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Originally printed as "Karl Menger" in May 1996 edition of Notices of the AMS :Volume 43, Number 5,

"His office was a showplace of chaos, the desktop covered with a turbulent sea of papers, He knew the exact
position of each scrap, On the telephone he could instruct a secretary exactly how to locate what he needed,
Once, in hisabsence, a new secretary undertook to 'make order', making little stacks on his desk, Upon his
return, discovering the disaster, he nearly wept, because 'Now 1don'tknow where anything is."
curve, wh ich no one had been ab le to ar ticulate, mentioning the unsuccess ful attempts of Cantor, Jordan,
and Peano. The topology used in the lectu re wa s new
to Menger, but he "was completely enthr alled and left
the lectu re room in a daze" [la, p . 41]. After a week of
Menger's career spanned sixty years, during which complete engrossment. he produced a de fini tion of a
he publis hed 234 pap ers , 65 of th em before the age of curve and confided it to fellow stu de nt Ot to Schreier,
th irty. A parti al bib liograph y appears in [l SI. His ea rly who could find no flaw bu t alerted Men ger to recent
work in geometry and topology secure d him an en - commentary by Hau sdorff and Bieberbach as to the
during p lace in mathematics, but his reach extend ed problem's intractability, wh ich Hah n hadn' t mento logic, set theor y, di fferen tial geome try, calcu lus of tioned. Before the seminar's second meeting Menge r
va riations, gra ph theory, com plex functions, algebra met wit h Hahn, who . unaccustomed to giving firs tof functions, economics, philosophy, and ped agogy. year students a serious hearing, nevertheless listened
Cha racteristic of Menger's work in geometry and to- and after some thought agreed tha t Menger's was a
pology is the reworking of fundam enta l concepts from promising attack on the problem .
intrinsic points of view (curve, d imension, curvature,
statistical metric spaces, hazy sets). A few of these and Inspired, Menger went to work energetically, but havsome of his other accom plishments will be mentioned ing been diagnosed with tuberculosis, he left Vienna
to recuper ate in a sanatorium in the mounta ins of
here.
Styria, an Austrian cou nterpa rt of "The Magic Mou nMenger was born in Vienna on Jan uary 13, 1902, in to tain". He wrote later that at the same time Kaika was
a dis tinguished fami ly. His mother, Hermione, was dy ing in another sanatorium. In Styria he elabora ted
an author an d musician; his father, Carl Men ger, well his theory of curves and di mension, submitting a paknown as a fou nder of the Aus trian School of Eco- per to Monatshefte fu r Mathematik und Physik;" 1922
nom ics, w as tu to r in eco nomics to Crown Prin ce wh ich conta ined a recursive definition of d imension
Rudolph (the illstarred H apsb urg heir-ap parent, in a separable metric space. P. S. Urysohn simultapla yed by Charles Boyer in "Mayer ling").
neously and ind ependently of Menger developed an
equivalent definition . The MengerI Urysohn definiFrom 1913 to 1920 Menger attended the Doblinger tion has becom e the cornerstone of the theory 161.
Gymnasium in Vienna, where he wa s recognized as a
prodigy. Two of his fellow studen ts were Nobel Lau - After receiving a PhD . in 1924, Menger, interested in
reates Richard Kuh n and Wolfgang Pauli. He entered L E. J. Brouwer 's fundamental wo rk in topology an d
the University of Vien na in 1920 to study physics, a t- wanting to clarify his thought about intuitionism,
tending the lectures of ph ysicist Han s Thirring . Han s which he saw as the counterpa rt in mathem atics to
Hahn joined the mat he matics faculty in March 1921, Ernst Mach 's positivism in science, accepted Brouw er's
and Menger attended his seminar "News abo ut the inv ita tion to Amsterd am, where he remained two
Co ncept of Curves". In the first lecture Hahn form u- years as docent an d Brou wer's assistant. Thou gh he
lated the problem of ma king precise the idea of a found Brou wer testy, he retained warm feelings abo ut
Karl Menger died on Oc tober 5, 1985, in Chicago. Excep t in his n ative Austria 15], no obituary notice seems
to have appeared . This note marks ten years since his
passing.
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his stay in Amsterdam and cited the good Brou wer
did for some young math ematicians an d "the beau tiful experien ce of watching him listen to reports of ne w
d iscov eries" [15].
In 1927, at age 25, Menger accepted Ha hn 's in vita tion
to fill Kurt Reid emcistcr's cha ir in geo metry at the
Univ er sity of Vienna. Durin g
the yea r 1927-28, in prepa ring a
course on the fo unda tions of
projective geometry, Menger set
out to co nstr uc t an axi omatic
foun dation in terms of the princip al features of the th eo ry: the
operatio ns of joining and intersecting, which Garrett Birkh off
la te r ca lled la ttice operations.
Menger was cri tical of Hi lbert's
and Veb len's for m ulati on s:
Hilber t's requiring a differen t
primi tive for each d im ension;
Veblen' s givin g poin ts a distin guished ro le not p layed in th e
theory itself, since h yper p lan es
p lay th e same role as poin ts .
Von Neumann in [171 took a line
pa ra llel to Men ger's, seek ing "to
com plete the elimination of the
notion of poin t (an d line and
plane) from geometry ". H e refers to Men ger as "the first to repl ace d ist inct classes of 'undefined en tit ies' by a unique class
wh ich consists of all lin ear su bspaces of th e given
space, an essentia l part of h is sy stem bein g the axioma tic requirement of a linear di mensionality fu nction ." Men ger subsequently gave a self-d ual set of axioms for the sys tem .
In 1928 he published Dimensiontheorie (Teubne r). Fifty
yea rs late r, J. Keesling wrote: "This book ha s histori cal value. It reveals at one and th e same time th e na ivete of the early in ves tig ators by modern stan dards
and yet the ir rem ark able percep tion of what th e imp or ta nt resul ts were and the future di rection of the
theory" [7]. Th e auth ors of [10] illus trate the remark
with Menger's theorem tha t every n-dimensiona l sep arable me tric space is h omeomorph ic to part of a certain "universal" n-dimensional space, which can in
turn be realized as a compact set in (211+Ll-dimen-

