 for ¢ = 2,...,n, we will have
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either (0,Z) = 1 or (v,Z) = 3 for all ¥ € X,,_;. Suppose that such a solution ¢ exists. Then v
gives a pair of hyperplanes defined by the pair of equa tions (v, Z) = 1 and (0, Z) = 3 above which
together, cover X,,_1\0. This implies that X,,_;\0 is contained in the halfspace B = {Z : (¢, %) > 0}.
Further, the convex hull conv (Xn_1\6> is contained in H. This, however, produces a contradiction
as conv (Xn_l\ﬁ) contains an open ball around the origin, and can therefore not lie on one side
of a hyperplane which passes through the origin. Thus, there is no solution ¢ to the system of
polynomial equations P/*(¢¥) = 0 for ¢ = 1,...,n. By the induction hypothesis, X,, cannot be

covered in two parallel hyperplanes for any n. O

5. APPLICATIONS TO COMPRESSED SENSING

Sets of vectors with the above property have applications in compressive sensing. In particular,
sets of k vectors in R™ which cannot be covered by fewer than k —n + 1 parallel hyperplanes can be
used to construct certain types of sensing matrices for which are useful for sparse signal recovery.
An n x d real matrix A is said to be a sensing matrix for ¢-sparse signals, 1 < ¢ < n, if, for every
nonzero vector Z € R? with no more than ¢ nonzero coordinates, AZ # 0. This is equivalent to
saying that every combination of £ columns of A are linearly independent. Such matrices A = (a;;)
are extensively used in the area of compressive sensing, where the goal is to have |A| := max |a;;]
small and d as large as possible with respect to n.

Indeed, given such a matrix A and two vectors ¥ and ¢ with no more than ¢/2 nonzero
coordinates each, then it is easy to see that AZ¥ = Ay if and only if & = ¢. Integer n x d matrices
A with d > n and all nonzero minors were recently studied in [4], [5], [6] in the context of integer
sparse recovery. In this situation, the advantage to using integer matrices and integer signals is
that if AZ # 0 then |AZ| > 1, which allows for robust error correction. We provide a first example

of a construction of some sensing matrices.
Theorem 13. Let k > n and T1,...,Tr_1 € R"™ be distinct nonzero vectors. Let
S = {o,fl,...,:zk_l} c R”

and A be the n x (k — 1) matriz, whose columns are these vectors, i.e.

A= <fl fkfl)'
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If S cannot be covered by fewer than k —n + 1 parallel hyperplanes, then A is a sensing matriz for

n-sparse signals.

Proof. Arguing towards a contradiction, suppose that some minor of A is zero. This means that the
corresponding n vectors are linearly dependent, without loss of generality assume it is 71,..., Ty.
Hence they all lie in some subspace of dimension m < n — 1, call this subspace V. Naturally, 0 also
lies in V, since V' is a subspace. If all of the points @, 41, ..., Zx_1 also lie in some (n—1)-dimensional
subspace V' containing V, then #1,...,T;_1 all project to one point on the line orthogonal to V”,

which is a contradiction. Hence assume that
spang{V, Zp41,...,Tr_1} = R™.

Then there exists some (n — 1) —m points among Z, 11, . .., Zx_1 which do not lie in V. Let V'’ be
the (n — 1)-dimensional subspace spanned by V and these points. This means that V' contains a
total of

n+n—-—1)—-m+1=n+1

points of the set S. Let L be the line through the origin orthogonal to V', then all of these points
project to one point on L. Since the number of remaining points in our collection is k — (n + 1), the
total number of distinct projections of points of S onto L is at most £ — n. However, the number
of hyperplanes required to cover a set is equal to the minimum number (over the set of lines) of
distinct projections of the set onto a line, as lines define functionals, and therefore hyperplanes. This
produces a contradiction because S cannot be covered by fewer than & —n + 1 parallel hyperplanes.