2

sional Eucli dean space. The universa l I-dimensional
sp ace, (the "Menge r u n ive rsa l curve" or "Menger
sponge") , ap pears in Man d elb rot's The Fractal Geometry [9] and in [2]. Men ger's Ku rventheorie appeared in
1932 (Teubn er; Chelsea reprint, 1967). It conta ins
Menger's n-Arc Th corem : Let G be a graph w ith A an d
B two d isjoin t a-tup les of ve rtices . Then either G contains n pai rwise d isjoin t ABpa ths (ea ch conne cti n g a
p oin t of A and a point of B),
or there ex ists a set of fewer
th an f1 ver tices th at se parates A and B. Men ger 's account of th e theorem's origins ap pears in [11]. an issue of th e Journal of Graph
T heory d e d ic ate d to his
wo r k. In an in troduc tory
note Frank H arary ca lls it
"the fu ndam enta l theorem
on conn ectivity of graphs"
an d "one of the most importan t results in graph theory" .
Variations of Menger's th eorem and some of its appl ications are given in Harary's
Graph Theory (Ad dison Wesley, 1969).
In that same year Men ge r
joined p h ilosop h er Moritz
Schlic k's fort nightly discussion group, which became
known as the Vienn a Circle [101, lt xl. Jn 1931 in tandem with the Ci rcle, Menger ran a math ematical colloq uiu m in whi ch Rudolph Carn ap , Kur t Codel ,
Alfred Tarski. O lga Taussky, an d oth ers took par t.
God el (also a H ahn stude nt) firs t announced h is ep och-mak ing incompleteness resu lts at the colloquium.
Meng er edited th e series Ergebnisse cines
M athematischClt Kolloquiums in th e ye ars 1931-37. Ad di tion all y, during th is period a series of public lectu res in science was hel d. Einstein and Schroedinger
were among the spea kers. Admission was cha rged,
an d the mo ney generated was us ed to support stud ents.

of the
Vienna Circle and the M athematical Colloquium [10 ]

In the p osthum ous ly publishe d Reminiscences

Menge r g ives percep tive and lu cid accou n ts of the
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p hilosophical and cultural atmosphere in Vienna, the
persona lities that stream ed th rough the Circle and
tho se w ho participated in the colloquium, and the
topics d iscussed and iss ue s that engrossed the participants. The re are chap ters on Wittge nstei n and a
moving accou n t of Menger's long association with
Codel. There is also an account of Menger's time at
Har vard and The Rice Institu te 0930-31), where he met
mos t of th e lead ing U.s.
mathematicians of the day.
Though he recognized E. H .
Moo re as the fa th er of
Am eri can m at h em a t ics,
Percy Bridgman and Emil
Pos t made the strongest impressio n on him . Men ger
regard ed Brid gman as the
successor to Mac h. And he
had grea t ad m iration for
Post, w ho (with H askell
C u rr y) is a sou rce for
Menger's late r work in the
algebra of functions .
In the early 1930s Menger
developed a notion of ge neral cu rvatu re of an arc A in
a com p ac t convex m etric
sp ace. Consider a tr iple of
poi nts of A, where A is an
o rder ed co n t in u um, not
necessa ril y describe d by
equations or fu nctions. The triangle inequality implies
the existence of three points in the Euclidean plane
isometric to the given trip le, and their Menger curvatun' is the recip roca l of the rad ius of the circumscribing circle. Thi s cu rv atu re is zero if and onl y if one of
the points is between the other two. Menger defin ed
the curvature at a point of A to be the number (if it
exists) from which the curvature of an y three sufficicn tly close po ints in the Euclidean plane di ffer s arbitra rily little. Numerous resul ts and modifications of
Menger's concept were ob tained by his student Franz
Alt and b y Godel [4]. The extension to higher-d imensiona l manifold s was achieved by Menger's student
Abraham Wald (later a d istinguished statistician), who
ob tained a fundamentally new way of introducing
Gaussian curvature. Menger's comment: 'This result
should make geo me ters realize that (contrary to the
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traditional view) the fundamen tal notion of curvature
does n ot depend on coordi na t es , equati on s ,
paramctrization s, or differentiability as sumptions.
The essence of cu rvature lies in the genera l notion of
convex metric space and a quadruple of points in such
a space" [12].
Menger had a lifelong in terest
in e co n o m ics [15 ]. Osca r
Mo rgens te rn reports t ha t
Menger's
paper
"Das
Uns icherherhcitsmoment in de r
Wertlehr e" (1934) p layed a pri mary ro le in pers uading von
Ne u mann to undertake a formal treatment of u tility [8]. Two
essays of Menger's appear in
Economic activity analysis, the
1954 Pr inceton Economics Research Project's collection of es~
says edited by Morgenstern.
With H itler'S coming to power
in 1933, Austrian agi tat ion for
unificati on with Germany intensified. With the resu lting tu rm oil and st reet violence and
Ch ancellor Dolfuss taking di ctatorial powers in 1934, the vigorous intellectual life in Vienna
atrophied. Extre m e pro-Germ an "nationalists" rul ed the faculty and the studen t body of the
university, and the Circle was d isparaged and maligned. Hah n, a p rogressive force, had d ied in 1934,
and in June 1936 Schlick, foun d er of the Ci rcle, was
shot d ead by a deranged student. Still stunned by the
tragedy, Menger attended the 1936 International Congress of Mathematici ans in Oslo, becoming one of its
vice-p resid en ts. He described the deteriorating situ ation to friend s and associates. Shortly the rea fter he
received a cable offering him a professorship at the
Unive rsity of No tre Dame. He and his family arrived
in Sou th Bend in 1937. In March 1938, the mon th of
the Anschlu ss, Menger res igned his professorship in
Vienna . He di d not retu rn until the 1960s.
Eu ropean intellectuals who fled Europe for refuge in
America were sometimes uncomfo rtable with American ways an d unaccu stomed to tea ching elementary