Thus, all minors of A must be nonzero. O

This is not a particularly strong result. Because there can be at most n + k + 1 points in a set
which cannot be covered by k — n hyperplanes, this does not produce particularly useful sensing
matrices. Rather than using the point sets themselves, we can increase the size of the matrices
by taking difference sets at the expense of decreasing the sparsity level £. For a set of k points
S ={#,...,2} < R" define a partition of S into two disjoint subsets

(1) I = @iy, @by Ji={Zgys 5} = S\,
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so that I, nJ; = & and S = I,,, U J;, where m,[ > 1 are such that k = m + [. For this partition,

define the corresponding set of pairwise difference vectors
D(Im, Jl) = {fl — fj : fl € Im,fj € Jl} y

80 |D(Lim, Ji)| = ml = m(k —m). For a subset D < D(I,,, J;) define support of D to be the set of
all distinct vectors &; that appear in the differences in D. For instance, support of the difference
set

{Z1 — T2, T3 — T2, X1 — Ty, T3 — T4}
is {Z1, &9, 73, Z4}. Let us write ¢(D) for the cardinality of the support of D. Let us also write A(D)
for the matrix whose columns vectors are elements of the set D. We can now state our main result

of this section.

Theorem 14. Let S = {Z1,..., &} < R™ be a collection of k > n points, m,l = 1 integers such
that k =m +1, S = L, u J; partition of S, and D € D(I,, J;). Let 1 < £ <n—1. The following

two statements are true:

(1) If S cannot be covered by fewer than k —n + 1 parallel hyperplanes and for every subset D’
of £ vectors of D, ¢(D'") > ¢, then A(D) is a sensing matriz for (-sparse vectors.
(2) If for every m + 1 = k and partition S = I, u J;, A(D(Iy,J;)) is a sensing matriz for

n-sparse vectors, then S cannot be covered by fewer than k —n + 1 parallel hyperplanes.

Proof. First, suppose that at least k — n + 1 parallel hyperplanes are required to cover S, and
for every subset D’ of £ < n — 1 vectors from D, ¢(D’) > ¢. To prove that A(D) is a sensing
matrix for /-sparse vectors, we simply need to establish that no ¢ vectors of D lie in the same

¢ — 1)-dimensional subspace of R™. Suppose they do, say some ¢ vectors
Yy Yy
(2) 7l :fil _lev"'vgﬁzfinfl _fjl

are in the same (¢ — 1)-dimensional subspace V', where &;,,...,%;, € I, and Z;,...,%;, € J;.
Assume that s > 1 out of the ¥;, vectors are distinct and p > 1 of the Z;, vectors are distinct: let
S1 be the set of these s + p distinct vectors. Without loss of generality assume that s < p. Let U
be the (n — ¢ + 1)-dimensional subspace of R™ orthogonal to V, then each pair ;, , Z;, lies in the

same parallel translate of V along U. So if, for instance, ¥1 — T2, &1 — &3 and Ty — T2 are in V,
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then 'y, T, Z3, Z4 all must lie in the same parallel translate of V' along U. Hence the number of

parallel translates of V' along U needed to cover the set S is at most
t:=s—U—p) =1,

since for every subset D’ of £ < n — 1 vectors from D, ¢(D’) > ¢, and so s + p > /.

Let Vi be the parallel translate of V' along U containing the pair &;,,Z;,. Since k —n+1 > 2,
S cannot be covered completely by any single (n — 1)-dimensional hyperplane containing V;. Since
dimension of V; is £ — 1, there must exist a set Z < S\Vi consisting of n — ¢ points in general
position. Let Hj be an (n — 1)-dimensional hyperplane in R™ through Z and V; and let L < U
be the line through the origin orthogonal to Hy. Let us write Z = Z; u Z5, where Z; = Z n S1:
here it is possible for Z; or Z5 to be empty. Then H; covers all the points of S7 in Vj plus at least
|Z1| more, and so H; together with at most ¢ — |Z;| — 1 additional parallel translates of H; along
L cover S;. Now at most k — (s + p) — | Z2| additional parallel translates of H; along L will cover

the rest of S. Hence a total of at most

=121+ (k= (s+p)—|2]) =t —|Z] + k= (s +p)

= s—Ul—-p)—n—O+k—(s+p)=k—n<k—mn+1

parallel hyperplanes covers S. This is a contradiction, and hence A(D) is a sensing matrix for
{-sparse vectors.