courses . Thou gh central European in dress, manner,
and sty le, Menger felt at home in America an d enjoyed teaching undergraduates, believin g that when
properly do ne, it stimulated research During the 1960s
he lectured to high school students on the subj ect
"What is x?".
His fourth child was born in 1942, an d the others were
then reachi ng school age . Men ger was drawn to Chicago, wh ere Carnap and others were developing a sort
of "Chicago Circle" and whe re his children's ed ucation wou ld benefit from a cosmopolitan environment.
L. R Ford, whom he had met at Rice in 1931, had become lIT ma thema tics department chairman. Thu s in
1948 Menger came to lIT and remained in Chicago
the rest of his life.
In the no te "Statistica l Metrics" [14] Men ger mad e a
cont ribution to resolving the interpretative issue of
quantum mechanics. He proposed transferri ng the
probabilistic notions of quan tum mechanics from the
phys ics to the underlying geometry. He showed how
one could replace a numerical distance between points
p and q by a d istribution function Fpq whose value
Fpq(x) at the real number x is interpreted as the probability tha t the dis tance between p an d q is less than x.
Studies of such spaces by numerous authors followed,
as di d the book Probabilistic met ric spaces (North Holland, 1983), by Berthold Schweizer and Abe Sklar.

emp hasis there on clear thought and expression. One
might guess tha t he foun d an assault on the tra ditional
calculus irresistib le. Thus Menger's attempt to reform
calculus: Calculu s, a modern approach (Ginn. 1955).
Written in characteris tically vigorous style, it was a
rad ical revision of textbooks of the period, scrapping
some trad itiona l notation. It received a lengthy,
thought ful, an d cautious ly favo rab le rev iew in the
Monthly by H. E. Bray 13] but was never accorded serious atten tion. He sent a copy to Einstein, who replied that he liked it and recogni zed the need for some
clarit y in notation, but advised agains t attempting too
mu ch "housecleaning".
That his book was ignored saddened Menger's later
years. When Menger addressed the foundations of
dimension theo ry, topology, projective n-space, or differential geome try, attention was paid by the best
m athem atic al mi n ds of h is ge nera tion: Hah n ,
Brouwer, von Neumann, Codel. The failure of the calculus endeavor strained his relations with the mathem atical community.

Menger has been described as a fiery personali ty. As
a junio r faculty member at lIT in the 19605, I fou nd
him gracious, charming, and vivaciou s. Menger was
solicitous of students. From his early days in Vienna
onward he inv ited st udents and faculty to his home .
In Chicago it included a tour of his decorative tile collection, which lined the wa lls of his living room. And
In 1951 Menger int roduced the concept of a "hazy set" he somet imes inv ited doctoral stu den ts for early
[16], in which the element-set rela tion is replaced by morning mathe ma tical walks along Lake Michigan.
the probabil ity of an element belonging to a set. Hazy
sets were red iscovered and ren amed "fuzzy sets" in His office was a showplace of chaos, the deskt op cov[I ] and have become the subject of a broad research ered with a tu rbulent sea of papers . He kne w the exarea.
act position of each scrap. On the telephone he could
in struct a secretary exactly how to loca te w hat he
In the wa r years Menger taught calculus to future navy needed. Once, in his absence, a new secretary underofficers in the V-12 program, which prompted him to took to "make orde r", making little stacks on his desk.
reth ink the foundations of the subject. It led to the Upon his return, discovering the disaster, he nearly
monog raph A lgebra of analysis [131 an d some pap ers wept, becau se "Now I don't know where anything is."
whic h aimed to systema tize and clarify the foundations of an alys is, an d it rek indled his interest in the Menger liked America. He even liked the Marx Brothalgeb ra of func tions. It also acquainted him with the ers. I once met him emerging from the Clar k Thea ter
calculus textbooks of the time, which he found ma de in Chicago, where "A Night at the Opera" was playscant di stinction betw eenf and fix), and in which spe - ing. Still suffused with laugh ter, all he coul d say was,
cific func tions, use d everywhere in calculus-like the "Funny! Funny!"
identity function an d selector functions for ordered
r r-tuples-c-were not identified. But Men ger w as ope r- Though born into a family with ties to the Aus trian
ating in the fram ework of the Vienna Circle and the crown, Men ger did not like establishments. His work

4
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shows that he could shed traditional ways as called
for. He was a peerless mathematician and an independent and original spirit.

REFERENCES
(1 JR. BELL" AN, R. i<ALABE, and L. lAO'H, Abstraction andpsnem design, J. Math.Anal.Appl. 13 (1966), 1·7.
12] L. BLUMENTAL and K. MENGER. Studies ingeometry. W. H. Freeman, 1970 .

131 H. E. BRAY. TheAmericanMathematical Monthly, vol. 61 (19541, 483·493.
[41K. GODEL, Collected works, vol. t , Oxtord Univ. Press, 1986, pp. 272·281.

15] E. HLAWKA and K. MENGER, Sonderabdruck aus dem Almanach der Osterreichischen Akademieder Wissenschaften. 136 Jahrang,
1986.
16] W. HUREWICZ. Dimensiontheory, Princeton Univ. Press, 1941 .

I7J J. KEESUNG, Bull.Amer. Math 500.83 (1958), 203.
[8JH. W. KlIHNand A. W. T""'ER, John von Neumann's worl< on the theoryof games, Bull.Amer. Math Soc. 64 (1958).
[91 B. B. MANoELBAOT, The Iractal geometry of nature, W. H. Freeman, 1982.
[10J K. MENGER, Reminiscences of the Vienna Circle andthe Mathematical Colloquium, (L. Galland, B. McGuinness, and A. Sklar,
eds.), KluwerAcademic Publishers. Dortmund, 1994.
[11 J_ , On theorigin olthen-arc theorem, J. Graph Theory5(1981), 341·350.
[121 _, The formative years ofAbraham Wald and his work In geometry, Ann. ofMath. Statistics 23 (1952), 14·20.
(13} _ , Algebra ofanalysis, Notre Dame Math. Lectures, vol.3, Unlv. Notre Dame, IN, 1944
1141_, Statistical melrics. Proc.Nat.Acad.SCi. U.S.A. 28 (1942).
115]_ , Se/ected papers inlogicand foundations, didactics. e-eonomics, Reidel, 1979.

(1 6J_ , Ensembles flous edonclions aleatoires, CRP232 (1951), 2001·2003.
(1 71 J. VON NEUMANN, Continuous geometry, Proc, Nat.Acad . Sci. U.S.A. 22 (1936), 92·1 00.
1181 K. SIGP.lUND, Aphilosopher's mathematician: Hans Hahnand the Vienna Circle. The Malhematical lntelligencer 17 (1995),6-29.

Humanistic Mathemat ics Network [oumal #16

May 6, 1996

CORNING
Profe ssor Seymour Kass
Depanment of Mathematics
University of Massachusetts
Boston , MA 02125
Dear Professor Kass:

Tha nk you so much for writing the wonderlul tribute to my father,

The

whole fa mily is grate ful to you.

After my father passed away, the family established a fellowship through
the Ame rica n Mathematical Socie ty for the mathematics winner

of the

Intern ational SCience & Engineering Fair, For that purpose, we prepared a
shan biogr aphy of my tather (enclosed) which is presented with the check to the
awardee . However, since there are no mathematicians in this generation of
M ange rs. writing the intellectual biograph y was quite a chore and the outcome

is not entirely satisfactory. With your permission. I would like to include the
obituary you wrote with the pamphlet.

On a personal note, I will add that my tather was also a great person.
miss him sorely .
Yours truly,

J

-:»

c::~- ;Zt..~_~A'--_ _

Dr. Eve L. Menger
Director, Characterization
Science & Services
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UNIVERSITAT
STUTTGART

MATHEMATISC HES INST ITUT A
Dr . GUNTHER GOE S

ABENDTAl20
780 78 NIEDERESCH ACH

Te l. 07725-1346
ptaffe nwaldring 57

0 ·70 550 Stuttgart
Telelu: 07 11-68553 38

Pr of essor Seymour xass
118 York Terr

Brookline, MA 02146-2322
USA

May 26, 1996
Dea r Professor Kess,

1 wish to tha nk you and to congratulate yout, the very well written art icle about
our

ad mirable

for me r colleague

and:

teacher, Professor Ka rl Menger in t he

May issue of th e Not ices, The last time I sa w Prof. Me nger was, when he waited
for a Bus at a step in We!' tern Avenue. I passed him by ca r duri ng my short
stay in Chicago in the ear ly 1980".
I fo und it espec ially good that yo u did speak openly about the saddened later
years of Prof. Menger. Also I recall that his desk looked unusable most t he
t ime. But he ma nage d t o survive,