In the opposite direction, suppose that every A(l,,, J;) is a sensing matrix for n-sparse vectors,
so no n vectors in the set D(I,,, J;) are linearly dependent. Suppose S can be covered by some
collection of ¢ < k — n parallel hyperplanes. Out of these hyperplanes, let Hy,..., Hs be those
that contain more than one point of S, then the remaining ¢ — s hyperplanes Hy1, ..., H; (if any)

contain just one point of S each, 1 < s <t¢. Then

Sn (QHZ)‘=k—(t—s)>k—(kz—n—s)=n+s.

For each 1 < i < s, let

SnH; ={Zi1,...,Tij},
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hence 37, ji = n +s. Let I; be the set consisting of all the vectors Z; ; for 1 < i < s, and all
the vectors from S n Hj for s +1 < j <t. Let [ = k —t, and let J; = S\I;. Consider the set of

difference vectors
12 — — — — A .
D = {1'2',1 —Xi2,. .5 Ti1 — T ¢ 1<i< S} - D(It, Jl)

Since all of the vectors Z; 1,...,%; j,, 1 <14 < s lie in parallel hyperplanes, all the vectors of D’ lie

in the same (n — 1)-dimensional subspace of R". The total number of these vectors is

S
\D/\:Z(ji—1)>n+s—s:n,
i=1

hence they are linearly dependent. This is a contradiction, so S cannot be covered by any collection

of fewer than k — n + 1 parallel hyperplanes. ]

While this theorem gives a construction of sensing matrices, it is still not at all clear as to
the potential size these can be. The question then becomes the following: given a set .S which
cannot be covered by fewer than k& —n + 1 parallel hyperplanes, how large can the cardinality of
D < D(I,,, Jy) be, subject to the constraint that ¢(D’) > ¢ for all subsets D’ of D which are size £.

The following corollary provides the answer.

Corollary 15. For all sufficiently large n, there exist n x d integer sensing matrices A for £-sparse

vectors, 1 <€ <n—1, such that |A| =2 and

I+325
d><n_2|_2> 322.

If ¢ < (logn)¢ for any € € (0,1), then d/n — o as n — 0, meaning that d is superlinear in n.

The problem is most naturally phrased in the setting of bipartite graphs. In particular, given
such a set D < D(I,,Jy), we may construct an associated bipartite graph I'(D) with vertices
corresponding to ¢(D), and two vertices connect to form an edge if their associated vectors appear
together as a difference vector in D. Returning to the problem at hand, we wish for all subsets
D’ of D with cardinality ¢ to have ¢(D’) > ¢. This can occur if and only if there are no cycles of
length less than £ in T'(D). The construction of such graphs has been extensively studied by various

authors. See [11] for a survey of known results in this direction. In particular, Theorem 3 of [11]
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guarantees that for large enough k there exist such graphs k vertices and

3) > (’;)

edges. An explicit deterministic construction of such bipartite graphs can be found in [8] and [9]

(also see [7]). We can now use this result to prove our corollary.

Proof. For sufficiently large n, let S,, be the set of n + 2 vectors with {0, £1} coordinates obtained
in Section 4, hence S,, cannot be covered by (n + 2) — n + 1 = 3 parallel hyperplanes. Let I" be a
bipartite graph on the n + 2 vertices corresponding to the vectors of S, with the number of edges
satisfying (3). Let D be the set of difference vectors corresponding to the edges of I, then for every
subset D’ of D consisting of ¢ vectors ¢(D’) > {. Therefore by Theorem 14, A(D) is a sensing

matrix for f-sparse vectors, and we have |A(D)| = 2. Furthermore, A(D) is an n x d integer matrix

14525
i (n—£2> 3 7

by (3). Notice that if ¢ < (logn)® for any € € (0,1), then d/n — o as n — o0, meaning that d is

where

greater than linear in n. O
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