As it ha ppens oft en when Amer tcars writ e fore ign namest They, th e Americans ,
ofte n misspel! fore ign narnes e On page '58 of your article it should have bee n
inst ead of "Hapsburg" correct ly 'Habsburg ", On p. 560 instead of "Dolfuss"
cor re c t ly "Dc ll fuss" (who by the way, was killed by the t wo Na zis Holzw e be r
a nd Pla netta - both were hanged).
Sincer e ly

Humanistic Mathena-tics Ndwork Jour7Ul1 #16
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MASSACHUSETTS INSTITUTE OF TECHNO LOGY
'EPARTMEJ\T OF ECONOMICS

CAMBRIDGE, MASSACHUSFI1'S 02139-43

31uneI996

Professor Seymour Kass
University of Massachusetts
Department of Mathematics
100 Morrissey Boulevard
Boston. MA 02125-3393
Dear Professor Kass:

Through the good offices of Lionel McKenzie of Rochester University 1 have received a copy
of your tine obituary article on Karl Menger (Menger the young: Carl Menger, the economist.
was his father) . We know Karl in economics because he showed that. with unbounded
U(wcalth) function. the St. Petersburgh Paradoxes reasserts itself even when U"(W) < O. Also
Karl Menger clarified some issues connected with the law of Diminishing Returns. And. of
course. his 1931-37 Vienna-Symposia were famous for works by Wald and by von Neumann.
(GOdcI. thought by many to be so odd as a person. in the Wald discussion said: "Why not let
wage rates and other factor prices be determined by supply and demand so that incomes are
endogenous variables and the relevant demand functions arc 'L = f(p,.P2....) instead ofWald's
p, = ?(q"q,•...). Out of the mouths of babes: that way the mathematicians would have caught
up with Walras . Cassel. and other economists. We'll never know whether Wald left a lost
manuscript (when leaving Hitler's Vienna) that pursued Gt'ldel's hint.)
You say his Mother was an author and musician. I suppose that does not contradict the gossip
of Gottfried Haberler my Harvard mentor: Carl married late, after conceiving a child with his
housekeeper'!
Here is more elevated gossip. Carl (like his brother Anton) achieved fame early. But he was
thought to grow stale in his creativity also early. Some I knew feared that Karl might have
inherited that pattern?
Appreciatively.

~aWitbA1'~~ifl'
Paul A. Samuelson

Humanistic Mathematics Netwurk Jo urnal #J6

To: seymour Kass <kassl!!'umbsky.cc.umb.edu>
~ar

Prof. Kass:

I have Uloroughly enjoyed your appreciation of Karl Menger that appeared
in Ule Notices of tne AMS .
A couple of specific reacnons.t recall buying during WW II a copy of

Menger's preliminary version of his calculus book, entitled, "Algebra of
Analysis" ,Notre Dame MaUl Lectures, No.} And I recall thinking:
"Interesting, but it wont sell. When you reduce a sUbjoct to its skeleton all
you find is bare bones."
What shocked me was to learn from your article tnat Ule non acceptance of
Ulis point of View soured Menger's later life. In tne past century many
caicuius books promoting special points of view have been written. Most
nop. What survives is determined by a Darwinian process. Of course the
specialized training of professional maUlematicians often leads Ulem to
think. tnat there is a unique "right way" to present any subject (i.e., Uleir
own ......ay).
I was also interested in tne tact tnat Mo,nger's ratner was tutor to Rudolf
Hapsburg. What is known about tnts connection? I assume tnat Menger was
JeWish. Rudolf had a number of Jewish connections including tne
owner/editor of Ule leading Vienna newspaper. He was a considerable
1i~ral in an impossibly stuffy and reactionary court, The conjecture that
Mayerling was murder and not suicide has a certain credibility, and tne
question is still raised from time to time in Austria.
once again, many tnanks for your informative article.
Phil Davis
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